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PREFACE 

Advantage has been taken of the preparation of the fourth edition of 
this work to add a few additional references and to make a number of 
corrections of minor errors. 

Our thanks are due to a number of our readers for pointing out errors 
and mispnnts, and in particular we are grateful to Mr E T Copson, Lecturer 
in Mathematics in the University of Edmburgh, for the trouble which he has 
taken in supplying us with a somewhat lengthy list 


JmiQ 18 , 1927 


E T W 
G N. W 
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PART I 


THE PROCESSES OF ANALYSIS 




CHAPTER I 


COMPLEX NUMBERS 


1 1 RaMonal numbers 


The idea of a set of numbers is derived in the first instance from the 
consideration of the set of positive* integral numbers, or positive integers, 
that IS to say, the numbers 1, 2, 3, 4f, Positive mtegers have many 
properties, which will be found m treatises on the Theoiy of Integral 
Numbers, but at a very early stage m the development of mathematics 
it was found that the operations of Subtraction and Division could only be 
performed among them subject to inconvenient lestnctions , and consequently, 
in elementary Arithmetic, classes of numbers are constructed such that the 
operations of subtraction and division can always be performed among them 

To obtain a class of numbers among which the operation of subtraction 
can be performed without restraint we construct the class of integers, which 
consists of the class of positive f integers (+ 1, + 2, + 3, ) and of the class 

of negative integeis (- 1, - 2, - 3, ) and the number 0 

To obtain a class of numbers among which the operations both of sub- 
traction and of division can be performed freely J, we construct the class of 
rational numbers Symbols which denote members of this class are i, 3 
0,-Y 

We have thus introduced three classes of numbers, (i) the signless integers, 
(ii) the integers, (iii) the rational numbers 

It IS not part of the scheme of this work to discuss the construction of 
the class of integers oi the logical foundations of the theory of rational 
numbers§ 


The extension of the idea of number, which has just been described, was not effected 
vnthout some opposition from the more conservative mathematicians In the latter half 
of the eighteenth century, Maseres (1731-1824) and Frend (1767-1841) pubhshed works 
on Algebra, Tripnometry, etc, in which the use of negative numbers was disallowed 
although Descartes had used them unrestrictedly more than a hundred years before 


* Strictly speaking, a more appropriate epithet would be, not pontive, but tignlm 
t In the strict sense ^ 

t With the exception of division by the rational number 0 

§ Such a discussion, defining a rational number as an oidered number pair of integers 
similar manner to that in which a complex numbei is defined m § 1 3 as au ordered number 
of real numbers, will be found in Hobson’s FmcUons of a Real Variable, §§ 1-12 
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A rational numbei x may be represented to the eye in the following 
manner 

If, on a straight line, we take an origin 0 and a fixed segment OPx 
{Pi being on the right of 0), we can measure from 0 a length OPx such that 
the ratio OPxjOPi is equal to x , the point Px is taken on the right oi left of 
0 according as the numbei x is positive or negative We may regard eithei 
the point Px 01 the displacement OPx (which will be written OPx) as repre- 
senting the number x 

All the rational numbeis can thus be represented by points on the line, 
but the converse is not tiue Foi if we measure off on the line a length OQ 
equal to the diagonal of a square of which OPj is one side, it can be proved 
that Q does not correspond to any rational number 

Points on the line -which do not lepiesent rational numbers may be said to represent 
irrational numbers , thus the point Q is said to represent the irrational numbei 

= 1414213 But while such an explanation of the existence of irrational numbeis 

satisfied the mathematicians of the eighteenth century and may still be sufficient for 
those whose interest lies in the applications of mathematics rather than m the logical 
upbuilding of the theory, yet fiom the logical standpoint it is improper to introduce 
geometiical intuitions to supply deficiencies m arithmetical aiguments, and it was 
shewn by Dedekind in 1858 that the theory of irrational numbers can be established on 
a purely arithmetical basis without any appeal to geometry 

12 Dedekind* s"*^ theory of irrational nimheis 

The geometrical property of points on a line which suggested the starting 
point of the arithmetical theory of irrationals was that, if all points of a line 
are separated into two classes such that every point of the first class is on 
the right of every point of the second class, there exists one and only one 
pomt at which the line is thus severed 

Following up this idea, Dedekind considered rules by which a separation! 
or section of all rational numbers into two classes can be made, these classes 
(which will bo called the Z-class and the iJ-class, or the left class and the 
right class) being such that they possess the following properties 

(i) At least one member of each class exists 

(ii) Every member of the i-class is less than every member of the 
jR-class 

It IS obvious that such a section is made by any rational number x , and 
X is either the greatest number of the i-class or the least number of the 

* The theory, though elaborated m 1868, was not published before the appearance of Dede 
kind’s tract, Stetigheit und inationaU Zahlen, Brunswick, 1872 Other theories are due to 
Weierstiass [see von Dantscher, Die Weteistrasn^scJie Theone der iirationalen Zahlen (Leipzig, 
1908)] and Cantor, Math Ann v (1872), pp 123-130 

i This procedure formed the basis of the treatment of irrational numbers by the Greek 
mathematicians lu the sixth and fifth centuries b c The advance made by Dedekind consisted in 
observing that a purely arithmetical theoiy could be built up on it 
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jR-class But sections can be made in which no rational number oc plays this 
part Thus, since there is no rational number* * * § whose square is 2, it is easy 
to see that we may form a section m which the -B-class consists of the positive 
rational numbers whose squares exceed 2, and the Z-class consists of all 
other rational numbers 


Then this section is such that the iJ-class has no least member and the 
Z-class has no greatest member , for, if x be any positive rational fraction, 

, + ,, 2x(2 — ai^) j „ 

2^= 3^^ 2 ’ 2/-^ g' S.L — ■ and so f 


3i»»+2 




and 2 are in order of magnitude , and therefore given any member x of the 
Z-class, we can always find a greater member of the Z-class, or given any 
member a?' of the iJ-class, we can always find a smaller member of the 
iJ-class, such numbers being, foi instance, y and y\ where y' is the same 
function of a?' as ?/ of a? 


If a section is made in which the jR-class has a least member oi if the 
L class has a greatest member the section determines a rational^real 
number, which it is convenient to denote by the same\ symbol A^ or Ai 


If a section is made, such that the J?-class has no least member and the 
X-class has no greatest member, the section determines an irrationaUreal 
mmherX 


If X, y are real numbers (defined by sections) we say that x is greater 
than y if the Z-class defining x contains at least two§ members of the jR-class 
defining y 


Let Of, y9, be real numbers and let Ai, Bi, be any members of the 
corresponding Z-classes while A^, 32, are any members of the corresponding 
jR-classes The classes of which J.i, A 2 , . are respectively members will be 

denoted by the symbols {A^), {A 2 ), 


Then the sum (wiitten a-i- 0) of two real numbers a and 0 is defined as 
the real number (rational or inational) which is determined by the Z-class 
{Ax -f Bx) and the iJ-class (A 2 + Bj) 


It IS, of 0001*86, necessary to prove that these classes determine a section of the rational 
numbers It is evident that A^ + BiKA^+B^ and that at least one member of each of the 
classes (-di + Ri), exists It remains to prove that them is, at most, one lational 

* For if pjq be such a number, this fraction bemg in its lowest terms^ it may be seen that 
(2g-p)/{p-^) IS another such number, and 0<zp-q<;q, so that pjq is not in its lowest terms 
The contradiction implies that such a rational number does not exist 

+ This causes no confusion m practice 

:t B A W Russell defines the class of real numbers as actually being the class of all L classes , 
the class of real numbers whose L classes have a greatest member corresponds to the class of 
rational numbers, and though the rational real number x which corresponds to a rational number 
X 18 conceptually distinct from it, no confusion arises from denoting both by the same symbol 

§ If the classes had only one member m common, that member might be the greatest 
member of the L-class of x and the least member of the It class of y 
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number which is greatei than every A, + 5i and less than every suppose, if possible, 

that there are two, a? and y{y>x) Let oi be a member of (Ai) and let a* be a member 
of (Aj), and let N be the integer next greater than (a2-«i)/{i(y-«)} Take the last ot 

the numbers ai+ (where m=0, 1, N), which belongs to (A^) and the first of 

them which belongs to (-42) > these two numbers be Cj, C 2 Then 

Choose c?i, <^2 ^ similar manner from the classes defining ^ , then 

But C2+^2^i^» and therefore O2+d2-0i-(ii^2/^^ > have ^erefore 

arrived at a contradiction by supposing that two rational numbers it, ?/ exist onging 
neither to (di+Bi) nor to (d24‘J52) 

If every rational number belongs either to the class (dx+Bi) or to the class (d2+i?2)> 
then the classes (diH- A), (^2 + B 2 ) define an irrational number If one rational number ^ 
exists belonging to neither class, then the Z-class formed by ^ and (dj-l- j^) an e 
i2>class (42+52) define the rational-real number ir In either case, the number defined 
IS called the sum a+/3 

The difierenoe a-^ of two real numbers is defined by the Z-class (A 1 --B 2 ) and the 
5~class (42 ““ 5i) 

The product of two positive real numbers a, /3 is defined by the 5-olass (42^2) 
and the L class of all other rational numbers 

The reader will see without difficulty how to define the product of negative real num- 
bers and the quotient of two real numbers, and further, it may be shewn that real 
numbers may be combined in accordance with the assbciative, distributive and commuta- 
tive laws 

The aggregate of rational-real and irrational-real numbers is called the 
aggregate of real numbers , for brevity, rational-real numbers and irrational-' 
real numbers are called rational and irrational numbers respectively 

13 Complex numhet^s 

We have seen that a real number may be visualised as a displacement 
along a definite straight line If, however, P and Q are any two points in a 
plane, the displacement PQ needs two real numbers for its specification , for 
instance, the differences of the coordinates of P and Q referred to fixed 
rectangular axes If the coordinates of P be (f, rj) and those of Q (f -b y)> 
the displacement PQ may be descnbed by the symbol [x, y] We are thus 
led to consider the association of real numbers in ordered* pairs The natural 
dehmtion of the sum of two displacements \x, y\ [x\ y'] is the displacement 
which IS the result of the successive applications of the two displacements , 
it IS therefore convement to define the sum of two number-pairs by the 
equation 

[«, y] +[«?', t/] ^\x^-x\ y-b y'] 

* The order of the two terms distinguishes the ordered number pair [», y\ from the ordered 
number-pair [y, x\ 
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The product of a number-pair and a real number (x! is then naturally 
defined by the equation 

x' X \x, y\ = \xx, x'y\ 

We aie at liberty to define the product of two number-pairs m any 
convenient manner, but the only definition, which does not give rise to 
results that are merely trivial, is that symbolised by the equation 

[x, y] X \_x\ y'] = [xx' - yy , xy -h xy] 

It IS then evident that 

[x, 0] X \_x\ y ] = [xx\ xtj] ^xx[x\ y] 
and [0, y] x [x\ y ] = [- yy\ so'y] = y x [- y', x''\ 

The geometrical interpretation of these results is that the effect of 
multiplying by the displacement [/», 0] is the same as that of multiplying by 
the leal number x , but the effect of multiplying a displacement by [0, y] 
IS to multiply It by a leal number y and turn it through a right angle 

It is convenient to denote the number-pair [x, y] by the compound 
symbol x + iy, and a number-pair is now conveniently called (after Gauss) 
a complex number , in the ftindamental operations of Arithmetic, the complex 
number x-\-%0 may be leplaced by the leal numbei x and, defining ^ to mean 
0 we have [0, 1] x [0, 1] = [- 1, 0] , and so may be replaced by - 1 

The leader will easily convince himself that the definitions of addition 
and multiplication of number-pairs have been so framed that we may perform 
the oidmary operations of algebia with complex numbers in exactly the same 
way as with real numbei s, treating the symbol ^ as a number and replacing 
the product by — I wheiever it occurs 

Thus he will verify that, if a, 6, c are complex numbers, we have 

a -f 6 = 6 ■+• a, 
ah - ba, 

(a &) + c = a -I- (6 -h c), 
ah c = a be, 
a (6 + c) = -t- ao, 

and if ab is zeio, then either a or 6 is zeio 

It IS found that algebraical operations, direct or inverse, when applied to 
complex numbers, do not suggest numbers of any fresh type , the complex 
number will therefore for our purposes be taken as the most general type 
of number 

The introduction of the complex number has led to many important developments in 
mathematics Functions which, when real variables only are considered, appear as 
essentially distinct, aie seen to be connected when complex variables are introduced 
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thus the ciiciilai functions are found to be expressible in teims of exponential functions 
of a complex aigument, by the equations 

cos a? (e** + sin u- = i ^ 

Again, many of the most impoi*tant theorems of modern analysis aie not true if the 
numbers concerned aie restricted to be real, thus, the theoiem that every algebraic 
equation of degree n has n roots is tiue in geneial only when regarded as a theorem 
concerning complex numbers 

HamiltoiVs quaternions furnish an example of a still fuither extension ot the idea 
of number A quaternion 

IS formed fiom four leal numbers w, r, y, z, and four luimbei -units 1, y, in the same 
way that the oixlinaiy complex number ^ might be regaided as being formed from 
two real numbers y, and two number-units 1, i Quaternions howe\ei do not obey 
the commutatno law of multiplication 


14 The modulus of a complex number 

Let iZ/ + ly be a complex number, x and y being real numbers Then 
the positive square root of is called the moduhis of (x + iy), and is 

written 

I a + ty I 

Let us consider the complex number which is the sum of two given 
complex numbers, x-\-iy and w + tv We have 

(x + %y) + (t«4- ^v) = (a? 4* ^ (y + v) 

The modulus of the sum of the two numbers is therefore 

01 {(«:“ + y^) + (w® + 1;®) 4 2 {xu + 

But 

{|a! + iyl-l- + y®)^ + (it® 4- 

= 4- y-) 4- 4- 'y®) 4- 2 {x^ 4 y®)^ (w® 4 

« (or* 4 y2) 4 (w* 4 V®) 4 2 [{xu 4 yc)^ 4 {xv — yu)®)^, 
and this latter expression is greater than (or at least equal to) 

(a.*® 4 y®) 4 (a® 4 v®) 4 2 {xu 4 yv) 

We have theiefore 

1 a? 4 iy 1 4 I w 4 iw 1 ^ 4 ^y) 4 4 It;) j, 

i.e the modulus of the sum of two complex numhe^is cannot he greater than the 
sum of their moduli , and it follows by induction that the modulus of the sum 
of any number of complex numbers cannot be greater than the sum of then 
moduli 
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Let us otuisidei next the complex mimbei which us the pioduct ol two 
given complex iiiimbeis, ^ + and a+iv, we have 

{(e + ly) (i/ + ^^>) = {xu, — yv) + * (xv + yiC), 
and so I ( '- + (« + lu) | = {(.f?! — yvy + 

= {(*'' + y")(M' + *'-)}^ 

The modulus of the piodiict oj two co)npleou numbers (.-infl hence, hy in 
diiction, of ciiiy nunibei of complex numboib) is theiefoie equal to the piodiict 
of theu moduli 

1 5 The A rgand diaqi am 

We Live seen that complex numbers maybe represented in a geometiical 
diagram by taking rectangular axes Ow, Oy in a plane Then a point P 
whose coordinates refeiied to those axes are y may be legaided as 
repicsenting the complex numboi x-^-xy In this way, to eveiy point of 
the plane theie corresponds some one complex niitnbci , and, conversely, to 
eveiy possible complex numbei there coricsponds one, and only one, point of 
the plane The complex number x^xy may be denoted by a single lettei * z 
The point P is then called the representative poxnt of the numbei z, Ave 
shall also speak of the number z as being the affix of the point P 

II Ave denote + byr and choose 6 so that rcos^ = i6, i mi0 = y, 
then r and 9 are clearly the radius vector and vcctoiial angle of the point P, 
referred to the origin 0 and axis Ox, 

The representation of complex numbei s thus afforded is often called the 
Argand dxagnmi'f 

By the definition already given, it is evident that r ks the modulus of z 
The angle 6 is called the argument, or amplitude, oi phase, of z 

We wnte 6 = arg z 

Fiom gcometucal cousidoratioiis, it api>erti*s that (although the modulus of a (oiuple>c 
iiumboi IS unique) the aigumont is not unique J , if ^ bo a value of the aigunient, the 
othei values of the aigiiment aie comprised ui the oxpiassion 2mr + 9 whoi-e u is any 
mtegor, uot zero The principal wiilwe of aiga; is that Avhich aatiafios the inequality 

-7r<arg3:^7r 

* It IS convenient to call x and y the real and imaytiun y parts of z respectively Wo fre- 
quently write rs: J? (r), y^J(z) 

I* It was published by J B Argand, Fssui sur une vuini&ie de reprCsentei Ub (puintUeB uiiaytn- 
alien dans les constt actions yeoiuctnques (1806) , it had however previously been used by Gauss, 
m his Helmstedt dissertation, 1790 (Wei he, in pp 20-23), who had disoovered it in Oct 1797 
(Math Ann lvii p 18), and Caspar Wesscl hud discussed it lu u muinoii presented to the 
Danish Academy in 1707 and published by that Society in 1708-0- The pliiase coiiqdei numbei 
lust occurs m 1831, Gauss, Wei he, ii p 102 

X See the Appendix, § A 521 
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If P, and Pa are the representative points corresponding to values 
and Zz respectively of z, then the point which represents the value is 

clearly the terminus of a line drawn from Pi, equal and parallel to that 
which joins the origin to Pa 

To find the point which represents the complex number where and 
Zz are two given complex numbers, we notice that if 

= ri (cos 01 -f ^ sin 0i), 

Zz == Tz (cos 02 + t Sin 02) 

then, by multiplication, 

^ 1^2 {cos (01 + 02) + 4 sin (01 -I- 02)} 

The point which represents the number z^Zz has therefore a radius vector 
measured by the product of the radii vectores of Pi and Pa, and a vectorial 
angle equal to the sum of the vectorial angles of Pi and Pa. 
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Miscellaneous Examples 

1 Shew that the representative points of the complex numbers l+4i, 2 4-71, 3-|-10^, 
aie collmear 

2 Shew that a parabola can be drawn to pass through the representative points of 
the complex numbers 

2 + t, 4 + 4z, 6-1-91, S-M6^, 10 + 26i 

3 Determine the wth roots of unity by aid of the Argand diagram , and shew that the 
number of primitive roots (roots the powers of each of which give all the roots) is the 
number of integers (including unity) less than n and prime to it 

Prove that if Bi, da, ds, be the arguments of the primitive roots, 2 oospB^O when 

IS a positive integer less than where a, h, c, k are the different constituent 

primes of n, and that, 2 cos^d=^gj^^^, where jx is the number of 

the constituent primes (Math Tnp 1895 ) 
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THE THEORY OF CONVERGENCE 


2 1. The definition* of the limit of a sequence 

Let ^ 1 , ifg) be an unending sequence of numbers, real or complex 

Then, if a number I exists such that, corresponding to every positive f 
number e, no matter how small, a number n© can be found, such that 

I 0,1 — Z I < € 

for all values of n greater than tiq, the sequence {z^ is said to tend to the limit I 
as n tends to infinity 

Symbolic forms of the statement^ ‘ the limit of the sequence (0n), as n 
tends to infimty, is Z’ are 

lim Zn — h bm “ Z, z^-^l as n—^oo 
»-»-00 

If the sequence be such that, given an arbitrary number A (no matter 
how large), we can find Hq such that \zri\> N for all values of n greater than 
Uq, we say that *\zn\ tends to infinity as n tends to infinity,’ and we write 

In the corresponding case when N when n> Uq we say that 

00 

If a sequence of real numbers does not tend to a limit or to oo or to — oo , 
the sequence is said to oscillate 

2 11 Definition of the 'phrase ‘ of the order of* 

If and (0n) are two sequences such that a number n^ exists such that 
I I < K whenever n > Uq, where K is independent of n, we say that is 

* of the order of’ and we write§ 

fn — 0 (-0^) > 


thus 


15n + 19 _^ 
l+Tir* \nv 


If we wnte §'n = o(0«) 


* A deamtion equivalent to this was first given by John Walhs in 1655 [Opera, i (1695), 
p 382 ] 

t The number zero is excluded from the class of positive numbers 
^ The arrow notation is due to Leathern, Camh Math Tractff, No 1 

§ This notation is due to Baohmann, Zaklentheone (1894), p 401, and Landau, Primzahleut 
1 (1909), p 61 
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2 2 The limit of an increasing sequence 

Let (iTw) a sequence of real numbers such that Xn+\'^Xn for all values 
of n, then the sequence tends to a limit or else tends to infinity (and so it does 
not oscillate) 

Let X be any rational-real numbei , then either 

(i) Xn^x for all values of n greater than some number ??o depending on 
the value of x 

Or (ii) Xn<x for every value of ii 

If (ii) IS not the case for any value of x (no matter how large), then 
> oO 

But if values of x exist foi which (n) holds, we can divide the rational 
numbers into two classes, the L-class consisting of those rational numbers x 
for which (i) holds and the JJ-class of those rational numbers x for which (ii) 
holds This section defines a real number a, rational or irrational 

And if € be an arbitrary positive number, belongs to the i-class 

which defines a, and so we can find such that ^ a ~ whenever n > iii , 
and a + -^€ is a member of the JB-class and so Theiefoie, 

whenever n >?ii, 

I a - I < e 

Therefore Xn-^a 

Corollary A decreasing sequence tends to a limit or to - oo 
Example 1 If lim lim = I \ then lim 
For, given f, we can find % and n' such that 

(i) when wi > \z^-l\< -Je, (n) when m > 

Let Ml be the greater of n and n ' , then, when mi > Mj, 

I I < 1 -0 I + I I, 

and this IS the condition that lim = 

Example 2 Prove similarly that = lun(j:;„ 2 :„/)=W', and, if r4=0, 

hm 

Example 3 If 0 < i < 1, 0 

For if a. — (1 -Ha) “ a > 0 and 

by the binomial theorem for a positive integral index And it is obvious that, gn en a 
positive number c, we can choose Wq such that (l + na)-! < e when m > mq, and so V* -^0 

2 21 Limit-points and the Bolzano- Weierstrass* theorem 

Let (xn) be a sequence of real numbers If any number G exists such 

* This theorem, frequently ascnbed to Weierstrass, was pioved by Bolzano, Abh de) I 
bdhmisclien Ges der Wtss v (1817) [Bepnnted m Klasnkei der Exalten Wus , No 153 ] It 
seems to have been known to Cauchy 
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that, for every positive value of €, no matter how small, an unlimited number 
of terms of the sequence can bo found such that 

(j — 6 < < (r -f €, 

then Q is called a lim%t-potnt, or cluster-point, of the sequence 

Bolzano’s theorem is that, if \ p, ivheie X, p aie independent of n, 
then the sequence {x^^) has at least one limit-point 

To prove the theorem, choose a section in which (i) the JB-class consists 
of all the rational numbers which are such that, if A be any one of them, 
there are only a limited number of terms Xn satisfying Xn>A, and (ii) the 
i-class IS such that there are an unlimited number of terms Xn such that Xn'^ a 
for all members a of the i-class 

This section defines a real number G, and, if e be an arbitrary positive 
number, 6 — and G + ^e are members of the L and R classes respectively, 
and so there are an unlimited number of terms of the sequence satisfying 
Cr— €< G — 4, x^-^G-\-\e<G-V€, 

and so Q satisfies the condition that it should be a limit-pomt 

2 211 Definition of ‘ the greatest of the limits ’ 

The number 0 obtained in § 2 21 is called 'the greatest of the limits of 
the sequence The sequence (ajn) cannot have a hmit-point greater 

than G, for if G' were such a limit-pomt, and e — — G), G' — e is a 

member of the iJ-class defining G, so that there are only a limited number of 
terms of the sequence which satisfy > G' — e This condition is mcon- 
sistent with G' being a limit-point We write 

G = lim Xn 

n-*-3o 

The ' least of the limits,’ L, of the sequence (written hm Xn) is defined to be 

n-^co 

222 Cauchy’s'*' theorem on the necessary and sufficient con- 
dition FOR THE EXISTENCE OF A LIMIT 

We shall now shew that the necessary and sufficient condition for the 
existence of a limiting value of a sequence of numbers Zi, z^, is that, 
corresponding to any given positive number e, however small, it shall be 
possible to find a number n such that 

I ^n\ ^ 

for all positive integral values of p This result is one of the most important 
and fundamental theorems of analysis It is sometimes called the Principle 
of Convergence 


Analj/se Algihrique (1821), p 125 
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First, we have to shew that this condition is neo€sso/ry, i e that it is 
satisfied whenever a limit exists Suppose then that a limit I exists , then 
(§ 2 1) corresponding to any positive number e, however small, an integer n 
can be chosen such that 

1 ^ I I ^n+p ^ I < 

for all positive values of p , therefore 

I ^n->fp “ I = 1 0 “ 0 I 

^ I ^Tir^p ^ I 4" 1 ^ I ^ 

which shews the necessity of the condition 

1 ^n+p 

and thus establishes the first half of the theorem 

Secondly, we have to prove* that this condition is sufficient, le that if 
it IS satisfied, then a limit exists 

(I) Suppose that the sequence of real numbers satisfies Cauchy's 
condition, that is to say that, corresponding to any positive numbei e, an 
integer n can be chosen such that 

for all positive integral values of p 

Let the value of n, corresponding to the value 1 of €, be m 
Let Xi, pi be the least and greatest of then 

Xi - 1 < a?n < pi + 1, 

for all values of n , write Xj — 1 == X, -f 1 = p 

Then, for all values of n,\<Xn< p Therefore hy the theorem o/ § 2 21, 
the sequence {xy^ has at least one limit-point G 

Further, there cannot be more than one limit-point , for if there were 
two, G and H {H < G), take €< \ {G — H) Then, by hypothesis, a number 
n exists such that | x^^p — | < e for every positive value of p But since G 

and H are limit-points, positive numbers q and r exist such that 

\G-X^^g\< €, \H -Xn^r\<€ 

Then | 1 4- | | + | | +| - J? | < 4^* 

But, by § 1 4, the sum on the left is greater than or equal to | — jfiT |, 

Therefore (?-if<4€, which is contrary to hypothesis, so there is only 
one limit-point Hence there are only a finite number of terms of the sequence 
outside the interval ((? - S, (? -i- 8), where S is an arbitrary positive number , 

* This proof IS given by Stolz and Gmeiner, TheoreUscke Anthmetik, n. (1902), p 144. 
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for, if there were an unlimited number of such terms, these would have a 
limit-point which would be a limit-point of the given sequence and which 
would not coincide with 0 , and therefore G is the limit of (xn) 

(II) Now let the sequence (zn) of real or complex numbers satisfy 
Cauchy’s condition , and let Zn -ocn + where Xn and are real , then for 
all values of n and p 

I ^n+p ” ^71 I ^ 1 ^n+p ” I » 1 ^n+p “ J/n | ^ I ^n+p “ \ 

Therefore the sequences of real numheis and (y^) satisfy Cauchy's 
condition , and so, by (I), the limits of and (y^) exist Therefore, by 
§ 2 2 example 1, the limit of (z^) exists The result is therefore established 


2 3 Convergence of an infinite series 

Let ^il, ^ 2 , Ws, Wn, be a sequence of numbers, real or complex Let 
the sum 

'W 1 -j- 1^2 “1“ U^i 

be denoted by Sn 

Then, if 8 n tends to a limit S n tends to infinity, the infinite series 

Ui H- 'W-2 + ^3 “h '^4 "b 

is said to be convergent ^ or to converge to the sum S In other cases, the 
infinite series is said to be divergent When the series converges, the 
expression 8 — 8 ^ which is the sum of the series 

+ '^^n+2 -I- '^n+i + ^ 

is called the remainder after n terms, and is frequently denoted by the 
symbol Rn 

The sum + + ihi+p 

will be denoted by Sn^p 

It follows at once, by combining the above definition with the results 
of the last paragraph, that the necessaiy and sufficient condition for the 
convergence of an infinite series is that, given an aibitiary positive number e, 
we can find n such that j Sn^p | < e for every positive value of p 

Since itn+i = 8 ) 1 ^ 1 , it follows as a particular case that lim = 0 — in other 
words, the nth term of a convergent senes must tend to zero as n tends to 
infinity But this last condition, though necessary, is not sufficient m itself 
to ensure the convergence of the senes, as appears from a study of the series 




In this senes, 


^ ^ ^ 1 J. 1 -L 

” iTTi ■*“ 77+2 ^ 


2n * 


The expression on the right is diminished by writing (2?i) ^ in place of 
each term, and so Sn,n>i 
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Therefoie ySaii+i = 1 + Si i + S ..,2 + + Ss,s + S 

> i (n + 3) 30 , 

so the senes is divergent, this result was noticed by Leibniz in 1673 

There are two general classes of problems which we are called upon to 
investigate in connexion with the convergence ol series 

(i) We may arrive at a series by some formal process, eg that of 
solving a linear differential equation by a senes, and then to justify the 
process it will usually have to be proved that the series thus formally ob- 
tained IS convergent. Simple conditions for establishing convergence in 
such ciicumstances are obtained in §§ 2 31-2 61 

(ii) Given an expression /S, it may be possible to obtain a development 

I Wm valid for all values of n, and, from the definition of a limit, 
it follows that, if we can prove that Rn 0, then the series 2 converges 

wi»l 

and its sum is S An example of this pioblem occurs in § 5 4 

Inhuitc HCiios woic uhed* by Loid Brouucker lu Fhil Tntii» il (lOCH), pp G15 649, 
and the Icini conveigciit was intioduced by Jauios Grogoiy, Piofcshor of Mathoniaticw at 
Ediiibuigh, in the same yeai , the teiin diveigent was mtioduccd ))y N Bernoulli in 1713 
Inhnibo sseiios woio used systematically by Ncwtoii in 1600, Dc cihalysi pat niivt 

tenn am/, and he investigated the convcigcucc of iiypcigoomotiio senes 14 1) in 1701 
But the gieat mathematiuaiis oi the cighteeTibh oentuiy used mhiiitc seiuw fieely without, 
foi the most pait, examining then convoiguico Thus Euloi gave the huui of the seiios 


4. 

z 

.(«) 

as zero, on the ground that 



. . (6) 

and 

W 


The erroi of course arises from the fact that the scries (b) converges only when | « | < 1, 
and the series (c) converges only when j 2 | > 1, so the series (a) never converges 

For the history of leseaiches on convergence, see Prmgsheim and Molk, Encychpidu 
das Sci Math^ I (L) and Reift, Oasclmhu det icaendhdien R&ihm (Tubingen, 1889) 

2 301 AheVs inequality 

m 

Letfn > jtn+i > 0 for all integei values of n Then S Urtfu ^ -4/i, whei e 

71 = 1 

A IS the greatest of the sums 

|ail, lai + a^l, |ai + a2+a,|, , |cti + cfj+ +a,„| 

* See also the note to § 2 7 

t Journal fdr Math 1 (1826), pp 311-339 A paiticular case of the theorem of § 2 31, 
Corollary ( 1 ), also appears in tl^at memoir 
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For, writing ai + Oj + . + a„ = we have 

7/1 

S (Xn/n == Sifi + (^2 ^ 0/2 -I" (^3 — ^ 2 )^ -H 4- (S^ — 

tt=l 

“ ^1 {Ji 4" ^2 {fz ’^fz) 4- 4“ ifm-1 "^fm) ^mfm 

Since /i - /a, -/s, are not negative, we have, when n = 2, 3, m, 

I -^n-i I (/n-i —/n) 5^-4 (j^i-i “yn) 3 also | 1/m ^ 

and so, summing and using § 1 4, we get 

111 

2 Onfn < Afi 

»=1 

(JcTollfLTy If 052 j '^hi ^ 2 , are any numbers, leal or complex, 

I n I I'wi-l 

2 ^ I ^ + 1 “ '*^/i 1 4- 1 Tjt 1 f » 

ltt=X I |^ri=l J 

where ^ is the greatest of the sums 2 0 ,, , (^= 1 , 2, m) (Hardy ) 

»i=i 

231 Dinchlet^s* test for comergence 

p I 

Let % an\<K, whe7e K is independent of j) Then, if fn'^fr^^^>0 

w=i I 

00 

and lim/,i = Oi", 2 a^f^ converges 

n-l 

For, since lim/„ = 0, given an arbitrary positive number e, we can find m 
such that /„»+!< ej^K 

m-^q II wi+Q[ m 

Then S a,i < 2 a„ + an < 2Zr, for all positive values of o , so 

ns=»i+l I I 91=1 n=sl ^ 

that, by AbeFs inequality, we have, for all positive values of 

mi-p 

2 ^nfn ^ ^fm-+i i 

n=:>»+l 

where A <2K 

m+p 00 

Therefore 2 a^fn < 2Kfm-\.i < e, and so, by § 2 3, X a»/n converges 

w~m4“l »=:! * 

00 

Corollary (i) AbeFs test for conveigence. If 2 converges and the sequence (u^) is 

n=l 

monotomc (le Un^'^n+i always oi else always) aud |wn|<«j where k la 

oo 

independent of n, then 2 converges 

H=1 

Por, by §2 2 , a, tends to a bmit w, let |w-m« 1=/„ Then 0 steadily, and 
therefore ^ 2 ^ «„/; converges But, if (a,,) is an incieasiug sequence, /„= a- k„, aad so 

converges, therefore since converges, 2 «„«, converges If (b*) is 
a decreasing sequence Aj 5 = and a similar proof holds. 

* Jourml de Math (2), vii. (1862), pp 258-256 Before the publication of the 2nd edition 
of Jordan’s Cours d* Analyse (189S), Diriohlet’s test and Abel’s test were frequently jointly descnbed 
as the Diriohlet-Ahel test, see e g Pnngsheim, Math Ami xxv (1885), p 423, 
t In these circumstances, we B&y 0 steadily 
w M A 


2 
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Cmollary (n) Taking «„=(-)“-* Dmohlet’s test, it follows that, if 
and hm /» = 0, /i +/3 -/i + converges 

Example 1 Shew that if 0<(9<27r, shimA |<oosec . and deduce that, if 

/„^0 steadily, 1 /„sm «0 converges for all real values of 5, and that J/„ cos, id converges 

^ n—\ 

if 6 IS not an even multiple of tt 

ExampU 2 Shew that, if A-0 steadily, (-)"/. cos n6 converges if 6 is real and 
not an odd multiple of w and S (-)»/.»»«« converges for all real values of 6 [Write 

Jl=l 

TT-l-^ for 5 m example 1 ] 

232 Absolute and conditional convergence 

In order that a senes S u„ of real or complex terms may converge, it is 

00 

siiffiaent (but not necessary) that the senes of moduli JJw„| should 


converge For, if = h^.i I + 1 1 + • + 1 and if Jj u„ | converges, 

we can find n, corresponding to a given number e, such that a-„,p < e for all 
values of p But 1 j < < e, and so «„ converges 

The condition is not necessaiy , for, writing /« = l/« m § 2 3 1, corollary (ii), 
we see that i - U 3 - 1 + converges, though (§ 2 3) the series of moduli 

1 2 o 4 


+ is known to diverge 

In this case, therefore, the divergence of the series of moduli does not 
entail the divergence of the senes itself 

Series, which are such that the series formed by the moduli of their teims 
aie convergent, possess special pioperties of gieat importance, and are called 
absolutely convergent series Senes which though convergent are not abso- 
lutely convergent (1 e the senes themselves converge, but the series of moduli 
diveige) are said to be conditionally convergent 

00 I 

2 33 The geometric semes, and the senes — 

The convergence of a particular senes is in most cases investigated, not 
by the direct consideration of the sum 8n,p, but (as will appear from the 
following articles) by a companson of the given senes with some other senes 
which IS known to be convergent or divergent We shall now investigate 
the convergence of two of the senes which are most frequently used as 
standards for companson 
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(I) The geometric senes 
The geometric senes is defined to be the series 
l + z->rz^->ri^ + sl^ + 

Consider the series of moduli 

l + l^l + l'2p+kl*+ , 

for this senes = | ^ | ^ |"+® + +|^|"+p 


TT ^ ( 1 \ Z\ 

Hence, if | ^ | < 1, then ^ for all \alues of p, and, by § 2 2, 

example 3, given, any positive number e, we can find n such that 

Thus, given e, we can find n such that, for all values of », >5^ « < e Hence 
by § 2 22, the series 

1 + l-g^l + l-^l^-f 

is convergent so long as | ^ | < 1, and therefore the geometric series %s absolutely 
convergent if\z\<l 

When I ^ I ^ 1, the terms of the geometric senes do not tend to zero as n 
tends to infinity, and the series is therefore divergent 


(II) TAe sejies p + i + ^ + i + i 


71 1 

Consider now the series Sn— X — , 

m=l 


+ 

where s is greater than 1 


We have 


and so on 


j. 1 

1. 1.2.1 1-Jl_ 

4® 5® 6« 7® ^ 4® “* 4®-i ’ 

Thus the sum of 2^^ — 1 terms of the series is less than 

Ifi-x 2 ^ 4^ 8^ («~1) 1 _ 2i-« ' 


and so the sum of any number of terms is less than (1 - 2i-®)’“^ Therefore 

, n 

the mci easing sequence 2 mr> cannot tend to infinity, therefore, Ay § 2 2, 
00 1 

the senes S - is convergent if s>\, and since its terms are all real and 

positive, they are equal to their own moduli, and so the series of moduli of 
the terms is convergent , that is, the convergence is absolute 


2—2 
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If s = 1, the senes hecomes 


which we have already shewn to be divergent , and when «< 1, it is a fortion 
divergent, since the effect of diminishing s is to increase the terms of the 


senes 


oo 

The senes 2 

«=i n* 


IS lAerefore divergent if s^l 


234 The Compcmson Theorem 

We shall now shew that a senes Mi + W 2 + it8+ is absolutely con- 
vergent, provided that j ttn j is always less than G\v„\, where 0 is some nmiber 
independent of n, and v„ is the nth term of anothei series which is known to 
he absolutely convey gent 

For, under these conditions, we have 

I Un-^i 1 d" I 1 “1“ I 1 ^ { I I 1 I " d" | 'Z-’n+p 1 1 > 

where n and p are any integers But since the senes Svn is absolutely 
convergent, the series S | [ is convergent, and so, given e, we can find n 

such that 

1 I + 1 ^n+2 1 + +1 1 < 

for all values of jp. It follows therefore that we can find % such that 
I I 4 I 1 + • d" 1 1 < 

for all values of j), le the series 2] i/^l is convergent The senes tu,i is 
therefore absolutely convergent. 

Corollary A senes is absolutely convergent if the ratio of its wth tenn to the wth 
term of a senes which is known to be absolutely convergent is less than some number 
independent of 

JEaxmfle 1 Shew that the senes 

COS«+pCOS2;?+pCOS32-l-pCOS42:H- - 

IS absolutely convergent for all real values of z 

When z is real, we have |coaw 2 fl^l, and therefore The moduli of 

the terms of the given senes are therefore less than, or at most equal to, the corresponding 
terms of the senes 

i+i+L+i+ 

which by § 2 33 is absolutely convergent The given senes is theiefore absolutely 
convergent 

Essample 2 Shew that the series 

1 , 1 . 1 _1 

where 1>2, 3, ) 

is convergent for all values of 2 , which are not on the circle | « |®=1 
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The geometric representation of complex numbers is helpful in discussing a question of 
this kind Let values of the complex number z be represented on a plane , then the 
numbers Si, Z 2 ^ -3, will gi\e a sequence of points which he on the circumference of the 
ciiole whose centre is the origin and whose radius is unity, and it can be shewn that 
every pomt on the circle is a limit point 2 21) of the points 

For these special values of the given senes does not exist, since the denomi- 
nator of the nth term vanishes when z=Zn For simplicity we do not discuss the series 
for any point z situated on the circumference of the circle of radius unity 

Suppose now that |«|=Nl Then for all values of n, |^|}|>c”^ for 

some value of c , so the moduli of the terms of the given senes are less than the corre- 
sponding terms of the senes 

c c c c 

p 32 “^42"^ » 

^^hlch IS known to be absolutely convergent The given senes is therefore absolutely 
convergent for all values of z, except those which are on the circle 1 2 1 =1 

It IS interesting to notice that the area in the 2:-plane over which the senes conveiges 
IS divided into two parts, between which there is no intercommunication, by the circle 
1^1 = 1 

Evaniple 3 Shew that the senes 


2sm^-f 4sm |H-8sin^-i- -hS^sin 


converges absolutely for all values of z 

Since* lim d’^sin we can find a number loidependent of n (but depending 

/i^oo 

on z), such that 1 3** sin (z/3^) |<^, and therefore 


2»sinl 


<ii!Y 


'2V 


Since 2 X ( ^ ) converges, the given senes converges absolutely 


236 Cauchy's test for absolute convergencef 

00 

If lim I Un 1, 2 tin converges absolutely 

14=1 

For we can find m such that, when n'^m, where p is 

00 

independent of n Then, when n > m, | ) < p” , and since S p” converges, 

n=m+l 

00 / 00 \ 

it follows from § 2 34 that 2 Un (and therefore 2 tin) converges ab- 

n=in+l ^ »i=l f 

solutely 

■ 00 

[Note If hm | lin does not tend to zero, and, by § 2 3, 2 does not 

n«l 

converge ] 

* This IS evident from results proved in the Appendix 

t Analyze Algilrique^ pp 132-1S5 
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236 D’Alembert’s* ratio test for absolute convergence 
We shall now shew that a senes 

Ml + «2 + “a + ^4 + 

IS absolutely convergent, poinded that for all values of n greater than some 
fixed value r, the ratio — is less than p, where p is a positive number 

Un 

independent of n and less than unity 
For the terms of the senes 

I U,+1 1 + 1 tir-ha 1 + I Wh-s I + 

are respectively less than the corresponding terms of the senes 

1 w<+il(l +P + /3* + P’'+ )> 

00 

which IS absolutely convergent when p< 1 , therefore S (and lienee 

w-=r+l 

the given senes) is absolutely convergent. 

A particular case of this theorem is that if lim | {un-hil^n) | = Z < !> the 

senes is absolutely convergent 

For, by the defimtion of a limit, we can find r such that 

<5(1 — l), when n>T, 

a 

and then 1 < | (1 + 0 < 

Un I ^ 

when n>T 

00 

[Note If lim 1 w^+i-Wn l>b ‘^n. does not tend to zero, and, by § 2 3, 2 does not 

^ «»i 

converge ] 

Exmi^U 1 If I c I <1 , shew that the senes 

00 

n=l 

con\erges absolutely for all values ot z 

[For as ti^oo, if |c|<1 ] 

Example 2 Shew that the senes 

(a-ft)(ce-26)(a-36)^ 

converges absolutely if 1 z |<1 6 

[For ~~ = z-*--hz, as n-*-oo , so the condition for absolute convergence i« 



OjpusculeSi t V (1768), pp 171-182 
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00 ^ 

Example 3 Shew that the senes coi^verges absolutely if |«|<1 

^ — 1 

[For, when \z\<\^ ^ l + H — — I- “1>1, so the 

moduli of the terms of the series are less than the coi responding terms of the series 

CO 

2 71 but this latter senes is absolutely convergent, and so the given series con- 

n=i 

verges absolutel;y ] 

237 A general theorem on series fon tvhich lim 




= 1 


It IS obvious that if, for all values of n greater than some fixed value r, 
1 I IS greater than \un\j then the terms of the series do not tend to zero as 




w -> 00 , and the senes is therefore divergent On the other hand, if 

IS less than some number which is itself less than unity and independent 
of n (when n > r), we have shewn in § 2 36 that the senes is absolutely con- 
vergent The cntical ease is that in which, as n increases, 




tends to 


the value unity In this case a further investigation is necessary 
We shall now shew that* a senes Ui + ^^2 + which hm 

n^oo 

Will be absolutely convergent %f a positive number 0 exists such that 


Hn+i 


= 1 


hm n 

n-^00 






For, compare the series 2 | Wn | with the convergent senes where 
and is a constant , we have 

Vn \n + lj \ nj 

As 00 , n — 1 — 

and hence we can find m such that, when n > m, 




© 


^ 71+1 ^ ^ 71+1 

Un Vii 

By a suitable choice of the constant A, we can therefore secure that for 
all values of n we shall have 

\Un\<Vn 

As 2v„ IS convergent, X\un\ is also convergent, and so 2wn is absolutely 
convergent 

^ This IS the second (D’Alembert’s theorem given m § 2 36 being the first) of a hierarchy of 
theorems due to De Morgan See Ohrystal, Algebra, Oh xxvi for an historical account of 
these theorems 
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Corollary If ^ =1 + ^+0 where A-^. is independent of n, 
then the series is absolutely convergent if J.i < — 1 

00 / n 1\ 

Emmple Investigate the conveigence of S inT exp f -^2 — J, when r>k and when 
r<]c 

2 38 Convergence of the hypergeometric senes 

The theorems which have been given may be illustrated by a discussion 
of the convergence of the hypei geometnc series 

^ . a b , a (a + 1) 6 (6 + 1) ^2 , a (a + 1) (a + 2) 6 (6 + 1) (6 4- 2) ^ 

1 2 c(c + l) 1 2 3 c(c + l)(c + 2) ’ 

which IS generally denoted (see Chapter XIV) by i^(a, 6, c, z) 

If c IS a negative integer, all the terms after the (1 — c)th have zeio 
denominators j and if eithei a or 6 is a negative integer the series will 
teiminate at the (1 - a)th or (1 — 6)th term as the case may be We shall 
suppose these cases set aside, so that a, 6, and c are assumed not to be 
negative integers 
In this series 


\z\, 


!fn±i _ + 

Uft I n{c + n—l) I 

as w— » 00 

We see therefore, by § 236, that the senes %s absolutely convergent when 
[ 0 1 < 1 , and diver gent when j ^ ] > 1 
When I = 1 , we have* 


^«4-l 

Un 


1 + 


a — 1 


1 + 


6-11 


1- — +0 


© 




Let a, 6 , c be complex numbers, and let them be given in terms of their leal 
and imaginary parts by the equations 

a = a' + ia'\ 6 = 6' + ^6", c — c+ %d\ 

Then we have 

N , a- + y-^c--l+^(a" + r^c-0 


- 1+ 




©I 

© 


a' + i'-c'-ly , /a" + 6 "-c" 


By § 2 37, Corollary, a condition for absolute convergence is 

o' + h'-c'<0 


The symbol 0 (l/n‘) does not denote the same function of n throughout See § 2 11 
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Hence when | -s | = 1, a sufficient conditioyi* for the absolute convergence of 
the hypergeometnc series is that the real part of a + b^c shall be negative 

2 4 Effect of changing the order of the terms in a senes 
In an ordinary sum the order of the terms is of no importance, for it 
can be varied without affecting the result of the addition In an infinite 
series, however, this is no longer the casef, as will appear from the following 
example 

11.1 1 


Let 


2 = i+|-|+|+^-j+§ + n-6 + 

1 ~ 5 + a + fi ~ > 


and « = 

and let and Sn denote the sums of then first n terms These infinite 
series aie formed of the same terms, but the order of the terms is different, 
and so and 8^ are quite distinct functions of n 


Let 

Then 


^ I 2 


= T + 3 + 


+ . + “ , so that 8)1 — <7^1 Cn 


471-1 


‘271 


1 1 
' ““ 2 “ 2 


^ 2Ji) 2 (^2n ^n) 

“ ^4n "h 2 

Making n —> co , we see that 

t=8+\8, 

and so the derangement of the terms of 8 has altered its sum 
ExawpU If in the senes 

the ordei of the terns be altered, so that the xatio of the number of positive terms to the 
number of negative terms in the farst n terms is ultimately shew that the sum of the 
senes will become log (2a) (Manmng ) 

2 41 The fundamental property of absolutely convergent senes 
We shall shew that the sum of an absolutely convergent series is not 
affected by changing the order in which the terms occur 
Let 8 = Ui-\-U2’^Ui-\- 


* The condition is also necessary See Bromwich, Infinite Set ics, pp 202-204 

t We say that the series S consists of the terms of S m a different order if a law 
' ,is=l n=l 

is given by which corresponding to each positive integer p we can find one (and only one) 
integer q and vice veisa, and is taken equal to The result of this section was noticed by 
Dmohlet, Berliner Abh (X837), p 48, Journal de Math iv (1889), p 397 See also Cauchy, 
Resumes analytiques (Tunn, 1833), p 57 
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be an absolutely convergent senes, and let S' be a senes formed by the same 
terms m a diflPerent order 


Let € be an arbitrary positive number, and let n be chosen so that 


I %+i I + I ^n+2 1 ■!“ "b I |*<2 ^ 

for all values of p 

Suppose that in order to obtain the first n terms of S we have to take 
m terms of S ' , then if A > m, 

Sk = + terms of S with suflSces greater than n, 

so that ® 

^ — S -f- terms of S with suflices greater than n 

Now the modulus of the sum of any number of terms of S with sufSces 
greater than n does not exceed the sum of their moduli, and therefore is less 
than 


Therefore l-Si' -^| < | +ie 

But +.|tt^| 4 . +|m,»+jp|} 


Therefore given e ve can find m such that 

\8i’-S\<e 

when k>m , therefore S^'—^ S, which is the required result 

If a senes of real terms converges, but not absolutely, and if Sp be the 
sum of the first p positive terms, and if o-„ be the sum of the first n negative 
terms, then S',— » oo , <7„-> - oo , and lim(/S^p+ o-n) does not exist unless we 
are given some relation between p and n It has, in fact, been shewn by 
Riemann that it is possible, by choosing a suitable relation, to make 
lim(Sfj,+ ( 7 -„) equal to any given real number* 


2 6. Dovble seT%es\ 

Let Um^n be a number determinate for all positive integral values of m 
and n , consider the array 


^3,13 

%,2; 

'^1,83 



1^2,8, 

^3,l> 

^2) 

%,83 


* Ges Werke, p 221 

t A. colnplete theory of double senes, on which this account is based, is given by Pringsheim, 
MUrushener Sitzimgtbemhte, Hcvii (1897), pp 101-152 See further memoirs by that writer, 
Math Am mi (1900), pp 289-321 and by London, tiid pp 322-370, and also Bromwich, 
Infinite Senet, which, in addition to an account of Pringshem’s theory, contains many develop- 
ments of the subject Other important theorems are giren by Bromwich, Proo London Math 
Soe (2), I (1904), pp 176-201 
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Let the sum of the terms inside the rectangle, formed by the first 
m rows of the first n columns of this array of terms, be denoted by 

If a number /S exists such that, given any arbitrary positive number e, it 
IS possible to find integers m and n such that 

whenever both /* > m and v > n, we say* that the dmhle senes of which the 
general element is „ converges to the sum S, and we write 

lira 8^^, = S 

If the double senes, of which the general element is | | , is convergent, 

we say that the given double series is absolutelg convergent 

Since it is easily seen that, if 

the double senes is convergent, then 

lira iif,,, = 0 

fjL^eo 

Stolz necessary and sufficient'f condition for convergence A condition for 
convergence which is obviously necessary (see § 2 22) is that, given e, we can 
find m and n such that whenever >m and i/ >/i and 

p, (7 may take any of the values 0, 1, 2, The condition is also sufidcient, 
for, suppose it satisfied , then, when m + w, \ >S^p+p,m+p “* 1 ^ 

Therefore, by § 2 22, has a limit S , and then making p and cr tend to 
infinity in such a way that yic + p — i' 4- <r, we see that 1 ~ „ 1 < e when- 

ever fi > ni and v> n ^ that is to say, the double series converges 

Corollary An absolutely convergent double series is convergent For if the double 
senes converges absolutely and if be the sum of m rows of columns of the series of 
moduli, then, given 6, we can find y. such that, when p>m>fi and q>n>ii, 

But l^p,a-^7r^n|<^5pa- W and so when q>n>y., and this 

is the condition that the double senes should converge 

2 51 MethodsX of summing double series 

00 ®° 

Let us suppose that 2 converges to the sum Then 2 ^ is 

called the sum by rows of the double series , that is to say, the sum by rows 

X / X \ 

IS 2 ^2 Similarly, the sum hy columns is defined 

That these two sums are not necessarily the same is shewn by the example 

g =, dZii, in which the sum hy rows is - 1, the sum by columns is + 1 , 

fJL V* 

and 8 does not exist 

* This definition is practically due to Cauchy, Analyse Algebnque^ p 640 
t This condition, stated by Stolz, Math Ann xxiv (1884), pp 157-171, appears to have 
been first proved by Pnngsheim 

X These methods are due to Cauchy 



28 THE PROCESSES OF ANALYSIS [CHAP. II 

Printgsheim’s theorem* If S exists and the sums by rows and columns 
exist, then each of these sums is equal to S 

F or since S exists, then we can find m such that 

— < e, if fi>m, v>m 

And therefore, since hm „ exists, ( ( lim i^) ^ I ^ « j is to say, 

^ when fi > m, and so (§ 2 22) the sum by rows converges to S 
In like manner the sum by columns converges to 8 

2 52 Absolutely convergent double series 

We can prove the analogue of § 2 41 for double series, namely that if the 
terms of an absolutely convergent double senes are taken in any order as a 
simple series, their sum tends to the same limit, provided that every te7*m occurs 
in the summation 

Let be the sum of the rectangle of /4 rows and v columns of the 
double senes whose general element is | ,, | , and let the sum of this double 

series be a Then given e we can find in and n such that <r — ^ < e 

whenever both fL>m and n 

Now suppose that it is necessary to take N terms of the deranged series 
(in the order in which the terms are taken) in order to include all the terms 
of and let the sum of these terms be tj^ 

Then — S^ir-i-i.iif+i consists of a sum of terms of the type Up^q m which 
p>m, q>n whenever M>m and M>n , and therefore 

I I < 1 6. 

Also, consists of terms Up^q in which p>m, q>nf therefore 

I ^ “ -^^+ 1 , jf+i I < <r — < 2 ^ j therefore | S^t^f | < € , and, corresponding 

to any given number e, we can find N, and therefore tj^-^S 

Example 1 Prove that in an absolutely couvergent double senes, 2 exists, and 
thence that the sums by rows and columns respectively converge to /S 

[Let the sum of p rows of v columns of the senes of moduli be u y, and lot t be the sum 
of the series of moduh 

00 «0 

so^2^^4^„ converges , let its sum be 6^ , then 
l^il+l&2l+ hm 

and 80^2^6^ converges absolutely Tberefore the sum by rows of the double senes 

exists, and similarly the sum by columns exists , and the required result then follows from 
Pnngsheim’s theorem ] 


hoc ext p 117 
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Example 2 Shew from first principles that if the terms of an absolutely convergent 
double senes be airanged in the order 

^l,l + (%,l+^l,2)H"(%,l‘h^2,S+^*l,3) + (^4,l+ +^1,4)+ j 

this series converges to S 


263 Cauchy's theorem* on the maltiphcation of absolutely convergent 
series 

We shall now shew that if two series 

iS =: -Wi + tta 4- lis 4- 
and ir= + i/a + %4- 

are absolutely convergent, then the series 

P VriVi 4- U 2 V 1 4- UiV^ 4 - , 

formed by the products of their terms, written in any order, is absolutely con- 
vergent, and has for sum ST 

Let Sn—Ui + U 2 ‘^ +Uny 

Tn = ^1 4“ ^2 4- 4- Vn 

Then ST = lim Sn hm T,, = lim {SnTn) 

by example 2 of § 2 2 Now 

SnTn= U^Vi + UiVi+ + UnV^ 

4- UiVq 4* ^kV2 4- + UnVi 

4" 

+ UiVn + U2Vn’^ + 

But this double senes is absolutely convergent, for if these terms are 
replaced by their moduli, the result is o-nTn, where 

= I Wj I 4“ 1 ^2 1 4* 4" 1 Wn, I , 

— 1 Vi 1 4- 1 ^2 1 -I- •• + I Vn 1> 

and <7,iTn IS known to have a limit Therefore, by § 2 52, if the elements of 
the double series, of which the general term is UmVn> be taken m any order, 
their sum converges to ST 


Example Shew that the senes obtained by multiplying the two senes 


Z 

1 + 2+2. + 2S + 2‘-^ 




and rearranging according to powers of z, converges so long os the representative point of z 
lies m the nng-shaped region bounded by the circles 1«| = 1 and j— 2 


2 6 Power-Semes f 
A senes of the type 

oTo 4- aiZ 4- 02^® 4- 4- . , 

in which the coefficients a©, a^, Ug, <^^ 3 , are independent of z, is called a series 
proceeding according to ascending powers of z, or briefly a power-series 

* Analyse Alg€hnque, Note vii 

t The results of this section axe due to Cauchy, Analyse Algilrique, Ch ix 



30 


THE PROCESSES OF ANALYSIS 


[chap II 

We shall now shew that ^/ a power-fenes converges for any value of z, 

%t will be absolutely convergent for all values of z whose representative points 

are within a circle which passes through z„ and has its centre at the origin 

00 

For, if z he such a point, we have \z\<\z^\ Now, since converges, 

a^zf must tend to zero as n-^oo, and so we can find M (independent of n) 
such that 

I a^zf 1 < M 

Thus j . 

QO 

Therefore e\erv term in the series 2 | a„z” | is less than the corresponding 
term in the convergent geometric senes 

oo ^ n 

2if - , 

«=0 ^0 

the senes is therefore convergent, and so the power-senes is absolutely 
convergent, as the senes of moduli of its terms is a convergent senes, 
the result stated is therefore established 

Let lim \ an\~^"^ = 'i , then, from §2 35, 2 converges absolutely when 

»=:0 ^ 

00 

I ^ I < r , if u I > r, does not tend to zero and so S diverges (§ 2 3) 

The circle which includes all the values of z foi which the 

powez -senes 

Uo 4- Ck^ 4- 4- OgZ* -j- 

converges, is called the circle of convergence of the senes The radius of 
the circle is called the 'iadius of convergence 

In practice theie is usually a simpler way of finding ?*, derived from d’Aleml>ert’« 
test (§ 2 36) , r is lim if this limit exists 

A power-senes may converge for all values of the variable, m happens, foi 
instance, in the case of the senes* 

^ 3'‘^5! 

which represents the function sin z, m this case the senes converges over the 
whole ^-plane 

On the other hand, the radius of convex gence of a power-Bonos may be 
zero , thus in the case of the senes 

14-1’ 0 + 2 *^’*4-3 4*41 z' 4-. 

we have 1 « ?i | ^ | , 

* The senes for c®, sinjz, co8« and the fundamental properties of theBe functions and of 
log 2 Will be assumed throughout A biief account of the theory of the functions is given 
m the Ajopmdix 
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which, for all values of n after some fixed value, is greater than unity when 
z has any value different from zero The senes converges therefore only at 
the point and the radius of its circle of convergence vanishes 

A power-senes may or may not converge for pomts which are actually on 
the periphery of the circle , thus the senes 


1 


£ z^ 

^ ga 




whose radius of convergence is unity, converges or diverges at the point ^ = 1 
accordmg as 5 is greater or not greater than unity, as was seen in § 2 33 

Corollary If {a^ be a sequence of positive terms such that lim(a«+i/a„) exists, this 
limit IS equal to lim 


2 61 Gomel genoe of senes denvedfrom a power-series 
do "1“ + ct^z^ + 4“ 4“ 

he a power-series, and consider the series 

dj 4* 2d2^ d" 3d3-0® 4“ 4" • > 

which IS obtained by differentiating the power-senes term by term We 
shall now shew that the denved senes has the sarfte circle of convergence ds the 
ongindl senes 

For let be a point within the circle of convergence of the power-senes, 
and choose a positive number intermediate in value between \z\ and r the 

00 

radius of convergence Then, since the series S converges absolutely, its 

«“0 

terms must tend to zero as n— > 00 , and it must therefore be possible to find a 
positive number M, independent of n, such that 1 | < ifrr" for all values 

of n 

00 

Then the terms of the series h n\an\\iz\’^^ are less than the eorre- 

« = 1 

spending terms of the series 

M ^ n\z\'*~'^ 

■r, 7 ’‘“i 

'1 »=*l * 1 

But this series converges, by § 2 36, smee \ z\<r^ Therefore, by § 2 34, the 
series 

2 a 1 a„ I I ^ l»-i 
» = 1 

00 

converges , that is, the senes 2 converges absolutely for all points z 

nasi 

00 

Situated within the circle of convergence of the original series 2 When 

\i!\>r, does not tend to zero, and a fortiori nonsi^ does not tend to 
zero , and so the two senes have the same circle of convergence 
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CcrcOo^ Th* senes obtained by mtegiatmg the original power-seiiee 

00 

term by term, has the same circle of convergence as 
27 Infinite Products 

We next consider a class of limits, known as infimte products 
Let 1 + fli, 1 + Os. 1 + a». sequence such that none of its members 

vanish If, as n oo , the product 
(1 + Oi) (I + "e) 

(which we denote by n„) tends to a dednite limit other than zero, this limit 
IS called the value of the infinite product 

n = (1 4 aO (1 4 Oj) (1 4 Oj) , 

and the product is said to he convergent* It is almost ^vious that a mcmary 
condition for convergence is that hm = 0, since lim n„_, = lim n„ t « 

The limit of the product is written 11 (1 4 On) 

W— 1 

m ( ^ 

Now n(l4a,i) = expj Slog(l4an)[, 

»T,d+ i 

if the former limit exists, hence a sufficient condition that the product 
should converge is that ibg(l 4a„) should converge when the logarithms 

have their prmcipal valued If this senes of logarithms converges absolutely, 
the convergence of the product is said to be ahsoMe 

The condition for absolute convergence is given by the following theorem : 
tn order that the infinite prodwt 

(I4ai)(l4aj)(l4a,) 

may be absolutely convergent, it ts necessary and sufimnt that the seines 

»! + (22 + + 

should be absolutely convergent 

For, by definition, H is absolutely convergent or not according as the 

log (1 4 Oi) 4 log (14 02)4 log (14 a*) 4 - 
IS absolutely convergent or not 

* The eonvergenoe of thepiodaotin which «„_i= -1/n' was investigated by Wallis as early 
as 1665. 

•\ See tbe Aj^pendtx, § A. 2 » 
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Now, since lim — 0, we can find m such that, when | a„ | < J , and 

then 


I arT^ log (1 + 0 , 1 .) - 1 1 = 
And thence, when > w, ^ ^ 

4B 


” 2 ^ 4" 

11 __ 1 

52 + QJ + — Q 


^ ~ , therefore, by the comparison 


log (1 an) I 

theoiem, the absolute convergence of 2 log(l -h an) entails that of Xan and 
conversely, provided that — ! ior any value of n 
This establishes the result* 


If, m a product, a finite number of factors vanish, and if, when these are suppressed, 
the resulting product converges, the original product is said to converge to zero Bui such 

oe 

a product as n (1 -> w “^) is said to diverge to zero 
»=2 

Corollary Since, if Sn-*-l, exp (>S„)-»-exp Z, it follows from § 2 41 that the factors 
of an absolutely convergent product can be deranged without affecting the value of the 
product 

no gO 

Example 1 Shew that if n (1 +a„) converges, so does 2 log(l +«„), if the logarithms 
nave their principal values 

Example 2 Shew that the infinite product 

sm z smfe sin \z sinj^ 

^ Iz 

IS absolutely convergent for all values of z 

[For can be written in the form 1-^, where | \<k and i is indo- 

pendent of n , and the senes S is absolutely convergent, as is seen on comparing 
00 1 

it with 2^ jp The infinite product is thoiefore absolutely convergent ] 


2 71 Some examples of vrijimte products* 

Consider the infinite product 

■■ 

which, as will be proved later (§ 7 5), represents the function sin z 

In order to find whether it is absolutely convergent, we must connider the 

2 , 2 1 

senes is absolutely convergent, and so the 
product IS absolutely convergent for all values of z 
Now let the product be written in the fomi 

* A discussion of the convergence of infinite products, m which the results are obtained 
without makiug use of the logarithmic function, is given by Pnngsheim, Math Ann xxuiu 

(1889), pp 119-154, and also by Bromwich, In/mife Oh vi 

w M A * 
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The absolute convergence of this product depends on that of the series 


£ ^ 

TT TT 27r 27r 


But this senes is only conditionally convergent, since its senes of moduli 

1£!h.!£J+Wh.W+ 

w TT StT ZTT 

IS divergeat In this form therefore the infinite product is not absolutely 
convergent, and so, if the order of the factors ^ is deranged, there is 
a nsk of altering the value of the product 

Lastly, let the same product be written m the form 

{(* - S {(‘ J) '“’1 {(' - i (‘ ' 

in which each of the expiessions 


1 ± 


—I 

mnrj 


e tm 


IS counted as a single factor of the infinite product The absolute convergence 
of this product depends on that of the senes of which the (2m — l)th and 
(2m)th terms are 


1 + — ]e WIT — 1 

m*7r/ 


But it IS easy to verify that 

(l q: — 

\ WITT / \ W 1 / 

and so the absolute convergence of the series in question follows by companson 
with the senes 

, , 1 1 1,1 1 . 1 . 
l-|-l + p+22 + ^ + 3i + p + 4*'’' 

The infinite product m this last form is therefore again absolutely 

convergent, the adjunction of the factors e having changed the con- 
vergence from conditional to absolute This result is a particular case of 
the first part of the factor theorem of Weierstrass (§ 7 6) 

Example 1 Prove that n «”} absolutely convergent for all values of 

2 , if e is a constant other than a negative integer 

For the infinite product converges absolutely with the senes 
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Now the general term of this series is 

~i+^) f (i)} - 0 (p) = 0 (^) 

But ^2 p convei^es, and so, by § 2 converges absolutely, 

and therefore the product converges absolutely 

Examjile 2 Shew thit ^-nj. converges for all points z situated 

outsiders circle whose centre is the origin and radius unity 

For the infinite product is absolutely convergent provided that the senes 

1 

n=2 \ nf 

IS absolutely convergent But so the limit of the ratio of the («+l)th 

term of the series to the nth term is - , there is therefore absolute convergence when 


Example 3 Shew that 


j < 1, 1 e, when | ^ | > 1 


1 2 3 (m-I) 


(0+1)(2!-H2) 

tends to a hnite limit as m-^oo , unless 2 : is a negative integer. 

For the expression can be written as a product of which the wth factor is 

This product is therefore absolutely convergent, provided the series 

IS absolutely convergent , and a conipanson with the convergent senes 2 i shews that 

this IS the case When « is a negative integer the expression does not exist because one of 
the factora in the denominator vanishes 

Evample 4 Prove that 


-^loff 2 
^ Sin 2 


F or the given product 

^ " 2;;) +-) (1 “sfc) 

e>rV 2^ 3 4^2 2*-i“2*+ifc/ 

X2(l-^)c^ (l-A)ea; 

3-2 


= lim 

A-*- 00 
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Since the pioduct whose factors are 

IS absolutely convergent, and so the order of its factors can be altered 

Since log2=l— j 

this shews that the given product is equal to 

--log 2 
6 « sms 

2 8 Infinite Determinants 

Infinite series and infinite products are not by any means the only 
known cases of limiting processes which can lead to intelligible results The 
researches of G W Hill in the Lunar Theory* brought into notice the 
possibilities of infinite deteiminants 

The actual investigation of the convergence is due not to Hill hut to Poincard, Bull de 
la Soc Math de France, xiv (1886), p 87 We shall follow the exposition given by 
H von Koch, Acta Math xvi (1892), p 217 

Let be defined for all integer values (positive and negative) of 
and denote by 

the determinant formed of the numbers Atk (^, + vi ) , then if, 

as m -H- 00 , the expression An tends to a determinate limit D, we shall say 
that the infinite determinant 

-00 -foo 

IS convergent and has the value D If the limit D does not exist, the deter- 
minant in question will be said to be divergent 

The elements (where ^ takes all values), are said to form the pmncipal 
diagonal of the determinant D, the elements A^k, (where i is fixed and k 
takes all values), are said to form the row i , and the elements Aikj (where k 
is fixed and ^ takes all values), are said to form the column k A^y element 
Aik IS called a diagonal or a non-diagonal element, according as ^ or ^ > A; 
The element Ao,o is called the origin of the determinant 

2 81 Convergence of an infinite determinant 

We shall now shew that an infinite determinant conmiges, provided the podia t of the 
diagonal elements convei ges absolutely, a7id the sum of the non’-diagonal elements converges 
absolutely 

Foi let the diagonal elements of an inhnite determinant D be denoted by 
and let the non-diagonal element be denoted by that the deterinmant m 

* Eeprmted m icta Mathemaiica, vin (188b), pp 1-36 Infinite determinants had previously 
ocouired in the researches of Purstenau on the algebiaic equation of the ?ith degree, Barsiellung 
del leellen Wurzehi algehranchei Gleichwigen duich Detenninanten der Coefilzienten 
1860) Special types of infinite determinants (known as continuants) occur m the theory of 
infinite continued factions, see Sylvestei, Math Fapeib, i, p 504 and iii, p 249 
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<^ 0-1 l-H«oo 

<*1-1 ^10 1 + «11 

00 

Then, since the senes S | «* | is convergent, the product 
1, *=-« 

P= n (1+ S |a^|) 

iss-oo \ *--00 / 

IS convergent 

Now form the products 

m/ w \ _ »t/ m \ 

n (l+ 2 aA, P„= n (1+ 2 |a^|), 

i:=-m\ k=-m J 1=— »i \ A;=-TO / 

then if, in the expansion of certain terms are replaced by zero and certain other 
terms have their signs changed, we shall obtain i),» , thus, to each term in the expansion 
of there corresponds, in the expansion of F^^ a term of equal or greater modulus 
Now i>w+p “ represents the sum of those terms in the determinant i)>n+p which vanish 
when the numbers ±(m + l) ± (m-t-jo)} are replaced by zero, and to each of 

these terms there corresponds a term of equal or greater modulus in 
Hence | p— I ^ ~ >» 

Therefore, since F^ tends to a limit as so also tends to a limit This 

estabhshes the proposition 

2 82 TK$ rearrangemmt Theorem for comergent infinite determinants 
We shall now shew that a determinant ^ of the convergent form alieady coumdered^ 
remains convergent when the elements of any row are replaced hy any set of elements whose 
moduli are all less than some fixed pontive number 
Replace, for example, the elements 

•^Ot — •^0 

of the row through the origin by the elements 

Mo Mm 

which satisfy the inequality 

I Mr I </«, 

where /x is a positive numbei , and let the new values of and D be denoted by 
Dnl and !>' Moreover, denote by F<n^ and P’ the products obtained by suppressing in 
F^ and F the factor corresponding to the index zero , we see that no terms of can 
have a greater modulus than the corresponding term in the expansion of , and 
consequently, reasoning as in the last aiticle, we have 

1 ■^w+p’“^7n I wi + p“ » 

which IS sufficient to establish the result stated 

Example Shew that the necessary and sufficient condition for the absolute conver- 
gence of the infinite determinant 

lim 1 ai 0 0 0 

W2.->-00 

I ai 0 0 

0 ^ 1 03 0 

0 0 Rh 1 



is that the series 

shall be absolutely convergent 


aift + 02^2 "H asft + 


(von Koch ) 
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G H Haedy, Proc London Math Soc (2) i (1904), pp 124-128 


Miscellaneous Examples 

1 Evaluate bm (6"’^“ #), lim (7i“« log w) when a>0, 6>0 

n-^oo 

2 Investigate the convergence of 



(Trinity^ 1904 ) 


3 


Investigate the convergence of 

« n 3 2?i-l 4n+3]2 

niit 2 4 2n 2n+2J 


(Peterhouse, 1906 ) 


4 Find the lange of values of z for which the senes 


IS convergent 


2 sin® « - 4 sin^ « 4- 8 sin® 2 - +(-)»+ 1 2« sin®** « +• 


5 Shew that the senes 

1-J-+J— , 

z «+l 2+2 «+3 

IS conditionally conveigent, except for certain exceptional values of z , but that the senes 

11 1 1_ 1 I . 1 . 

■*'a+p-l z+p z+p + 1 «+2p+?-l'''2+2p+g'‘^ ’ 

m which (p+j) negative terms always follow p positive terms, is divergent (Simon ) 


6 Shew that 

7 Shew that the series 

1 + 1 + 1 + 1 + 

1» 23 3« 48 


IS convergent, although 
8 Shew that the series 
IS convergent although 


a+|32 + a* + i3* + 

W2n/W2R-l-^« 


ilog2 


(Tnmty, 1908 ) 

(KaO) 

(Ceskro.) 

(0<ttO<l) 

(Ceskro ) 
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9 Shew that the series 




converges absolutely for all values of z, except the values 

(a; = 0, 1 , ^=0, Ij m— 1 , w = l, 2, 3, ) 

10 Shew that, when a > 1, 

00 1 1 oo pi 1 f 1 

„?x 1 (k + 1)‘~‘ w'"‘J J’ 

and shew that the senes on the right converges when 0 < s •< 1 

(de la Valine Pouesin, M^m de VAcad de Belgiqm, liii (1896), no 6) 

11 In the senes whose general term is 

(0< ^ < 1 <^) 

where v denotes the number of digits in the expression of n in the ordinary decimal scale 
of notation, shew that 

hm 

n-^oo 

and that the senes is convergent, although lim i«n+i/^»i=® 

«-»-00 

12 Shew that the series 

<?! + +• S'2H + S'3® 4* + > 

where (0<!r<l) 

IS conveigent, although the ratio of the (7i-f-l)th term to the Tith is greater than unity 
when n is not a triangular number (Ceshro ) 

13 Shew that the series 

00 ^itTtdx 

where w is leal, and where is understood to mean (“'+»»), the loganthm being 

taken in its anthmetic sense, is convergent for all values of a, when / [x) is positive, and 
IS convergent for values of s whose real part is positive, when x is real and not an integer 

14 If z^>0, shew that if 2% converges, then lim (?mn)=0, and that, if in addition 

«-^oo 

then hm (7iw«)=0 


16 If 


shew that 


wi — ?i 1) ’ 

gTO+n mTm * 

csq ,1= ~ 2 flC()^Q=0, 


?i, n>0) 


s (s = 2(2 = l (Trinity, 1904 ) 

rftsaO \?i=0 / »=0 \w=0 / 


16 By converting the senes 

1+Tr^+ 1+23 + 1-23+ . 

(i'll which I ^ 1 < 1), into a double senes, shew that it is equal to 
, 87 872 ^ 87® , 

^ +(1 - 2 ) 3 +( H ^ + (!-?»)* + 


(Jacohi ) 
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00 / ^2 \ 

17 Assuming that sm2:=0 n (l-p^j» 

shew that if m-»“00 and ?^-►oo m such a way that hm where k is finite, then 

1 ’"z /, \ TW«-sm2 

hm n' (l+— , 

r=-n\ 2 

the prime indicating that the factor for which rs=0 is omitted (Math Trip , 1904 ) 

18 If = and if, when n> 1, 


then n (1 4- -w a) converges, though 2 and 2 are divergent 

»i=0 n=0 »i=0 


(Math Trip , 1906 ) 


19 Prove that 




ri* / l+l wi gWi' 

exp ( 2 — 

\w=l 


)}■ 


where k is any positive integer, converges absolutely foi all values of z 

00 OO 

20 If 2 be a conditionally convergent series of real terms, then II (l+^n) con- 

n=l n^l 

00 

verges (but not absolutely) or diverges to zero according as 2 converges oi diverges 

»i=i 

(Cauchy ) 

CO 

21 Let 2 drt be an absolutely convergent series Shew that the infinite determinant 

71=1 


A{C)= 

(c-4)*-^o 

-6, 

-$2 

— 

-B, 


4S-tfo 

4*-^o 

4^ -Bo 

^-Bo 

4?-Bo 


-6i (c 

-2)* -a* 

-Bi 

— Bi 

-Bo 


22-^0 


22-^0 

2»-^o 

2^-i9« 


-0, 

-^1 

<^-Bo 

-B: 

— Bi 


1 

o 

0*-6o 

0^-Bo 

ly-Bo 

0’‘-Bo 


-Bs 

-Bi 

-6i 

(c+2)2- 

Bo —Bi 


2«-<3o 

-Bo 

2‘-eo 

-Bo 

2^- Bo 


-6^ 

— ^3 

-^2 

-B, 

(0+4)2 -(9, 


42-^0 

i^-Bo 

42-^0 

4? -Bo 

42-^0 

convolves , and shew that the equation 

is equivalent to the equation 

A(c)=0 

i^Bo^ 




sin^ ^7rc= 

= A (0) sin2 

(Hil 


(Hill , see § 19 42 ) 


CHAPTER III 


CONTINUOUS FUNCTIONS AND UNIFORM CONVERGENCE 

3 1 The dependence of one complex number on another 

The problems with which Analysis is mainly occupied relate to the 
dependence of one complex number on another If z and f are two complex 
numbers, so connected that, if z is given any one of a certam set of values, 
corresponding values of ^ can be determmed, eg if f is the square of or if 
f = 1 when z is real and f = 0 for all other values of then is said to be a 
function of z 

This dependence must not be confused with the most important case of 
it, which will be explained later under the title of analytic functionality 

If ^ IS a real function of a real variable then, the relation between ^ and which 
may be written 

can be visualised by a cuive in a plane, namely the locus of a point whose cooidinates 
refei’i’ed to rectangulai axes in the plane are (sr, f) No such simple and convenient 
geometiical method can be found for visualising an equation 

considered as defining the dependence of one complex number on another 

complex number 2 = A representation stiictly analogous to the one already given 
for real variables would require four-dimensional space, since the number of variables 
1 , 77 , y IS now four 

One suggestion (made by Lie and Weieistrass) is to use a doubly-manifold system of 
lines m the quadruply-manifold totality of lines in three-dimensional space 

Another suggestion is to lepresent f and 77 separately by means of surfaces 

A third suggestion, due to Heffber*, is to write 

then draw the surface r = r (a, y) — which may be called the modulcM ’SUTface of the 
function — and on it to express the values of 6 by surface-markings It might be 
possible to modify this suggestion in various ways by representing B by curves drawn 
on the surface ? (^, y) 

3 2 Continuity of functions of 7 eal vamables 

The reader will have a general idea (derived from the graphical represen- 
tation of functions of a real variable) as to what is meant by continuity 

* ZeitbcliTiftfilr Math und Phys XLix (1899), p 236 
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We now have to give a precise definition which shall embody this vague 
idea 

Let fioo) be a function of x defined when a 

Let be such that a^Xi^h If there exists a number I such that, 
correspondmg to an arbitrary positive number e, we can find a positive 
number 77 such that 

\f{x) -l\<e, 

whenever \x — Xi\<7),x^Xj, and a^x then I is called the limit of f(x) 
as X Xi 

It may happen that we can find a number 4 (even when I does not exist) 
such that l^(^) — Z4 . 1 < 6 when Xi <x < Xi + tj We call 4 the limit of f(x) 
when X approaches Xj from the right and denote it by /(nci -f- 0) , in a similar 
manner we define y(xi — 0) if it exists 

If /(/»! + 0 ), f(xiX f{x^ - 0 ) all exist and are equal, we say that f{x) is 
continuous at x^^ so that if/(®) is contmuous at x^, then, given e, we can find 
77 such that 

l/(^) I < 

whenever \x-~ Xi\<r] and a ^x^b 

If and Z_ exist but are unequal, f{x) is said to have an ordinary 
disconUnuity* at x^, and if Z+ = Z- /(a?) is said to have a removable 
discontinuity at Xi 

lff(x) IS a complex function of a real variable, and ==g(x) + ih (x) 

where g {x) and h (x) are real, the continuity of f(x) at x^ implies the con- 
tinuity of g (x) and of h (x) For when \f(x) -/(xi) \ < e, then \g(x)--g (Xi) | < e 
and I h(x) — h (xj) 1 < e , and the result stated is obvious 

Example From 2 2 examples 1 and 2 deduce that if f(x) and <^{v) are con- 
tinuous at xi , so are f{x)±^ {x\ /(^) x <#> (a?) and, if </> {x{) =♦= 0, / ( j;)/< 3 £> (a) 

The popular idea of continuity, so far as it relates to a real variable f{x) depending 
on another real vanable a?, is somewhat different from that just considered, and may 
perhaps best be expressed by the statement “The function f{x) is said to depend con- 
tinuously on X if, as X passes through the set of all values intermediate between any 
two adjacent values Xi and f{x) passes through the set of all values intermediate 
between the corresponding values f(xi) and/(a? 2 ) ” 

The question thus arises, how far this popular definition is equivalent to the precise 
definition given above 

Cauchy shewed that if a real function f{x\ of a real variable v, satisfies the precise 
definition, then it also satisfies what we have called the populai definition , this result 

^ If a function is said to have ordinary discontinuities at certain points of an interval it 
IB implied that it is c6ntinuou8 at all other points of the interval 
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will be proved in § 3 63 But the converse is not true, as was shewn by Darboux This 
fact may be illustrated by the following example* 

Between «=- 1 and a;= +1 (except at «=0), let /(a;) = sin^ , andlet/(0)=0 

It can then be proved that f{x) depends continuously on x near a:=0, in the sense of 
the popular definition, but is not continuous at «=0 in the sense of the precise definition 
Example U fix) be defined and be an increasing function in the range (a, 6), the 
limits /(^+0) exist at all points in the interior of the range 

[If f(x) be an increasing function, a section of rational numbers can be found such 
that, if a, ^ be any members of its X-olass and its ii-class, a</(^+A) for every positive 
value of h and A >/(« + A) for some positive value of h The number defined by this 
section ia/(A+0) ] 


3 21 Simple curves Gontinua 

Let X and y be two real functions of a real variable t which are continuous 
for every value of t such that a < f < 6 We denote the dependence of x and y 

The functions a(t), y {t) are supposed to be such that they do not assume the 
same pair of values for any two different values of t in the range a< t< b 
Then the set of points with coordinates (x, y) corresponding to these values 
of t is called a simple curve If 

x{a) = x (6), (a) = y Q>)> 

the simple curve is said to be closed 

Example The circle a;*+y*=l is a simple closed curve , for we may writet 

^acos y=sin < 

A two-dimensional continuum is a set of points in a plane possessing the 


followmg two properties 

(i) If («, y) be the Cartesian coordinates of any point of it, a positive 
number S (depending on x and y) can be found such that every point whose 
distance from (x, y) is less than S belongs to the set 

(ii) Any two points of the set can be joined by a simple curve consisting 
entirely of points of the set 

Eiample The points for which form a continuum For if P be any 

point inside the unit circle such that OP=r<l, we may take 8=1 -r , and any two 
points inside the circle may be joined by a stiaight line lying wholly inside the circle 

The following two theorems J will be assumed in this work , simple cases 
of them appear obvious from geometrical intuitions and, generally, theorems 
of a similar nature will be taken for granted, as formal proofs are usually 
extremely long and difficult 

* Due to Mansion, MathesiSf (2) xix (1899), pp 129-131 

t For a proof that the sine and cosine are continuous functions, see the Appendix, § A 41 

ij: Formal proofs will be found in Watson’s Complex Integration and Cauchy^s Theorem 
(Cambridge Math Tracts, No* 15 ) 
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(I) A simple closed curve divides the plane into two continua (the 
* interior ’ and the * extenor ') 

(II) If P be a point on the curve and Q be a point not on the curve, 
the angle between QP and Oa increases by ± 27r or by zero, as P descnbes 
the curve, according as Q is an mterior point or an ex tenor point If the 
increase is + 27r, P is said to descnbe the curve ' counterclockwise ’ 

A continuum formed by the intenor of a simple curve is sometimes called 
an open two-dimensional region, or bnefly an open region, and the curve is 
called its boundary , such a continuum with its boundary is then called a 
closed two-dimensional region, or briefly a closed region or domain 

A simple curve is sometimes called a closed one-dimensional region, a 
simple curve with its end-points omitted is then called an open one-dimensional 
region. 

3 22 Continuous functions of complecc variables 

Ijetf(z) be a function of z defined at all points of a closed region (one- or 
two-dimensional) in the Argand diagram, and let Zi be a point of the region 

Then f{z) is said to be continuous at Zj, if given any positive number e, 
we can find a corresponding positive number r) such that 

whenever \ z-Zi\<rj and ^ is a point of 4ihe region 

3 3 Series of variable terms Uniformity of convergence 

Consider the senes 

a? 0^ a? 

This senes converges absolutely (§ 2 33) for all real values of x 

If /Sw (ir) be the sum of n terms, then 

s; (a) = 1 + ^ a?)"-' ’ 

and so lim iS„ («) = 1+ 

n-^oo 

but Sn (0) = 0, and therefore lim Sn (0) = 0 

»-»-00 

Consequently, although the senes is an absolutely convergent senes of 
contmuous functions of x, the sum is a discontinuous function of x We 
naturally enquire the reason of this rather remarkable phenomenon, which 
was investigated m 1841-1848 by Stokes*, Seidelf and Weierstrassf, who 
shewed that it cannot occur except in connexion with another phenomenon, 
that of non-uniform convergence, which will now be explained 

* Camb Phil Trans vni (1847), pp 633-583 [Collected Papers, i pp 236-313 ] 
t Milncliener Ahhandlungen, v (1848), p 381 
t Qes Math Werke, r pp- 67, 76 
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Let the functions (z), (z), be defined at all points of a closed region 

of the Argand diagram Let 

Sn(z) = Uj,(z)-i-Ui(z)+ 

oo 

The condition that the senes 2 iin(z) should converge for any particular 

n=l 

value of z is that, given e, a number n should exist such that 

I ^n+^> (^) Sn (^) I < ^ 

for all positive values of the value of n of course depending on e 

Let 71 have the smallest integer value for which the condition is satisfied 
This integer will in general depend on the particular value of z which has 
been selected for consideration We denote this dependence by wntmg 
n (z) in place of n Now it mag happen that we can find a number N, 
INDEPENDENT OF Z, SUch that 

n{z) <N 

for all values of z in the region under consideration 

If this number N exists, the series is said to converge uniformly 
throughout the region 

If no such number N exists, the convergence is said to be non-uniform* 

Uniformity of convergence is thus a property depending on a whole set of 
values of z, whereas previously we have considered the convergence of a senes 
for various particular values of the convergence tor each value being con- 
sidered without refetence to the other values. 

We define the phrase ‘unifoimity of convergence near a point z' to mean 
that there is a definite positive number S such that the series converges 
uniformly in the domain common to the circle \ z-Zi\^B and the region in 
which the series converges 

331 On the coiidition for uniformity of convergence'^’ 

If (i?) 4- we have seen that the 

CO 

necessary and suflScient condition that 2 v.n{^) should converge uniformly 

in a region is that, given any positive number e, it should be possible to 
choose N independent of z (but depending on e) such that 

I p (' 2 ') I < € 

for ALL positive integral values of p 

* The leader who is unacquainted with the concept of unifoimity of convergence will find it 
made much clearer by consulting Bromwich, Injinite Senes^ Ch vii, where an illuminating 
account of Osgood’s graphical investigation is given 

t This section shews that it is indifferent whether uniformity of convergence is defined by 
means of the partial remainder Rn,p(z) or by R^(z) Writers diffei m the definition taken 
as fundamental 
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If the condition is satisfied, by § 2 22, {z) tends to a limit, S {z), say foi 

each value of z under consideration , and then, since e is independent of p, 

I { lim (z)} I < €, 

p~^ao 

and therefore, when n> N, 

S (z) - S„ (z) = { lim p (a')) - Rir, n-s 

P~^ 00 

and so \S(z) — Sn (z) | < 2e 

Thus (writing Je for e) a necessary condition for uniformity of convergence 
IS that \S{z) — Sn(z)\<€, whenever n>N and N is %ndependent of z, the 
condition is also suffixnent, for if it is satisfied it follows as m § 2 22 (I) 
that I | < 26, which, by definition, is the condition for uniformity 

ExawjpU 1 Shew that, if x be real, the sum of the series 

1(^ + 1) (^+1) (2^4-1) {(W“l) a/ + l}{m + l} 

IS discontinuous at ^7=0 and the senes is non-umformly convergent near a?=0 

The sum of the first n terms is easily seen to be 1 , so when ;r=0 the 

nx-r 1 

sum IS 0 , when ^=1=0, the sum is 1 

The value of Rn{^)=^ {r)-JSn{^) is — ^ if ^=t=0, so when x is small, say 

nx 'T' 1 

1 1 

a 7 =oue-hundred-millionth, the remainder after a million terms is 


1 

100 


+ 1 


01 l-_, HO 


the first million terms of the series do not contribute one per cent of the sum And in 
general, to make < «, it is necessary to take 


-le-') 


Coriesponding to a given e, no number JV exists, independent of a,, such that n< N for 
all values of x m any interval including ^=0 , for by taking x sufficiently small we can 
make % greater than any number N which is independent of x There is therefore non- 
uniform convergence near r=0 


Example 2 Discuss the series 


2 




in which X is real 

The Tith term can be written 


T X 


\ + {n-irVi^ x^ 


, so S {x) = 


■l+^2 


, and 


[Note In this example the sum of the senes is not discontinuous at ^=0 ] 

But (takinge<4, and^=t=0), €-10^+1) l^l<l+‘(^i+l)®*a^, le if 

w + I 4? 1“^ or W-f-l<4{e"^-\/€"'^-4} \x\'~'^ 
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Now it IS not the case that the second inequality is satisfied for all values of n great&i 
than a certain value and for all values of x , and the first inequality gives a value of 
(^0 which tends to infinity as , so that, corresponding to any interval containing the 
point ^=0, there is no number N independmt of x The senes, therefore, is non-umformly 
convergent near 0 

The reader will observe that n{x) is discontinuous at ^=0, for n{x)’^<x» as 
but ?i(0)=0 

332 Gonnecdon of diSGontxuuity with non-unifo7ni convergence 

We shall now shew that if a senes of continuous functions of z is uniformly 
convet gent for all values of z in a given closed domain^ the sum is a continuous 
function of z at all points of the domain 

For let the series he f{z) = u-, {z) + {z) + -h + = 8n {z) -f- {z\ 

where {z) is the remainder after n terms 

Since the series is uniformly convergent, given any positive number e, we 
can find a corresponding integer n independent of z, such that [ (- 2 ^) I < § e 

for all values of z within the domam 

Now and e being thus fixed, we can, on account of the continuity of 
8n {z\ find a positive number 77 such that 

whenever \z — z'\<7}. 

We have then 

l/(^) -m 1 = I [Sn(,z) - «„(/)} I + I - RnW) I 

< I 8^ {z) - 8n(z') 1 + I I + i I 

< €> 

which 18 the condition for continuity at z 

jSJiample 1 Shew that near ^=0 the series 

Ui(x)+2i2(r) + 2h(a;)’h , 

1 1 

where Ui(x)=x, Uj^(x)=:=x^”'~^-x^^'~^j 

and real values of x are concerned, is discontinuous and non-uniformly convergent 

In this example it is convenient to take a slightly different form of the test , we shall 
shew that, given an arbitrarily small number e, it is possible to choose values of a., as 
small as we please, depending on n in such a way that | ttnW | is noi less than e for any 
value of w, no matter how large. The reader will easily see that the existence of such 
values of x is jnconsistent with the condition for uniformity of convergence 

1 

The value of is , as n tends to infinity, Sn (x) tends to 1, 0, or - 1, accord- 
ing as X IS positn e, zero, or negative The series is therefore absolutely convergent for all 
values of x, and has a discontinuity at x=0 
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In this senes /E, (a?) = 1 *, (a > 0) , however great n may be, by taking* «=«-(*" b 

we can cause this remainder to take the value 1 —e~\ which is not arbitrarily small The 
senes is therefore non-uniformly convergent near r=0 

Easdmjile S Shew that near 2=0 the series 

» -22(1+2)“-* 

»=i{l+(l+^)“-^}{l + (l + ®)’‘} 

IS non-uniformly convergent and its sum is discontinuous 
The «th term can be written 

l-(l+2)» l-(l+2)»-* 

l + ^l + 2)“ l+(l+2)"-*’ 

SO the sum of the first n terms is Thus, considering real values of greatei 

than - 1, it IS seen that the sum to infinity is 1, 0, or — 1, according as ^ is negative, zero, 
or positive There is thus a discontinuity at 2!==0 This discontinuity is explained by the 
fact that the series is non-uniformly convergent near 2=0 , for the remainder after n terms 
in the series when z is positive is 

and, however great n may be, by taking this can be made numerically greater 

ttan which is not arbitrarily small The senes is therefore non-uniformly con- 

l-l-€ 

vergent near 2=0 

3 33 The d%st%nction between absolute and umform oomergenoe 
The umfoim convergence of a senes m a domain does not necessitate 
its absolute convergence at any points of the domain, nor conversely Thus 

the senes 2 jz 5^ converges absolutely, but (near z — 0 ) not umfoimly, 


the senes 2 conver 

while in the case of the senes 


the senes of moduli is 


i 

n*l ^ ^ 


2 ^ 


which is divergent, so the series is only conditionally convergent, but for all 
real values of z, the terms of the senes are alternately positive and negative 
and numerically decreasing, so the sum of the series lies between the sum of 
its first n terms and of its first (n -h 1) terms, and so the remainder after 
n terms is numencally less than the nth term Thus we only need take a 
finite number (independent of z) of terms in order to ensure that for all real 
values of z the remainder is less than any assigned number e, and so the 
senes is uniformly convergent 

Absolutely convergent senes behave like senes with a finite number of 
terms xn that we can multiply them together and transpose their terms 
* This value of x satisfies the condition ] x | <5 whene\ er 2n - 1 >log 5“^ 
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Uniformly convergent senes behave like series with a finite number of 
terms in that they are continuous if each term m the series is continuous 
and (as we shall see) the senes can then be integrated term by term 

334 A condition^ due to Weieistrass^y for uniform convergence 

A sufficient, though not necessary y condition for the uniform convergence 
of a series may be enunciated as follows — 

If, for all values of z within a domain, the moduli of the terms of a senes 

S = Ui{z)-^U2 {z) + u^{z)‘^ 

are respectively less than the correspondmg terms in a convergent series 
of positive terms 

T = M-i + + Jfs + , 

where Mn is independent of Zy then the series 8 is uniformly convergent in 
this region This follows from the fact that, the senes T being convergent, 
it is always possible to choose n so that the remainder after the first n terms 
of Ty and therefore the modulus of the remainder after the first n terms 
of 8y IS less than an assigned positive number e , and since the value of n 
thus found is independent of z, it follows (§ 3 31) that the senes 8 is uni- 
formly convergent , by § 2 34, the senes 8 also converges absolutely 

Example The series 

cos 21 + P COS^^f 4- p COS3 + 

is uniformly convergent for all real values of because the moduli of its terms are not 
greater than the corresponding terms of the convergent series 

14-^2 + 32+ » 

whose terms are positive constants 

3 341 Uniformity of convergence of infinite products^ 

op 

A convergent product n {l + w» («)} is said to converge uniformly in a domain of values 

n=l 

of z if, gi\en e, we can hnd m independent of z such that 

m 

n {l+«»(2)}- n {1+Mn(?)} <e 

ftsi »=1 

for aU positive integral values of p 

The only condition for imiformity of convergence which will be used in this work 
IS that the product converges uniformly if | (2) | < where J/n is independent of z and 

00 

2 converges 

n-l 

* Ahhandlungen aus der Funktionenlehre, p 70 The test given by this condition is usually 
descnbed (e g by Osgood, Annals of Mathematics y iix (1889), p 130) as the ilf-test 

t The definition is, effectively, that given by Osgood, FunktionentheonCy p 462 The 
condition here given for uniformity of convergence is also established in that work 


w M A 


4 
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To prove the validity of the condition we observe that converges (§ 2 7), 

and so we can choose m such that 


and then we have 


«=1 M=1 


W+J> 

n {i+i«n(«)}- n {1 +%(«)} 

tt=l n=l 


= 1 n{i+i«„(*)}r ™n {n-«»(2)}-i 1 

1 ji=l L-tissm+l —I ' 

;S (l+if„)r "n 

n—l L w=?n+l —I 


<f, 


and the choice ot ni is independent of z 

3 35 Hardy's tests for umfo) m divergence* 

The reader will see, from § 2 31, that if, in a given domain, 


2 an{z) wheie IS 


real and k is finite and independent of p and z, and if /»(*) >/n+i W and/,i(a)-^0 
uniformly as n->^oa, then converges uniformly 

Also that if , , , / V ^ A 

k^U^(s)^Ur, + i{3)^0, 

•where A is independent of z and J^a„(a) converges uniformly, then^^S a,, (a) M«(a) con- 
verges uniformly [To prove the latter, observe that m can be found such that 

aie numerically less than </A , and therefore (§ 2 301) 

an (z) Un { 3 ) < cMm+l («)/^< 

ns=m+l 1 

and the choice of € and m is independent of z] 

Example 1 Shew that, if b >0, the senes 


cos n& 
s 

n«l 


sm nd 

2 

«=1 W 


converge uniformly in the range 

Obtain the corresponding result for the series 


oo (-V^cosi 

ft=i ^ 


“ ( — )” sin 1 

2 —4; — 

n=l 


by writing for d 

Example^ If, when |a>„(^)l<^i and ^2 J W I <^8» where 

ki, h are independent of n and a, and if is a convergent senes independent of x, 

then s converges uniformly •when a 6 (Hardy) 

n=«l 

• Proc London Math Soc (2) iv (1907), pp 247-265 These results, which are generalisa- 
tions of Abel’s theorem (§ 8 71, below), though well known, do not appear to have been published 
before 1907 From their resemblance to the tests of Dmohlet and Abel for convergence, 
Bromwich proposes to call them Diriohlet’s and Abel’s tests respectively 
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[For we can choose m, independent of a?, such that 


corollary, we have 


S fl5„a)n {x) 


m+fi 

2 «n < and then, by § 2 301 

ji=ni+l 




3 4 Ihscimion of a particular double sei les 

Let (Oi and 0)2 be any constants whose ratio is not purely real, and let 
a be positive 

The series S r — — — ^ , m which the summation extends over 
w, zma)i + znco^r 

all positive and negative integral and zero values of in and n, is of great 
importance in the theory of Elliptic Functions At each of the points 
2 : = — 2ma)i “ 2)1(02 the senes does not exist It can be shewn that the senes 
converges absolutely for all other values of -sr if a >2, and the convergence is 
uniform for those values of ^ such that | z + 2mcoi + 2 n< 02 1 ^ S for all integral 
values of m and ? 2 , where S is an arbitrary positive number 

Let S' denote a summation for all integral values of m and w, the term for 
which m = n 0 being omitted 

Now, if m and n are not both zero, and if | 4- 2mce)i + 2u©2 1 ^ S > 0 for 
all integral values of m and w, then w^e can find a positive number (7, de- 
pending on S but not on z, such that 

<G 


(z + 2m(Oi + 2710 ) 2 )** 


(2mft)i + 27io)a)* 


Consequently, by § 3 34, the given senes is absolutely and uniformly* 
convergent in the domain considered if 

2' r 

I mwi + jiwa I “ 

converges 

To discuss the convergence of the latter series, let 

€Oi ” Ofi -j- » a>2 “ tta 4* } 

where ots, fiz are real Since (o^jto^ is not real, ai/3a — =|= 0. Then 

the series is 

1 

2 '- 


{(ai«i + aan)” + (jSim + 

This converges (§2 5 corollary) if the senes 

8 = 1— i- 

(m® + 

converges , for the quotient of corresponding terms is 

f («i + + (A + i8a/a)® | 

t 1+/^“ J ’ 

* The reader will easily define uniformity of convergence of double senes (see § 3 6) 

4—2 
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where //. = 92/771 This expression, qucL function of a continuous real variable 
can be proved to have a positive minimum* (not zero) since ot2^i 4 ^ 0 , 

and so the quotient is always greater than a positive number K (independent 
of p) 

We have therefore only to study the convergence of the series S Let 




^4 2 2 ' 

»i=o »=o (m^ + 72 ^)® 


Separating Sp^q into the terms for which 772 = 71, m>n, and m< 72, re- 
spectively, we have 

« 1 ® m-i 1 o »t-l 1 

2 +22 -T-.+ t 2 . . . ■ « 


q n-1 
+ 22 - 


Therefore 


=1 wi=l n=0 ( 772 ® + 72^)i® »-l w-0 ( 772 *^ •+■ 72^)^* 

m - 1 1 ra 1 

2 < 

n=0 (m® -H 72®)^“ (772^)4® 772““^ 

00 1 * 1 Si 1 

X -x^+ 2 — + 2 — 

m=l 2® 772® w=l 772*“^ w=l 72® 


But these last senes are known to be convergent if a — 1 > 1 So the series 8 
IS convergent if a >2 The onginal senes is therefore absolutely and uni- 
formly convergent, when c(> 2 , for the specified range of values of z 

ExamfU Prove that the senes 

2 , 

4- 77222+ +772rT 

in which the summation extends over all positive and negative integral values and zero 
values of mu rnr, except the set of simultaneous zero values, is absolutely convergent 
if (Eisenstein, Journal filr Math xxxv ) 


3 6 The concept of uniformity 

There are processes other than that of summing a senes in which the idea 
of uniformity is of importance 

Let € be an arbitrary positive number , and let / (z, f) be a function of 
two variables z and which, for each point of a closed region, satisfies the 
inequality \f(z, ?) I < « ^ ^ certain set of values 

which will be denoted by (Q , the particular set of values of course depends 
on the particular value of z under consideration If a set (^o can bo found 
such that every member of the set (f)o is a member of all the sets l^lic 
function f{z, ?) is said to satisfy the inequality uniformly for all points z of 

* The reader will find no difficulty m verifying this statement , the minimum value in 
question is given by " 

[ai2 + a22+|3i2 + ^2®- {(ai-/32)-+(a2 + ft)2}^ {(ai + fe)®+ (a2 
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the region And if a function <f> {z) possesses some property, for every positive 
value of e, in virtue of the mequality ?) I ^ then said to possess 
the property uniformly 

In addition to the uniformity of convergence of senes and products, we shall have 
to considei uniformity of convergence of integrals and also uniformity of continuity , thus 
a series is uniformly convergent when |i2,i(2)| <f, assuming integer values in- 

dependent of z only 

Further, a function f{z) is continuous in a closed region if, given €, we can find a 
positive number rjg such that \f (z+Cz) ”/ (^) 1 < ^ whenever 

0 <\C:>\<r}, 

and IS a point of the region 

The function will he uniformly continuous if we can find a positive number i/ inde^ 
pendent of z^ such that ri<r}^ and |/(2+ 0 — / («) I < « whenever 

0 <\C\<r) 

and a 4- f IS a point of the region, (in this case the set (f)o is the set of points whose 
moduli are less than 77) 

We shall find later (§ 3 61) that continuity involves uniformity of continuity , this is 
in marked contradistinction to the fact that convergence does not involve uniformity 
of convergence 

3 6 The modified Meme-Borel theorem 

The following theorem is of great importance in connexion with properties 
of uniformity, we give a proof for a one-dimensional closed region* 

Given (1) a straight line CD and (11) a law by which, corresponding to 
each point’\ P of CD, we can determine a closed interval I (P) of CD, P being 
an i7iteriorl point of I (P) 

Then the line CD can be divided into a finite number of closed inteirvals 
Ji, J 2 > Jki such that each interval Jr contains at least one point {not an end 
point) Pn such that no point of Jr hss outside the interval I (Pr) associated 
{by means of the given law) with that point Pr§ 

A closed interval of the nature just described will be called a suitable 
interval, and will be said to satisfy condition (A) 

If CD satisfies condition (A), what is required is proved If not, bisect CD , 
if either or both of the intervals into which CD is divided is not suitable, 
bisect it or them|l 

* A formal proof of the theorem for a two dimensional region will he found m Watson’s 
Complex Integration and Cauchy's Theorem (Camb Math Tracts, No 15) 

t Examples of such laws associating intervals with points will be found m §§ 3 61, 5 13 
X Except when P is at C or D, when it is an end point 

§ This statement of the Heme Borel theorem (which is sometimes called the Borel-Lebesgue 
theorem) is due to Baker, Proc London Math Soc (2) i (1904), p 24 Hobson, The Theoi'y of 
Functions of a Real Vai table (1907), p 87, points out that the theorem is practically given in 
Goursat’s proof of Cauchy’s theorem (Trans American Math Soc i (1900), p 14) , the ordinary 
form of the Heme Borel theorem will he found in the treatise cited 

11 A suitable mterval is not to be bisected, for one of the parts into which it is divided 
might not be suitable 
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This process of bisecting intervals which are not suitable either will 
terminate or it will not If it does terminate, the theorem is proved, for CD 
will have been divided into suitable mteivals 

Suppose that the process does not terminate , and let an interval, which 
can be divided into suitable intervals by the process of bisection just descnbed, 
be said to satisfy condition (B) 

Then, by hypothesis, CD does not satisfy condition (B) , therefore at least 
one of the bisected portions of CD does not satisfy condition (B) Take that 
one which does not (if neither satisfies condition (B) take the left-hand one) , 
bisect It and select that bisected part which does not satisfy condition (B) 
This process of bisection and selection gives an unending sequence of intervals 

Soi ^ 2 , such that 

(i) The length of Sn is 2'~^GD 

(ii) No point of IS outside Sn 

(m) The interval Sn does not satisfy condition (-4) 

Let the distances of the end points of Sn fi^om G be Xn, J/no then 
< a!«+i < 2/»+i < Therefore, hy § 2 2, and have limits , and, by the 
condition (i) above, these limits are the same, say ^ , let Q be the point whose 
distance from 0 is | But, by hypothesis, there is a number Bq such that 
every point of CD, whose distance from Q is less than Bq, is a point of the 
associated interval I (Q) Choose n so large that 2 ’'OD< Bq , then Q is an 
internal point oi end point of and the distance of every point of Sn from 
Q 18 less than Bq And therefore the interval satisfies condition (A), which 
IS contrary to condition (iii) above The hypothesis that the process of 
bisecting intervals does not terminate therefore involves a contradiction , 
therefore the process does terminate and the theorem is proved 

In the two-dimensional form of the theorem* the interval CD is replaced by a closed 
two-dimensional region, the interval I{P) by a circlet with centie P, and the interval 
by a square with sides parallel to the axes 

3 61 Umformity of continuity 

From the theorem just proved, it follows without difficulty that if a 
function f(jc) of a leal vanable x is continuous when a^x^b, then /(a;) 
18 uniformly contmuous J throughout the range a^x^b 

For let 6 be an arbitrary positive number, then, m virtue of the con- 
tinuity of f(x), corresponding to any value of x, we can find a positive 
number 8*, depending on x, such that 

]/(«'') -/(^) I <!« 

for all values of x such that \ x' — x\<Sx 

* The reader will see that a proof may be constructed on similar lines by drawing a square 
circumscribing the region and carrying out a process of dividing squares into four equal squares 
t Or the portion of the circle which lies inside the region 

J This result is due to Heine , see Journal fur Math lxxi (1870), p 861, and lxxiv* (1872), 

p 188 
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Then by § 3 6 we can divide the range (a, b) into a finite number of closed 
intervals with the property that m each interval there is a number Xi such 

that |/(®') — /(«i) I < j 6. whenever x' lies in the interval in which lies 

Let So be the length of the smallest of these intervals , and let be 
cwiy two numbers in the closed range (a, b) such that | f — ^^ | < So Then 
I, he in the same or in adjacent inteivals , if they he in adjacent intervals 
let ^0 be the common end point Then we can find numbers x^.x^, one in 
each interval, such that 

1 /(f ) - /(^i) I < i I f(^o) -fM I < 3 

I /(r) -/(«^) I < ^. I I < 5 

so that 

\m -/(!') 1 = I -/(^)) 

< € 

If he in the same interval, we can prove similarly that 

In either case we have shewn that, for any number | m the range, 
we have 

|/(r)-/(f + OI<e 

whenever f f is in the range and — So< 8o» where 8© is indepsiident of f 
The uniformity of the continuity is therefore established 

(7o? ollary (i) From the two-dimensional form of the theorem of § 3 6 we can prove 
that a function of a complex vaiiable, continuous at all points of a closed region of the 
Argand diagram, is uniformly continuous throughout that region 

CoTollanj (ii) A function f if) which is continuous throughout the range is 

hounded in the range , that is to say we can find a number < independent of x such that 
\f{x)\<K for all points x in the range 

[Let n be the number of parts into which the range is divided 

Let a, ^ 1 , ^ 2 } fn-i> ^ be then end points , then if be any point of the Hh interval 
we can find numbeis ^ 2 j ‘^^ich that 

l/(%)-/(^2)l<i*. 

Therefore \f{p)-f{x) and so 

which IS the requiied result, since the nght-liand side is independent of a ] 

The corresponding theorem for functions of complex variables is left to the reader 

3 62 A real function^ of a real variable, continuom in a closed interval, 
attains its upper bound 

Let f{x) be a real continuous function of x when a^x^b Form a 
section m which the iZ-class consists of those numbers r such that r>f{x) 
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for all values of m in the range (a, 6), and the i-class of all other numbers 
This section defines a number a such that / (x) ^ a, but, if S be any positive 
number, values of x in the range exist such that f{x)>a — S Then a is 
called the upper hound of f(x), and the theorem states that a number x 
in the range can be found such th.Sbtf{x')=^CL 

For, no matter how small B may be, we can find values of x for which 
, therefore 1 {/(^)'” is not bounded in the range, 
therefore (§ 3 61 cor (ii)) it is not continuous at some point or points of the 
range, but since \f{os)~~oi \ is continuous at all points of the range, its re- 
ciprocal IS continuous at all points of the range (§3 2 example) except 
those points at which /(a;) = a, therefore f{x) = a at some point of the 
range , the theorem is therefore proved 

Corollary (i) The lower bound of a continuous function may be defined 
in a similar manner , and a continuous function attains its lower bound 

Coiollary (ii) If f{z) be a function of a complex variable continuous in 
a closed region, \f{z)\ attains its upper bound 

3 63 A real functionj of a real variable, continuous in a closed interval, 
attains all values between its upper and lower bounds 

Let M, m be the upper and lower bounds of f{x) , then we can find numbeis 
by § 3 62, such that /(^) = M,f{x) = m , let /it be any number such that 
mK p<M Given any positive number e, we can (by § 3 61) divide the range 
(^, ^) into a finite number, r, of closed intervals such that 

where xf^"^ are any points of the rth interval, take \ x^^^ to be 
the end points of the interval , then there is at least one of the intervals 
for which f{xf^) - have opposite signs , and since 

it follows that 1 “ A*- 1 < e 

Since we can find a number to satisfy this inequality for all values 
of e, no matter how small, the lower bound of the function |/(^)”/^| is 
zero , since this is a continuous function of x, it follows from § 3 62 cor, (i) 
that f{x) — fi vanishes for some value of x 

3 64 The fluctuation of a function of a real variable* 

Let f(x) be a real bounded function, defined when a 4 , x^b Let 

a^Xi^Xz^ ^Xn^b 

Then | /(a) -fix,) | + \ f(x,) -f{x^) | + + | /(%) -fih) | is called the 

fluctuation of f{x) m the range (a, b) for the set of subdivisions x„ x^, Xn 

* The tenninology of this section is paitly that of Hobson, The Theory of Functions of a Heal 
Vat lable (1907) and partly that of Young, The Theory of Sets of Points (1906) 
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If the fluctuation have an upper hound independent of n, for all choices of 
^ 1 , 0 P 2 , then f{x) IS said to have hrmted total fluctuation in the range 

(a, b) Ff} 18 called the total fluctuation in the range. 

Example 1 If f{x) be monotonic* m the range (a, 6), its total fluctuation in the range 

IS l/(«)-/WI 

Example 2 A function with limited total fluctuation can be expressed as the differ- 
ence of two positive increasing monotonic functions 

[These functions may be taken to be \ +/('!?)}» i (^)} ] 

Example 3 If /(^) have hmited total fluctuation m the range (a, h\ then the limits 
/(:r±0) exist at all points in the interior of the range [See § 3 2 example ] 

Example 4 If /(:r), g{x) have limited total fluctuation m the range (a, h) so has 

[For \f(fl) g (^0 -/W W I < l/(^) I \gifl)-9{^)\M9i^)\ \f (^) "/ (**') l» 
and so the total fluctuation of f{x)g{x) cannot exceed g Fd^-^f Od) where /, g are the 
upper bounds of |/(^) |, | ] 

3 7 Uniformity of convergence of power series 

Let the power senes 

ao+ai^^-f- 4-an^”4- 
con verge absolutely when z^Zq 

Then, if | ^ | ^ | ^ 0 1, 1 1 I I 

00 « 

But since 2 I a^zd I converges, it follows, by § 3 34, that 2 a^z^ converges 

n=!0 

uniformly with regard to the vanable z when [ ^ | ^ j 2 ^ 0 1 

Hence, by § 3 32, a power series is a continuous function of the vanable 
throughout the closed region formed by the intenor and boundary of any 
circle concentnc with the circle of convergence and of smaller radius (§ 2 ’6), 

371 AheVs theorem\ on continuity up to the circle of convergence 

Let 2 anz'^ be a power senes, whose radius of convergence is unity, and 

n-O 

let it be such that 2 an converges, and let , then Abel’s theorem 

»=o 

( od \ 00 

2 J = 2 Un 

n=0 / n=(i 

For, with the notation of § 3 36, the function satisfies the conditions 

00 

laid on Uniai), when consequently /(as) = S a„a!” converges un%- 

n=aO 

* The function is monotonic if {f{x)-f{x')}l{x-x') is one-signed or zero for all pairs of 
different values of x and x' 

t Journal filr Math i (1826), pp 311-389, Theoiem iv Abel’s proof employs directly the 
arguments by which the theorems of § 3 32 and § 3 36 are proved In the case when 2, | | 

converges, the theorem is obvious from § 3 7 
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formly throughout the range 0 ^ a; ^ 1 , it is therefore, by § 3 32, a continuous 
function of x throughout the range, and so hm /(«)= /(I), which is the 

theorem stated 


372 AheVs theorem* on mulhphcation of series 

This IS a modification of the theorem of § 2 53 foi absolutely convergent 
senes 

Let Cn = Ctobn + + + Cinb{^ 


Then the convergence of X 
«=!0 


2 hn and 2 Cn'i'S a, sufficient condition that 

»p=o 


S a„) ( i 6„) = 

.»»=s0 / \»=0 ' 


2 C<n, 

n=0 


For, let 

A{^x)= 2 B(^)= 2 C{x)— 2 

»=0 »=0 «’=0 

Then the senes for A(_x), B{x), C{x) are absolutely convergent when 

I » I < 1, (§ 2 6) , and consequently, by § 2 53, 

A{x)B{x) = C{x) 

when 0 < a; < 1 , therefore, by § 2 2 example 2, 

{ Im al(a!)}{ hm 5(ar)} = { lim 0(w)\ 


provided that these three limits exist, but, by § 3 71, these three limits are 
00 00 00 

2 On, % bn f 2 Oft, and the theorem is proved 

nsO n=0 n^O 


3 73 Power series which vanish identically 

If a convergent power series vanishes for all values of z such that | | ^ rj, 
where r^ > 0, then all the coeficients in the power series vanish 

For, if not, let a^ be the first coefficient which does not vanish. 

Then 0^ + a^y^-iZ vanishes for all values of z (zero excepted) 
and converges absolutely when | ^ | ^ r < ri , hence, if « =; + a^j^^z + . , we 

have 

I ^ I ^ 2 I ^^wi+n 1 

»=1 

and so we can findf a positive number h^r such that, whenever | | S, 

I ^+1 ^ "1" “I" • 1^2^ I ’ 

and then | ^ | | - | « I > 1 1 |, and so | + s | =|= 0 when 1 ^ | < S 


* Journal fur Math i (1826), pp 311-339, Theorem vi This is Abel’s ongmal pioof In 
some text-books a more elaborate proof, by the use of Ces^ro’s sums (§ 8 43), is given 

so 

+ It 18 sufficient to take 5 to be the smaller of the numbers i and J | |— 2 | | 
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We have therefore arrived at a contradiction by supposing that some 
coefScient does not vanish Therefore all the coefficients vanish 

Corollary 1 We may ‘equate corresponding coefficients’ in two power senes whose 
sums are equal throughout the region 1 2 | < 5, where S >0 

Corollary 2 We may also equate coefficients in two powei series which are proved 
equal only when z is real 
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Miscellaneous Examples 


1 Shew that the senes 

00 jgtt-l 

IS equal to when |*|<1 andis equal to I*1>1 

Is this fact connected with the theory of uniform convergence ? 

2 Shew that the senes 

2sml+48inl+ .+2«sin^^+ 

converges absolutely for all values of z (z=0 excepted), but does not converge uniformly 
near z^O 

3 If !«„(»)= -2 

shew that S m. (^) does not converge uniformly near x=0 (Math Trip , 1907 ) 

n=sl 


4 Shew that the series + is convergent, but that its square (formed 

by Abers rule) 


1_A+ 

1 




IS divergent 

5 If the convergent senes «=p-|r + |r-^+ ^ “'^tiplied by itselt 


the terms of the product being arranged as in Abel’s result, shew that the resulting senes 
diveiges if r i but converges to the sum sl^ifr>i (Cauchy and Cajon ) 
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6 If the two conditionally convergent series 


S 




and 


S 

71=1 




where r and b he between 0 and 1, be multiplied together, and the product arranged as in 
AbePs result, shew that the necessary and suJSicient condition for the convergence of the 
resulting senes is r + 5 > 1 (Caj on ) 


7 Shew that if the senes 

be multiplied by itself any number of times, the terms of the product being arranged as 
in Abel’s result, the resulting senes conveiges (Cajon ) 


8 Shew that the qih power of the senes 

sin d+a2Sin 2d+ -f-a,^sinwd+ 

is convergent whenever g' (1 -r)< 1, r being the greatest number satisfying the relation 
for all values of n 


9 Shew that if B is not equal to 0 or a multiple of 27r, and if 2^07 ^i? ^^2 7 * 
sequence such that steadily, then the series Stf^^cos {nB+a) is convergent 

Shew also that, if the limit of is not zero, but is still monotonic, the sum of the 
B B 

senes is oscillatory if - is rational but that, if - is inational, the sum may have any value 

’IF TF 

bet^^een certain bounds whose difference is a cosec where a= lim 


(Math Tiip , 1896 ) 



CHAPTER IV 


THE THEORY OF RIEMANN INTEGRATION 

4 1 The concept of integration 

The reader is doubtless familiar with the idea of integration as the 
operation inverse to that of differentiation , and he is equally well aware that 
the integral (in this sense) of a given elementary function is not always 
expressible in terms of elementary functions In order therefore to give 
a definition of the mtegral of a function which shall be always available, 
even though it is not practicable to obtain a function of which the given 
function IS the differential coefficient, we have recourse to the result that the 
integral* * * § of /(a;) between the limits a and b is the area bounded by the 
curve y =/ (a;), the axis of x and the ordinates x = a,x=‘b We proceed to 
frame a formal definition of integration with this idea as the startmg-point 

411 Upper and lower integrals f 

Let f(x) be a bounded function of x m the range (a, b) Divide the 
interval at the points x^, x,, ain-iia^xy^x^^ Let U, L be 

the bounds of f{x) in the range (a, b), and let Ur, U be the bounds ot f{x) 
m the range (ir^i, Xr), where ajj = a, a!„ = 6 

Consider the sumsj 

S„=Ui{Xi-a)+U^(Xi-X:)+ +U„(b-Xn.i), 

— Li (xi — a) + ia (a^ — aij) + + Ln (b — Xn—j) 

Then U(b -a}^Sn>s„> L(b- a) 

For a given n, S„ and are bounded functions of x^, x^, Xn-i Let 
their lower and upper bounds§ respectively be S„, s„, so that S„, s„ depend 
only on n and on the form of f{x), and not on the particular way of dividing 
the interval into n parts 

* Defined as the (elementary) function whose differential coefficient i8/(ib) 

t The following procedure for establishing existence theorems concerning integrals is based 
on that given by Goursat, Cours Analyse, i Oh iv The concepts of upper and lower mtegrals 
are due to Darboux, Ann de Viicole norm sup (2) iv (1876), p 64 

X The reader will find a figure of great assistance m following the argument of this section 
8^ and represent the sums of the areas of a number of rectangles which are respectively 
greater and less than the area bounded by y=f{a:), x=a, x-b and y^Q, if this area be 
assumed to exist 

§ The bounds of a function of n variables are defined in just the same manner as the bounds 
of a function of a single variable (§ 3 62) 
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Let the lower and upper bounds of these functions of nhe S, s Then 

Sn>S, Sn^S 

We proceed to shew that s is at most equal to S , i e 8'^s 

Let the intervals (a, cOi), (xi, be divided into smaller intervals by 

new points of subdivision, and let 

a, yu 2/2, • - Vh (= ^1), Vk+u vi (== ^2), yi+i^ • ym-i, h 

be the end points of the smaller intervals , let ?7/, Lr be the bounds of / (x) 
in the interval j/r) 

in m 

Let Tfn — 2 (jjr 1 ) “ 2 (t/r J/r— i) 

r=l r=l 

Since CTi', ITg', CZ* do not exceed !7i, it follows without diflBculty that 

Now consider the subdivision of (a, h) mto intervals by the points 
a?i, /Tfi, and also the subdivision by a different set of points 

a?/, x^, . Let S V, « be the sums for the second kind of sub- 
division which correspond to the sums for the first kind of subdivision 

Take all the points Xi, x^r-i, as the points y^ yg, 

Then Sn>Tm>trr,>Sn. 

and ^ n' ^ ^ ^ ^ n' 

Hence every expression of the type Sn exceeds (or at least equals) every 
expression of the type 5 j and therefore S cannot be less than $ 

[For S<s and 5 — S = 21 ? we could find an 8^ and an such that 
8n-8<7}y s-8n'<v and so s'n'>Sn, which IS impossible] 

The bound 8 is called the upper integral of f(x), and is written f f{x)dxy 

J a 

s is called the lower integral, and written I f(x) dx 

J a 

If S = 5 , their common value is called the integral of f{x) taken between 
the limits* of integration a and h 

The integral is written f f{x) dx 

J a ^ 

We define I f{x)dxy when a< 6, to mean — I f(x)dx 

J b J a 

Example 1 f {/ (^) + ^ (^)} dx— f f(x)dx+f <l>{x) dx 

J a J a J a 

Example 2 By means of example 1, defbae the integral of a continuous complex 
function of a real variable 

* ‘Extreme values’ would be a more appropriate term but ‘limits’ has the sanction of 
custom ‘ Termini’ has been suggested by Lamb, Infinitesmial Calculus (1897), p 207 
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4 12 Riernann's condition of integrabihty* 

A function is said to be ‘ mtegrable in the sense of Riemann ’ if (with the 

notation of §411) 8n and $n have a common limit (called the Riemarm 
integral of the function) when the number of intervals (ii?r-i, ocy) tends to 
infinity in such a way that the length of the longest of them tends to» zero 

The necessary and sufficient condition that a hounded function should he 
mtegrable is that Sn — Sn should tend to zeio when the number of intervals 
(^r-i» ^r) tends to infinity in such a way that the length of the longest tends 
to zero 

The condition is obviously necessary, foi if and 6^ have a common limit 

“ 5,1 -> 0 as — > 00 And it is sufficient , for, since ^ > 5 ^ it follows 
that if lim {Sn - Sn) = 0, then 

lim = lim Sn — S^^s 

Note A continuous function / (a;) is ‘mtegrable* For, given 6, we can find d such 
that l/(^)-f(^")\<f/(b-a) whenever Take all the intervals x^) 

less than and then Ug-’ LaKeKb^-a) and so , therefore under the 

circumstances specified in the condition of mtegrability 

CoroHary If Sn and have the same limit 8 for one mode of subdivision of (a, b) 
into intervals of the specified kind, the limits of and of 8^^ for any other such mode of 
subdivision are both S 

Example 1 The product of two mtegrable functions is an mtegrable function 

Example 2 A function which is continuous except at a finite number of ordinary 
discontinuities is mtegrable 

[If / (x) have an ordmaiy discontinuity at c, enclose c in an interval of length di , 
given e, we can find d so that | /(• 2 if)-/(^) | < e when | ^ - v | < 5 and x, sd are not in this 
interval 

Then (&-<*- where h is the greatest value of |/(^)~/(ir) |, when 

a?, sd he in the interval 

When di-^0, i??^|/(c+0)-/(c— 0) j, and hence hm 

7? -►00 

Example 3 A function with limited total fluctuation and a finite number of ordinary 
discontinuities is mtegrable, (See § 3 64 example 2 ) 

4 13 A general theorem on integration 

Let f{x) be mtegrable, and let e be any positive number Then it is 
possible to choose S so that 

^ i) — f f{x)dx < e, 

p-l J a 

provided that crp — tCp^^^B, 

* Riemann {Qes Math We7 he, p 289) bases his definition of an integral on the limit of the 
sum occurring in § 4 18 , but it is then diflioult to prove the uniqueness of the limit A more 
general definition of integration (which is of very great importance in the modern theory of 
Functions of Real Variables) has been given by Lebesgue, Annali di Mat (8) vn (1902), 
pp 231-359 See also his Lemons sur Vxntigration (Pans, 1904) 
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To prove the theorem we observe that, given e, we can choose the length 
of the longest interval, S, so small that Sn^ Sn< € 


Also 


Therefore 


Sn ^ S {^p i) ^ 

j»=l 

rb 

Sfi ^ ^ 

J a 


n 

2 (a!, 

i)=i 


J a 




< e 


As an example* of the evaluation of a definite integral directly from the theorem 


of this section consider 


da 

Jo (i-^)i’ 


-where X < 1 


Take 5=- arc sin X and let ir,s=sm (0 < sS < ^ »r), so that 

P 

sin ^8 cos (s+i) 8<8 , 

ars=Bin(s-hi) 8 


also let 
Then 


p sin s8 - sin (s-l)8 

2 S 


C 08 (s-i)d 
sm 

larcsmX {sm ‘^8/(^8)} 
By taking p sufficiently large we can make 

P 1 


/: 


0 

^ fsin^a 

arosmJ: \-p— 1| 


arbitrarily small 
We can also make 
arbitrarily small 

That is, given an arbitrary number e, we can make 
1“^ dx TT 

- arc sin X 




<e 


by taking p sufficiently large But the expression now under consideration does not 
depend on f , and therefore it must be zero , for if not we could take e to be less than it, 
and we should have a contradiction 


That IS to say 
Example 1 Shew that 




■=arc BinX 


hm 

^•♦■00 


X 2d? (ti— l)d? 

14-C0S-+C0S — I- +cos^ — - — 

n n n sin x 


n X 

Example 2 If f{x) has ordinary discontinuities at the points a^, 


then 


where the hmit is taken by makmg di, § 2 , fii <21 • ^#e tend to +0 independently 
* Netto, Zextschnftfilr Math und Phys xl (1896) 
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EnampU 3 If /(«) is integrable when ai ^ a? ^ 6i and if, when a, < a < 6 < 6, , we write 


and if/(6+0) exists, then 


iy(x)d^=<p(a, b), 

hni 


Deduce that, if /(a) is continuous at a and 6, 

^ -/(«), ^ j y (a;) <h!=f{b) 

JSxample 4 Prove by differentiation that, if (j> (x) is a continuous function of ^ and 
^ a continuous function of t, then 

Example 5 If f {x) and {x) are continuous when a-^x^ \ shew from example 3 
that 

f /' (^) <l> (^) dx + f (f>'(a:)/(x)dx=:/(b)<l)(b)-/(a)(l>(a) 

J o> J a 

Example 6 If/(^) is integrable in the range (a, c) and shew that P fix) dx 

IS a continuous function of 6 * 


4 14 Mean Value Theorems 

The two following general theorems are frequently useful 

(I) Let U and L be the upper and lower bounds of the integrable function /(^) in the 
range (a, b) 

Then from the definition of an integral it is obvious that 

are not negative , and so 

Uib-a)-^ jy{x)ds^L(b-a) 

This IS known as the First Mean Vcdue Theorem 

If / («) 18 continuous we can find a number ^ such that a < g < 6 and such that /(^) has 
any given value lying between U and i (§ 3 63) Therefore we can find ^ such that 

Jy(e))da;=(b-a)f(i). 

If F(a) has a continuous differential coefiicient F' (a) m the range (a, b), we have, on 
writing F' (x) iovfix\ 

F{b)--F{a')^ih-a)F'{^) 
for some value of f such that a^^^b. 

Example lifix) is continuous and (^) ^0, shew that g can be found such that 
j ^fM^(^)dx=f(^) j <l>(x)dx 


W M A 


5 
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(II) Let f{x) and 4>{x) be integrable in the range (a, h) and let {x) be a positive 
deereasing function of x Then BonneCs* form, of the Second Mean Ycd/M Theorem is 
that a number ^ exists such that a < J < 6, and 

P f{x)<l>(,x)dx=<t>{a) J^y(x)dx 

Foi, with the notation of §§ 4 1-4 13, consider the sum 

8=1 

W nting (jUg - Xg^i) f ( = ag^i , cj) + «! + + have 


p— 1 

S= 2 6g__i (<^>«— 1 •*“ ^8 ) + 1 4^p—i • 

8=1 

Each term in the summation is increased by writing b for and docreaHOd by 
writing b for Jg— 1 » h. bs the greatest and least of 6oj ^i> ^p— i > and so b<l>{) ^ 

m 

Therefore S lies between the greatest and least of the sums ^ (.2?o) ^ i) 

wheie m = l, 2, 3, p But, given f, we can find b such that, when Vg - 


2 {x,-x,^i)f(x,_i)<j>{x,.i)~ r‘f(x)^(_x)dx <e, 

8=1 J *0 

I in r*»n 1 

0(a;o) S (r,-x,_i)/(a;,_i)-^(«o) f{^)dx <e, 

8=1 J *0 I 

and so, writing ct, b foi ^p> j f {x) <f> (pie) dx lies between the \i\>[Xir and 

lower bounds off <j)(a) f^'/(x)dx±2€, where may take all values between a and b 
Let U and L be the upper and lower bounds of cf) (a) / '/(a) dx 

J a 
fb 

Then Cr+2e f (x) (fi (x) dx'^ L -2c for all positive values of e , thorefoie 

f(x)^(x)dx'^L 

Since <^(a) f(x)dx qua function of ii takes all values between its upper and lower 

J a 

(h 

bounds, there is some value say, of foi wdiich it is equal to | f(x)<l>{T)di Tins 

J « 

pioves the Second Mean Value Theorem 


Example By writing | <^ (a) - 0 (6) j in iilace of <^(^) in Bonnet’s form of the mean 
value theorem, shew that if is a monotonic function, then a numboi f exists 

such that a and 

s 

J^f(x)4>(s!)dv=<f>(a) J^^f(x)dx+4>(b) j’’^f(a)dx 

(Dll Bois Royniond ) 


* Journal de Math xiv (1849), p 249 The proof given is a modified form of an investigation 
due to BLSlder, Gdtt Nach (1889), pp 38—47 

+ By § 4 13 example 6, since /(r) is bounded, f(x) dx is a continuous function of ft 
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4 2 Differentiation off integrals containing a parameter 

The equation* ^ ^ 'f «) possesses a 

Miemann integral with respect to x and ^s a continuous function of 

hoth'\‘ the variables x and a. 

!;/*/(«, [*a ?. «) 

if this limit exists But, by the first mean value theorem, since fa is a 
contmuous function of a, the second integrand is fa (x. a + 6h\ where 

But, for any given e, a number S independent of x exists (since the con- 
tinuity ot fa IS uniform J with respect to the variable x) such that 

I/a {x, OL) --fa (x, «) | < €/(b - a), 

whenever | a' — a | < S 

Taking | A- 1 < S we see that j | < S, and so whenever | A | < 8, 

J , h " J /* «) <^| ^ j J/- (^. « + Oh) -/, {X, a) I dx 

< € 

Therefore by the definition of a limit of a function (§ 3 2), 

i.„ 

J a ft 


exists and is equal to j^fc^dx 
J a 


is a 


Example 1 If at, 6 be not constants but functions of a with continuous differential 
coefficients, shew that 

~ a) dx=f{b, a) ^-/ (a, a) ^ | da; 

Example 2 If f{x, a) is a continuous function of both vanables, ("fix, a)dx 
continuous function of a “ 

This formula was given by Leibniz, without specifymg the restrictions laid onf{x, a) 

T 0 (a, y) IS defined to be a contmuous function of both vanables if, given e, we can find 
« such that I ^ (!', y') -^{x,y)\<e whenever {{r' - x)2+ (y' - y)t}h <8 It oan be shewn by § 8 6 
that If ^(a, y) is a continuous function of both vanables at all points of a closed r<«ion in 
a Cartesian diagram, it is umfoimly contmuous throughout the region (the proof is almost 
identical with that of § 3 61) It should be noticed that, if 0(®, y) is a contmuous function 
of each variable, it is not necessarily a contmuous function of both, as an example take 

this IS a contmuous function of a and of y at (0, 0), but not of both x and y 

t It IS obvious that it would have been sufiioient to assume that /, had a Eiemann integral 
and was a continuous function of a (the contmnity liemg uniform with respect to a), mstead 
^ assummg that /, was a continuous function of both vanables This is actually done bv 
Hobson, Functions 0 / a JReoI Fonable, p 699 


6—2 
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4 3 Double integrals and repeated integrals 

Letficc, y) be a function which is continuous with regard to both of the 
variables x and y, when a^x a^y 

By § 4 2 example 2 it is clear that 

/ la {I 

both exist These are called repeated integrals 

Also, as in § 3 62, /(pc, y), being a continuous function of both variables, 
attains its upper and lower bounds 

Consider the range of values of x and y to be the points inside and on a 
rectangle m a Cartesian diagram , divide it into nv rectangles by lines parallel 
to the axes 

Let be the upper and lower bounds of f{x, y) in one of the 

smaller rectangles whose area is, say, and let 

^ ^ ^ M "4 m, fx “■ V 

W=5l = l w = l 

Then Sn,v >Sn,v, and, as in § 411, we can find numbers Sn,v which 
are the lower and upper bounds of Sn,u> Sn,v respectively, the values of 
Sn v>^n,v depending only on the number of the rectangles and not on their 
shapes, and We then find the lower and upper bounds {8 and s) 

respectively of functions of n and v , and 8n,u>8^s'^Sn,v, us m 

§411 

Also, from the uniformity of the contmuity of /(a., y), given e, we can find 
B such that 

(for all values of m and fi) whenever the aides of all the small rectangles are 
less than the number S which depends only on the form of the function f{x, y) 
and on e 

And then 8n , v < e (6 — a) (yS — a), 

and so 8 — s < e (h — a) {8 - a) 

But S and s are independent of e, and so S == 5 

The common value of S and s is called the double integral of /(^, y) and 
is written 

f f fii!(!,y)idaidy) 

J a J a 

It IS easy to shew that the repeated integrals and the double integral are all equal 
when f{x, y) is a continuous function of both variables 
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For let Am be the upper and lower bounds of 
as X vanes between x^-i and x,n 

if /(^> y) s Am(j:m-^OT-l) 

w*— 1 J a \.J 0‘ ) m=l 

But* S i7'm.M(y/*-y/.-l)>Ym>Am> 2 (yM-y._i) 

/Ut=5!l 

Multiplying these last inequalities by a!m-#m-i, using the preceding inequalities and 
summing, we get 


and so, proceeding to the limit, 

||V(^,y)%}d»>a 

®Ut jS=S=j^ 

and so one of the repeated integrals is equal to the double integral Similarly the other 
repeated integral is equal to the double integral 

Corollary If/ (a;, y) be a continuous function of both variables, 

/o ^ {/o ^ “ fl {/o 


4 4 Infinite integrals 

exists, we denote ittbyvj, fi(^) Q-tid the limit in 
question is called an infinite integral 

EobWfwples 


(1) im (1 

J a ^ b^oo bj a 

/o (~27F+^'''2<^)“2ai 

(3) By integrating by parts, shew that «»«-< clt=n 1 (Euler ) 

Similarly we define f f{x)dx to mean lim /*’/(*) dx, if this limit exists , and 
^ 7—00 00 J (C 

j_^/{x)dx IS defined as ^ ^f(x)dx+l ^ f{x)dx In this last definition the choice 


of a is a matter of indifference 


* The upper bound of f(x, y) in the rectangle* is not less than the upper bound 
of/ (a:, y) on that portion of the line a:=^ which lies in the rectangle 

t This phrase, due to Hardy, Proc London Math Soc xxx.tr, (1902), p 16, suggests the 
analogy between an infinite integral and an infinite senes. 
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441 Infimte integrals of continuous functions Conditions for con- 
vergence 


U ^oo 

A necessary and suflScient condition for the convergence of j / (co) dx is 
img to any 

f®" 

f{x)dx 
\ J X* 


that, corresponding to any positive number e, a positive number -ST should 

I I 

exist such that f{x)dx < e whenever 

I J V I 

4?" ^ a?' ^ X 

The condition is obviously necessary , to prove that it is sufficient, suppose 
it is satisfied, then, li n'^ X — a and ri be a positive integer and — j f 

J a, 

we have | Sn-^ — 1 < € 

Hence, by § 2 22, Sn tends to a limit, S , and then, if a + n, 

I rf 1 ta+n I I 

/S- /(a!)da; < iS— /(»)da> + / f{x)dx 

\ } a \ J a Ik 

< 26, 

and so lim f^/(x)dx — S, so that the condition is sufficient 

f-^oo j a 

4 42 Umformity of convergence of an vnfimte integral 

The integral f f{x, a) dx is said to converge uniformly with regard to « 

J a 

m a given domain of values of a if, corresponding to an arbitrary positive 
number e, there exists a number X independent of a such that 


j f{x, a)dx 


< e 


for all values of a in the domain and all values of > X 

The reader will see without difficulty on comparing §§ 2 22 and 3 31 with 
§ 4 41 that a necessary and sufficient condition that j / {x, a) dx should 

J Qt 

converge uniformly m a given domain is that, corresponding to any positive 
number e, there exists a number X independent of a such that 

f{x, a) dx 


f 


< e 


for all values of a m the domam whenever > X, 


4 43 Tests for the convergence of an infinite integral 

There are conditions for the convergence of an infinite integral analogous 
to those given in Chapter II for the convergence of an infinite series 

The following tests are of special importance 
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(I) Absolutely convergent integrals It may be shewn that f f{x) dx 

rao » 

certainly converges if J ^ |/(a?)|c2a! does so, and the former integral is then 
said to be absolutely convergent The proof is similar to that of § 2 32 

Example The oompanaon teat If |/(a;) | and f g{x)dx! conveiges, then 

/ OO J a 

f{'€)db; converges absolutely 

a 

[Note It was observed by Dinchlet* that it is not neceaaary for the convergence of 
j^f(x)dxfka.tf(x)*Oasx >*- 00 the reader may see this by considering the function 

f{a;) = {n+iy(n + l + (w+ 1 - + 

where n takes all integral values 

For f{x)dx increases with { and r'^^f(^)dx=l(n+l)-^, whence it follows 

® -OO ^ 

without difficulty that / f{x)dx converges But when x= 7 i+l-\ + , 

and so / (x) does not tend to zero ] 

(II) The Maclaunn-Oauchyf test lf/(a!)>0 and/(ir)-^0 steadily, 

00 

f{w) dx and 2 f{n) converge or diverge together 

n=l 

For /(n^)> I /(x)clx^/(m+l), 

J m 

and so S /(®)>/ f{x)dx'^ 2 /(m> 

m=:l J 1 ffi=!2 

The first inequality shews that, if the series converges, the inci easing sequence 

fn+l 

/ f{x)dx converges (§2 2) when n-*-<Xi through integral values, and hence it follows 

foo' 

without difficulty that j f(x)dx converges when 'r'-^oo , also if the integral diverges, 
so does the series 

The second shews that if the senes di\erges so does the integral, and if the integral 
converges so does the series (§2 2) 

(III) Bertiand'sX test If / (x) = 0 [ jt(x)dx conveiges when 

J a 

\<0 J and if f(x) = 0 I /(^) dx converges when X < 0 

J a 

These results are particular cases of the comparison test given in (I) 


I 


* Dinchlet's example was / (r) = sin , Journal f Ur Math xvii (1837), p 60 

t Maclaurm {Fluxions^ i pp 289, 290) makes a verbal statement practically equivalent to this 
result Cauchy’s result is given m his Oeuvres (2), vii p 269 
X Journal de Math vii (1842), pp 88, 39 
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(IV) Ohartier*$ test* for integrals involving periodic functions 


If f(x) 0 steadily as a? oo and if [ ^ {(v) 

I J a 

then I f{x)if> {x) dx is convergent 

J a 


dx 


IS bounded as a? oo , 


For if the upper bound [ j ^ j choose X such that f{x)<€l%A 

when x'^X , and then by the second mean value theorem, when a" we have 

^j’^f(x)<f)(x)dx = f{x')j^^<l>(x)dr^=f(x^)^j^ <l>(x)dx-J <j)(x)dx ^2A/(a/)<€, 

which IS the condition for convergence 

/ ®* sin X 

dx converges 

0 X 

Example 2 J x“'^sixi{a^-ax)dx converges 

4431 Tests for uniforinity of convergence of an infinite integral^ 

(I) De la ValUe Poussins testl The reader will easily see by using 

the reasoning of § 3 34 that [ f{x, a) dx converges uniformly with regard 
to a m a domain of values of a if \f{x, a) | < {x\ where fjL{x) is independent 

of a and f iM{x)dx converges [For, choosing X so that j fi(x)dx<€ 

J a J ixf 

I r*'' 

when we have f(x, a)dx < e, and the choice of X is inde- 

I J X* 

pendent of cl] 

Example j x>^~'^e-^dx converges uniformly in any interval {A, B) such that 

(II) The method of change of variable 
This may be illustrated by an example 


Consider 
We have 


sing 

jo 


dx where a is real 


J X J y 
Since j dy converges we can find T such that j |<€ when Y 


So 


•»"s 


- dx 


< € whenever | tu/ | ^ F, if | a | ^ 5 > 0, we therefore get 


singr 


dx\<€ 


* Journal de Math xYin (1853), pp 201-212 It is remarkable that this test for conditionally 
convergent integrals should have been given some years before formal definitions of absolutely 
convergent integrals 

t The results of this section and of § 4 44 are due to de la Valine Poussin, Ann de la Soe^ 
Scientifigue de Bmzelles, xvi (1892), pp 150-180 
This name is due to Osgood 
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when of' X^Yjb y and this choice of X is independent of a. So the convergence is 
uniform when a > S > 0 and when a ^ - 5 < 0 


Example sin (f/sj dx is uniformly convergent in any range of real 

values of a (de la Yall4e Poussin ) 

[Wiite and observe that / z-^smzdz \ does not exceed a constant inde- 

/ co ® 

z- i sin z dz converges ] 

(III) The method of integraUm hy parts 
If j /(^, a) dx—<l)(Xy a)+jx (^) a) 

and if (j) {x, a)-^0 uniformly as x->-co and / xi^i a)dx converges uniformly with regard 
00 ^ 

to a, then obviously j f(x, a) dx converges uniformly with regard to a 
(IV) The method of decomposxhon 

Exam^U ^ 

both of the latter integrals converge uniformly in any closed domain of real values of 
a from which the points a = ± 1 are excluded 

4 44 Theorems concerning uniformly convergent infinite integrals 
(I) Let [ f{Xy a) dx converge uniformly when a lies in a domain S 

J a 

Then, if f(x, a) is a continuous function of both variables when a? > a and 

OL lies in Sy I f(Xy a) dx is a continuous function"*^ of cl 
J a 

For, given e, we can find X independent of a, such that j fix, a) dx 

I ^ e 

whenever 

Also we can find S independent of x and a, such that 
\f{a>,a)-f{x,^)\<,j{X-a) 

whenever | a — a' | < S 

That IS to say, given e, we can find S independent of a, such that 

f fip, a') dx - [ f(x, a) da; U I [ [f{x, o) —f{x, o')} dx I 

J a J a \ \ J a \ 

+ 1 f{a!, o') cfo I + 1 “) dx 

whenever | a' — a j < S , and this is the condition for continuity 

* This result is due to Stokes His statement is that the integral is a oontmuous function 
of a if it does not * converge infinitely slowly * 


< e 
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(II) V f (^> “) saiujies the same conditions as in (I), and if a lies m 8 
when A^a^B, then 


For, by § 4-3, 
Therefore 


j ^ I J /(so, a) da = j - «) 


I J /(», a) 1 f(x, «) daj- dx 

jj^jj f(x,a)d^da—j ■ j^/(x, a)daj dx 

~ |/^ l/f 

<f 6da<e(B — A), 

J A 

for all suflSciently large values of | 

But, from §§21 and 4 41, this is the condition that 

hm J I J f{as, a) dttj dx 
should exist, and be equal to 

Corolla/ry The equation a) dx=j ^f ^he integral on the 

right converges uniformly and the integrand is a continuous function of both variables, 
when and a hes in a domain and if the integi*al on the left is convergent 

Let -4 be a point of jS, and let «)? so that, by § 4 13 example 3, 

(a (^, a ) - ^ (^, , 4 ) 

i a ^ ^hat IS j ^ {<l>{xy a)-(l)(^,A)}cL converges, 

and therefore, since J <(> (^, a)dx converges, so does J (f>(x, A) dx 

Ta [/a ^ ^ ^ [/^ ^ ^ 

-s[/.‘ {/><*■’>*}*] 

which 18 the required result, the change of the order of the integrations has been justified 

above, and the dififeientiation of j ^ with regard to o is justified by § 4 44 (I) and § 4 13 
example 3 
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4-5, 4-51] 


4 6 Improper integrals Principal values 

rb 

If \f{x) |-+oo asaj— »a + 0, thea hm I f{x)dx may exist, and is 

written simply I f(x)dcc, this limit is called an improper integral 
J a 

If ic— >c, where a<c<6, then 

rc~B rb 

lim I f(a)dx+ lim / f{x)dx 

6-^+0 J a j c+fi^ 

may exist, this is also written [ f{x)doc^ and is also called an improper 

J a 

integral , it might however happen that neither of these limits exists when 
8, S' — > 0 independently, but 

hm I f f(x) dx-h f f(x) da?l 
{•/ a J e+5 J 

exists , this IS called ‘ Cauchy’s principal value of f f(x) dx ’ and is written 

b ^ 

for brevity P I f(x) dx 
J a 


Results similar to those of §§ 4# 4-4 44 may be obtained for improper 
integrals But all that is required m practice is (i) the idea of absolute 
convergence, (u) the analogue of Bertrand’s test for convergence, (in) the 
analogue of de la Vall6e Poussin’s test for uniformity of convergence The 
construction of these is left to the reader, as is also the consideration 
of mtegrals in which the mtegrand has an infinite limit at more than one 
point of the range of integration^ 


Examples 


«/: 



0 ?“^ cos xdxi^ 2 X 1 improper integral 

^^-1 improper integral if 0<X<1, 0</z<l 

It does not converge for negative values of X and /x 


(3) dx IS the principal value of an improper integral when 

0<a<l 


4*51 The inversxon of the order of integration of a certain repeated integral 

General conditions for the legitimacy of inverting the order of integration when the 
integrand is not continuous are difficult to obtam 

The following is a good example of the difficulties to be overcome in invei*ting the 
Older of integration in a repeated improper integral 


* For a detailed discussion of impioper integrals, the reader is referred either to Hobson’s or 
to Pierpont’s Functions of a Beal Variable The connexion between infinite integrals and 
improper integrals is exhibited by Bromwich, Infinite Senes ^ § 164 
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Let f{x,y) he a continuous function of both mriahles^ and let 0 <\^l, 0< 
0<v<l, then 

=/*a5y I/* (l-»-y)''“^/(ar, y)da?j- 

This integral, which was first employed by Dirichlet, is of impoitance in the theory of 
integral equations , the investigation which we shall give is due to W A Hurwitz* 

Let (1 = (^>y) » ^ upper bound of \f(s,y) | 

Let d be any positive number less than ^ 

Draw the triangle whose sides are a7=5, y=S,^-l-y = l- S, at all points on and inside 
this triangle tp (x, y) is continuous, and hence, by § 4 3 corollary. 

Now 


/r* {fr * <*■ -/r* * {/r" + /r 

/ S fl-x 

^ <#> y) = j <l> («. y) ^y 

Q.-x-yy-'^dy 

< (1 - « - S)""^ dy, 


where 

But 


since 


Therefore, writing ^=(1 we havet 

A-25 




Ldx 


f (l-x-dy'^dx 

^-1 (1 - ^1^“^ (1 


v )->~0 as B—O 

The reader will prove similarly that /g-^O as 

Hence J: j <P y) j ^ {/o ^ 

/ i— 25 C fi—xS ) 

, ‘^{j, <#•(*> 3 ') <^4 

* Annals-qf Mathematics, ix (1908), p 183 

t (1 -^i)*""^ da;i:=:B {\ v) exists if X>0, y>0 (§4 5 example 2) 

+ The repeated integral exists, and is, in fact, absolutely convergent, for 

f l2;^”^2/^“^(l-a;-y)’'“^/(a;, y)dy |<ilfa;^"l(l-^c)^^ *'“1 fV“l(l 

^ n ® 

writing = (1 - a;) « , and I (1 - dx I ^ (1 - exists And since the 

^ fi-* ^ 

mtegral exists, its value which is hm I may be written lim I 

s, «-**o j fi 8-#-o J s 
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by what has been already proved , but, by a precisely similar piece of work, the last 
integral is 

{/o ^ 

We have consequently proved the theorem in question 

Corollary Writing ^=a + (6-a)^, we see that, if (f> rj) is con- 

tinuous, 

II dk { (I - (6 -rtf-Hn- 4> (I, V) 

This is called Dirichlet’s formula 

[Note What are now called infinite and improper integrals were defined by Cauchy, 
Legom mr le calc inf 1823, though 'the idea of infinite integrals seems to date from 
Maclaunn (1742) The test for convergence was employed by Chartier (1853) Stokes 
(1847) distinguished between ‘essentially’ (absolutely) and non-essentially convergent 
integrals though he did not give a formal definition Such a definition was given by 
Dirichlet in 1854 and 1858 (see his Vorlemngeny 1904, p 39) In the early part of the 
nineteenth century improper integrals received more attention than infinite integrals, 
probably because it was not fully realised that an infinite integral is really the limit 
of an integral] 


4 6 Complex integraUon * 

Integration with regard to a real variable x may be regarded as integration 
along a particular path (namely pait of the real axis) in the Argand diagram 
Let/( 2 f), (= P + ^Q), be a function of a complex variable Zy which is continuous 
along a simple curve AP in the Argand diagram 
Let the equations of the curve be 


x^x{t)y y^yit) {a^t^h) 

Let a?(a) + ^2/(a) = ^o> xQ))-\-iy{h)=^Z 

^ Then iff x{t)y y{t) have continuous differential coefficients J w^e define 
J f{z) dz taken along the simple curve AB to mean 

^ 

The ‘length’ of the curve AB will be defined as La/ 

It obviously exists ^ continuous, we have thus reduced the 

discussion of a complex integral to the discussion of four real integrals, viz 

iyp‘' jyp 


* A tieatment of complex integration based on a different set of ideas and not making 
so many assumptions concerning the curve AB will be found in Watson’s Complex Integration 
and Cauchy^ s Theoiem 

t This assumption will be made throughout the subsequent work 
$ Cp § 4 13 example 4 
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By § 4 13 example 4, this definition is consistent with the definition of an 
integral when AB happens to be part of the real axis 

Escamples f f{z)dz^- f{z) dz, the paths of integration being the same (but in 
J Zo J z 

opposite directions) m each integral 

= =H^- V) 

4 61 The fundamental theorem of complex integration 

From § 4 13, the reader will easily deduce the following theorem 

Let a sequence of points be taken on a simple curve zfZ ^ and let the first 
n of them, rearranged in order of magnitude of their parameters, be called 
= Zq, Zn+i^'^^ = let their parameters be . . tn^^K 

and let the sequence be such that, given any number S, we can find N such 
that, when n> N, for r = 0, 1,-2, ,n, let be any point 

whose parameter lies between j we can make 

r—0 J 2 f(, 

arbitrarily small by taking n sufficiently large 

462 An upper hmit to the value of a complex integral. 

Let M be the upper bound of the continuous function \f{z) | 


Then 




^Ml, 

where I is the * length ’ of the curve z^Z 


That IS to say. 


f f{^)dz 

J Zq 


cannot exceed Ml 


4 7 Integration of infinite series 

We shall now shew that if S{z)==ufz)’\-v^{z)-{- . is a uniformly con- 
vergent series of continuous functions of z, foi values of z contained within 
some region, then the series 

I Ui{z)dz+ I U2{z)dz-\- . , 
j c J c 

(where all the integrals are taken along some path C in the region) is con- 


vergent, and has for sum | S (z) dz 

J c 
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4-61-4 -7] 

For, writing 

S(ir) = «i(^) + Wj(^r)4- +W„(^’) + J2„(4 

we have 

d£:-hj jRn (jz) dz 

Now since the senes is uniformly convergent, to every positive number e 
there corresponds a number r indepmdent of z, such that when n > r we have 
I -Sn {^) I < e, for all values of z in the region considered 

Therefore if I be the length of the path of integration, we bave (§ 4 62) 

I JUji (^z^ dz < gI 

M 0 

Therefore the modulus of the difference between [ S{z)d 2 and 

n t ^ 

)m?iJ 0 ^^“ made less than any positive number, by giving n any 

suflSciently large value This proves both that the senes 2 f Un,{z)dz 

J C 

convergent, and that its sum is f S (z) dz 

J c 

Corollary As in § 4 44 corollary, it may be shewn that* 

c? ®* “ d 

^ 2 W„(2)= 2 

n=o n =0 

if the eenes on the right converges uniformly and the senes on the left is convergent 
ExarwpU 1 Consider the series 


IS 


in which % IS real 
The ?ith term is 


2 4- 1 ) 8in'^ ^ - 1} cos 


2^7^ cos 2^(7^+l)cosa^^ 

1 + 71-^ sln^ 1 + (ji 4- 1 sm^ » 


and the sum of n teims is therefore 

2^ cos oP _ 2^ (ti 4- 1) cos 'P 

H-sin2 ap ” l4-(w+l)^sm2^2 

Hence the series is absolutely convergent for all real values of x except ±>/(wi7r) 
wheie 2, , but 

%X (7^-f•l) cos r2 




■ 1 + (71 + 1)2 


and if % be any integer, by taking 5?=(7i + 1)“^ this has the limit 2 as 7i-*-oo The series is 
therefore non-uniformly convergent near ^=0 

* means lim where h->-0 along a definite simple curve, this definition 

IS modified shghtly in § 5 12 in the case when/(5;) is an analytic function^ 
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2 ^ cos 

Now the sum to infinity of the series is 2 -|,gm 2 ' ^ ’ integral from 0 to ^ of 

the sum of the senes is arc tan {sm^iT®} On the other hand, the sum of the integrals from 
0 to ^ of the first n terms of the series is 


arc tan {sin ix^} - arc tan {(^^ + 1) sin r^}, 
and as 00 this tends to arc tan {sin 

Therefoie the integral of the sum of the series differs from the sum of the integials of 
the terms by Jtt 

JSxample 2 Discuss, in a similar manner, the series 

for real values of x 


Example 3 Discuss the senes 

Wi + W24‘^^+ , 

where 

for real values of z 


The sum of the first n terms is nze'~^^, so the sum to infimty is 0 for all real values 
of z Since the terms Un are real and ultimately all of the same sign, the convergence 
IS absolute 


In the series 

/ Uidz-^ I tt2dz+ f u^dz-h , 

0 Jo Jo 

the sum of n terms is (1 - and this tends to the limit ^ as n tends to infinity , this 
IS not equal to the integral from 0 to 2 of the sum of the series 2Wa 

The explanation of this discrepancy is to be found 111 the non-unifoimity of the 
convergence near ;? = 0, for the remainder after n terms m the series Wj + ^2 + is - , 

and by taking z—rr'^ we can make this equal to which is not arbitrarily small; the 
series is therefore non-uniformly convergent near 


Example 4 Compare the values of 


wheie 


r { 2 «„]■ 

J 0 U=i j 




2n^z 


od fz 

dz and 2 / u^dz^ 
n^lj 0 

2{n^iyz 


(1 + n^z^) log 1) {1 + (w + 1 ) V} log (n -h 2) 


(Tnmty, 1903) 
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Miscellaneous Examples 

1 Shew that the integrals 

8ia(a^)dx, cos(j»2)cE», Jt;exp(-sifiBin>‘x)dx 

converge (Dirichlet and Dii Bois Beymond ) 

2 If a be real, the integral 


/, 


0 1+^ 


(Stokes ) 


IS a continuous function of a. 

3 Discuss the uniformity of the convergence of J x sm - ax) dx 

1^3 jvam(iifi-ax)dx=-(l+^ooa(x^-ax) 

” |i) ] 

- (de la Valine Poussin ) 

4 Shew that J ^ exp [ - - tij?)] converges umfomily in the range (— -^tt, ^tt) 

of values of «. ^ 

5 Discuss the convergence uf when ^v, pare positive 

(Haidy, Messengei^ xxxi (1902), p 177 ) 

6 Examine the con\ergenc6 of 'the integrals 


r (I ^ f” sin («+**) 

jo U 2* jo ^ ^ 


7 Shew that 


/: 




(Math Tnp 1914) 


exists 


8 Shew that J ^'’*e®^“*sin2:tr(iir converges if a >0, m>0 (Math Tup 1908 ) 

oe 

9 If a senes g («) = ^ ^ (Cy — Cy^i) sin (2v 4* 1) Trr, (in which Cq = 0), converges unifoi mly 
in an interval, shew that g (z) is the denvative of the senes /(z) = I sm 

Sill ttz ^ y 


(Lerch, Ann de VJtc 'norm m'p (3) xii (1895), p 351 
r f^_^dS 2 dx, 

'"nY J J i ^,“+1 


^l“+V+ 
(Math Tup 1904 } 


yoo yao yoo 

10 Shew that / / / 5 ^ 

J J J (V+^2H +x, 

conveige when a'^^n and o”^+j8’"^+ <C 1 respectively 

11 If/ (a?, y) be a continuous function of both x and g in the ranges (a ^ ^ (a <i) 

except that it has ordinary discontinuities at points on a finite number of cuives, with 
continuously turning tangents, each of which meets any line parallel to the coordinate axes 

only a finite number of times, then j f (Xj y) dx is a continuous function of y 

[Consider j ^ {/(^> where the numbers 

^2» fit «2j are so chosen as to exclude the discontiniuties of f{x, y+h) from the 
range of integration , «! , 02, being the discontinuities off (x, y) ] (B6cher ) 

W, M A g 
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any complex number, the limiting value of 

\{f{z + h)-f{z)] 


exists and is independent of the mode in which h tends to zero 

The reader will, however, easily prove that, if f(z)=^ on --ly, where z^x^-iy, 
then is not independent of the mode in which ^->0 


6 11. Occasional failure of the property 

For each of the elementary functions, however, there will be certain pomts 
z at which this property will cease to hold good Thus it does not hold for 
the function l/(-sf — a) at the pomt ^ = smce 


z — a) 

does not exist when z — a Similarly it does not hold for the functions log z 
and z^ at the point ^ = 0 

These exceptional points are called singular points or singularities of the 
function f{z) under consideration, at other points f(z) is said to be analytic 

The property does not hold good at any point for the function | z | 

6 12 Cauchy* s"^ definition of an analytic function of a complex variable 

The property considered in § 6 11 will be taken as the basis of the 
defimtion of an analytic function, which may be stated as follows 

Let a two-dimensional region in the -a^-plane be given, and let be a 
function of z defined umquely at all pomts of the region Let z,z + hz be 
values of the variable z at two points, and u,U’\‘Zu the corresponding values 

Sit 

of u Then, if, at any point z within the area, ^ tends to a limit when Sa;— >0, 

Sy— >0, independently (where = + m is said to be a function of ^ 

which IS monogenic or analytio\ at the point If the function is analytic and 
one-valmd at all points of the region, we say that the function is analytic 
ihroughcmt the regionX 

We shall frequently use the word ‘function’ alone to denote an analytic 
function, as the functions studied in this work will be almost exclusively 
analytic functions 

* See the memoir cited m § 5 2 

t The words * regular ’ and ‘ holomorphio ’ are sometimes used A distinction has been made 
by Borel between * monogenic ’ and * analytic * functions in the case of functions with an mfinite 
number of singularities See § 5 
t See § 5 2 cor 2, footnote 


lim 


h[z — a 


-h h 


6—2 



CHAPTER V 


THE FUNDAMENTAL PROPERTIES OF ANALYTIC FUNCTIONS , 
TAYLOR’S, LAURENT’S AND LIOUVILLE’S THEOREMS 

5 1 Property of ike elementary functions 

The reader will be already familiar with the term elementary function, as 
used (in text-books on Algebra, Trigonometry, and the Differential Calculus) 
to denote certain analytical expressions* depending on a variable z, the 
symbols involved therein bemg those of elementary algebra together with 
exponentials, logarithms and the trigonometrical functions , examples of such 
expressions are 

z\ e*, log^, arcsm^t® 

Such combinations of the elementary functions of analysis have in common 
a remarkable property, which will now be mvestigated 

Take as an example the function e* 

Write ^ —f (^) 

Then, if x be a fixed pomt and if / be any other pomt, we have 

d —z z' — z z' —z 

and since the last senes in brackets is uniformly convergent for all values of 
it follows (§ 3 7) that, as the quotient 

/ — - 2 : 

tends to the limit 6*, uniformly for all values of arg (^' — z) 

This shews that the limit of 

f{z)^f{z) 
z --z 

%s %% this case independent of the path by which the point z' tends towards 
coincidence with z 

It will be found that this property is shared by many of the well-known 
elementary functions , namely, that if f(z) be one of these functions and h be 


* The reader will observe that this is not the sense in whioh the term fonction is defined 
(§ 8 1) m this work Thus eg x-ty and \z \ are functions of jz(=:a? + iy) m the sense of § S‘l, 
but are not elementary functions of the type under consideration 
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In the foregoing definition, the function u has been defined only within 
a certain region in the ^^-plane As will be seen subsequently, howevei, the 
function u can generally be defined for other values of z not included in this 
region, and (as in the case of the elementary functions already discussed) 
may have singularities, for which the fundamental property no longer holds, 
at certain points outside the limits of the region 

We shall now state the definition of analytic functionality m a more 
arithmetical form 

Let f(z) be analytic at z, and let « be an arbitrary positive number, 
then we can find numbers I and S, {B depending on e) such that 




< € 


whenever \ z' --z\<B 

If f(z) is analytic at all points z o{ b, region, I obviously depends on z , we 
consequently write 1 = f {z) 

Hence f{z), ^f(z)^- {/ - z) f {z) + v (/ - z), 

where v is a function of z and / such that 1 1 ; | < € when \z ’-’Z\<S 


Example 1 Pmd the points at which the following functions are not analytic 
(ii) cosec z {z—nir, n any integer) 

(V) {(*- 1 ) 4 ^ (*= 0 , 1 ) 




( 1 ) .2 

1 ^ 

(iv) (2=0) 

Example 2 If 2=^+2^, where w, % x, y are leal and / is an analytic 

function, shew that 

'bu dv dw bv 


dx dy^ By Bx 


(Rieinann ) 


6*13 An application of the modified ffeine-Borel theorem 

Let f{z) be analytic at all points of a continuum , and on any point z of 
the boundary of the continuum let numbers f (z\ 8 (8 depending on z) exist 
such that 

1/(0 /(^)-(^'-^)/(^) l < 

whenever \z' — z <B and z' is a point of the continuum or its boundary. 

[We write fi (2) instead of /' (2) as the differential coefl&oiont might not exist when 
/ approaches 2 from outside the boundary so that fi (z) is not necessanly a unique denvate,} 

The above inequality is obviously satisfied for all points z of the continuum 
as well as boundary points 

Applying the two-dimensional form of the theorem of § 3 6, we see that 
the region formed by the continuum and its boundary can be divided into 
a Jiyiite number of parts (squares with sides parallel to the axes and their 
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interiors, or portions of such squares) such that inside or on the boundary of 
any part there is one point z-i such that the inequality 

l/(^') - f (^i) - (z - Zi)fi {zi) I < e I / - 1 

IS satisfied by all points £ inside or on the boundary of that part 

6 2 Cauchy’s theorem* on the integral of a function round a 

CONTOUR 

A simple closed cuive Q in the plane of the variable ^ is often called 
a contouy , if A, B,'D be points taken ni order in the counter-clock'wise sense 
along the aic of the contour, and if f (z) be a one-valued continuous"!" 
function of ^ (not necessarily analytic) at all points on the arc, then the 
integial 

f f{z)dz or f f(z)dz 
JABjDA JiO) 

taken lound the contour, starting from the point A and returning to A again, 
IS called the integral off(z) taken along the contoui Clearly the value of the 
integial taken along the contour is unaltered if some point in the contour 
other than A is taken as the starting-point 

We shall now prove a result due to Cauchy, which may be stated as 
follows If f{z) IS a function of z, analytic at all points owj and inside a 
contour 0, then 

f f(z)dz = 0 
J(0) 

Foi divide up the interior of 0 by lines parallel to the real and imaginary 
axes in the manner of § 6 13, then the intenor of Ois divided into a number 
of legions whose boundaries are squares Gi, 0^, Cj,i and other regions 
whose boundaries A, Dj, are portions of sides of squares and parts 

of C , consider 

Mr y f 

X f(z)dz+X f{z)dz, 

»=W(O,0 »=l'(D„) 

each of the paths of integration being taken countei -clockwise, m the 
complete sum each side of each square appears twice as a path of integration, 
and the integrals along it are taken in opposite directions and consequently 
cancel § , the only parts of the sum which survive are the integrals of f {z) 

* Memone sin les inUgrales difimes prises entre des limites imaginaires (1825) The proof 
here given is that due to G-oursat, Tians American Math Soc i (1900), p 14 

I It IS sufticient for f{z) to be continuous when variations of z along the arc only are 
considered 

+ It 18 not necessary that f{z) should be analytic on C (it is suf&oient that it be continuous 
on and inside G), but iif(z) is not analytic on C, the theorem is much harder to prove This 
proof merely assumes that f' (^;) exists at all points on and inside C Earlier proofs made more 
extended assumptions , thus Cauchy’s proof assumed the continuity of [z) Biemann’s 
pi oof made an equivalent assumption Goursat’s first proof assumed that f[z) was umfoimly 
differentiable throughout C 

§ See § 4 0, example 
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taken along a number of arcs which together make up 0, ^ch arc being 
taken in the same sense as in | f(jc)dz, these integrals therefore just make 

■/(C) 

up J^^/(z)dz 

Now consider I f{z^dz With the notation of § 5 12, 

Ucn) 

f /(z)dz=[ {/(z,) 4- (-2? - z,)f' (zj) + (z^ Zj) v] dz 

j (C») j (Cn) 

But 

by the examples of § 4 6, since the end points of Cn coincide 
Now let ly, be the side of Cn and An the area of Cn 
Then, using § 4 62, 



In like manner 


I (z — zi)vdz ^ \{z — z^)vdz\ 

J ( 0 «) ^ (Cn) 




:„V2 f 

J c 


“ \/2 4?yi — 4i€An 


If /(z)dzl^f \{z^z^)vdz\ 

U(JDn) » •'(W 

^ 4e (^An + V2, 


where An is the area of the complete square of which Dn is part, In is the 
side of this square and Xn is the length of the part of G which lies inside this 
square Hence, if X be the whole length of (7, while I is the side of a square 
which encloses all the squares C« and Dn, 


If < 2 I f f{z)dz + t [ f{ 2 !)d. 

lj(0 »=ll^(Cn) (l>n) 

< 46 j 2 ^ 4 H- 2 An + i! 2 \n • 

l»=l n=l n=l 

<46 /s/2 + 

Now 6 IS arbitral ily small, and I, X and | f(z)dz aie independent of e 

hc) 

It therefore follows from this inequality that the only value which I f{z)dz 

J 0 

can have is zero , and this is Cauchy’s result 
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Corollary 1 If there are two paths Zf^AZ and z^BZ from to Z, and if /(*) is a 
function of z analytic at all points on these curves and throughout the domain enclosed by 

these two paths, then ^ f (js) dz has the same value whether the path of integration is 

ZfiAZ or z^BZ This follows from the fact that ZqAZBz^ is a contour, and so the integral 
taken round it (which is the difference of the integrals along z^AZ and z^^BZ) is zero 

Thus, if f{z) be an analytic function of 2 , the value of / f{z) dz is to a certain extent 

J JB 

independent of the choice of the arc ABj and depends only on the terminal points A and B 
It must be borne in mind that tAis is ovdy thA case when f{z) 1 $ an ancdytw function in the 
sense of § 5 12 

CoTTollary 2 Suppose that two simple closed curves Cq and are given, such that 
completely encloses (7i, as e.g would be the case if Cq and Gi were confocal elhpses 

Suppose moreover that/* {z) is a function which is analytic* at all points on (7o and Ci 
and throughout the ring-shaped region contained between Cq and Ci Then by drawing a 
network of intersecting lines m this ring-shaped space, we can shew, exactly as m the 
theorem just proved, that the integral 

jf(z)dz 

IS zero, where the integration is taken round the whole boundary of the I'lng-sha^ed space, 
this boundary consisting of two curves Cq and the one described in the counter-clockwise 
direction and the other described in the clockwise direction 

Corollary 3 In general, if any connected region be given in the «-plane, bounded by 
any number of simple closed curves Oq, <7i, , and if f{f) be any function of z which 

IS analytic and one- valued everywhere in this region, then 

jf{z)dz 

IS zero, wlm e the integral u taken round the whole boundary of the 1 egion , this boundary 
consisting of the curves Cq, Ci, , each described in such a sense that the i egion u kept 
eithe) always on the right or always on the left of a pei son walking in the sense in question 
round the boundary 

An extension of Cauchy’s theorem f(z) dz=^0, to c\iives lying on a cone whose vertex 

IS at the origin, has been made by Ravut {Nouv Annales de Math (3) xvi (1897), 
pp 365-7) Morera, Rend del 1st Lombardo, xxii (1889), p 191, and Osgood, Bull 

Amer Math Soc Ti (1896), pp 296-302, have shewn that the property j^f(z)dz=0 

may be taken as the property defining an analytic function, the other properties being 
deducible fiom it (See p 110, example 16 ) 

Example A iing-shai^ed region is bounded by the two circles | s | = 1 and | s | = 2 in the 

[dz 

z-plane Verify that the value of I ~ , wheie the integial is taken lound the boundary 
of this 1 egion, is zero 

* The phrase ‘ analytic throughout a region * implies one-valuedness (§ 5 12) , that is to say 
that aftei z has described a closed path surrounding Co, f(z) has returned to its initial value A 
function such as log z considered in the region 1 < | | ^ 2 will he said to be ‘ analytic at all 
points of the region ’ 
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For the boundary consists of the ciicumference | 2 !| — 1, descnbed in the clockwise 
direction, together with the circumference |^|=2, described in the counter-clockwise 
diiection Thus, if for points on the fiist circumference we write and for points on 

the sec'ond ciicumference we write then 6 and aie real, and the integral becomes 

jo Jo 

6 21 The value of an analytic function at a pointy expressed as an inteyral 
taken round a contour enclosing the point 

Let 0 be a contour within and on which f{z) is an analytic function of z 
Then, if a be any point within the contour, 

m. 

z — a 

IS a function of z, which is analytic at all points within the contour G except 
the point z — a 

Now, given e, we can find S such that 

l/(^) ke I ^ - a| 

whenever | ^ — a ] < S , with the point a as centre describe a circle 7 of ladius 
r < S, r being so small that 7 lies wholly inside C. 

Then m the space between 7 and G f(z)l(z’- a) is analytic, and so, by 
§ 5 2 corollary 2, we have 

f r f(z)dz 

Jc Z — a Jy z — a ' 

where J and J denote integrals taken counter-clockwise along the curves 

0 and 7 respectively 

But, since k — a | < S on 7, we have 

[ f(z)dz ( f{a)^{z-a)f{a)^-v{z-a) ^^ 

] y z — a J y z ^ a 

where 1 1; | < e , and so 

/„ W /, * +//* 

Now, if z be on 7, we may write 

z — a — re^^f 


where r is the radius of the circle 7, and consequently 


and 


also, by § 4 62, 


r dz t^^ire^^du [^"'7/1 « . 

= TT- = M 27ri, 

JyZ-a Jo Jo 

j dz—j ire^^dd — 0 , 

IJ vdz |<e 27 n’ 
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Thus 




< 2irr€ 


But the left-hand side is independent of e, and so it must be zero, since e 
IS aibitrary , that is to say 




f{z)dz 
c z-a 


This remarkable result expresses the value of a function f{z)y (which is 
analyiiG on and inside G) at any point a within a contour (7, in terms of an 
integral which depends only on the value of f{z) at points on the contoui 
itself 

Corollary If f{z) is an analytic one-valued function of s in a rmg-shaped region 
bounded by two curves C and and a is a point in the region, then 

/(.).' f J- I M*, 

'' Stti J — 'zirt J a 

where C is the outer of the curves and the integrals aie taken counter-clockwise 


5 22 The derivates of an analytic function f{z) 

The function /'(-e), which is the limit of 

-f(z) 

h 

as h tends to zero, is called the derivate of f{z) We shall now shew that 
/' (z) IS itself an analytic function of Zy and consequently itself possesses a 
deiivate 


For if (7 be a contour surrounding the point a, and situated entirely 
within the region in v^hichf{z) is analytic, we have 

/'(,). !.„ /(»**)-/(«) 

/t^O U 

1 U /(£)*_[ /W*| 

= hm — f 

27rz J ciz — a) {z — a — h) 

= JL [ /Xflif + _L f ■/ (^) 

27^^ J c{^ — of A-*-u J a (z — ay {z — a — h) 

Now, on Oy f(z) IS continuous and therefore bounded, and so is (^r — a)“®, 
while we can take | A | less than the lowei bound of ^ | ^ - a | 
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Then, if I be the length of G, 

lim A [ ^£)^£ I I h I (2-z-y^Kl = 0, 

a formula which expresses the value of the denvate of a function at a point 
as an integral taken along a contour enclosing the pomt 

From this formula we have, if the pomts a and a + A are inside (7, 


/^(a + A)-/-(a) _ 1 r f{z)dz { 1 1 

h 2m Jc h \{z’-a — Kf {z-- 

2{z-a-\]^ 


ay 


\z — a\ 


2m (z — a — A)® (z — af 

L f /(^) I 

and it IS easily seen that is a bounded function of z when | A | 

Therefore, as A tends to zero, A“^ {/' (a + A) - /' (a)} tends to a limit, 
namely 

2 r f{z) dz 

2m I c(z — ay 

Smce /' (a) has a unique differential coefficient, it is an analytic function 
of O', its denvate, which is represented by the expression just given, is 
denoted by {a), and is called the second denvate of /(a) 

Similarly it can be shewn that f" (a) is an analytic function of a, possessing 
a denvate equal to 

2 3 f f{z)dz 
2m J ci^ — cty’ 

this IS denoted by /"'(a), and is called the third denvate of /(a) And m 
general an nth denvate /(”> (a) of /(a) exists, expiessible by the integral 

2m Jc (z— 

and having itself a denvate of the form 

(?i +!)’/• f(z)dz 

Jo(z-- 


2m 


(z^aj 


in+2 ? 


the reader will see that this can be proved by induction without difficulty 
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A function which possesses a first derivate with respect to the complex 
variable z at all points of a closed two-dimensional region in the -a^-plane 
therefore possesses derivates of all orders at all points inside the region 


6 23 Cauchy's inequality for (a) 

Let f{z) be analytic on and inside a circle 0 with centre a and radius r 
Let M be the upper bound of f{z) on the circle Then, by § 4 62, 


02 02 


Example lif{z) is analytic, z—x^iy and » shew that 

log I f{z) 1 = 0 , and | /(^) | > 0 

unless / ( 2 ) = 0 or /' {z ) = 0 (Trinity, 1910 ) 


6 3 Analytic fimctions represented by uniformly convergent senes 

oo 

Let 2 fn(z) be a senes such that (i) it converges umformly along a 
»=0 

contour (7, (u) if) is analytic throughout 0 and its interior 

00 

Then 2 fnif converges, and the sum of the series is an analytic 

n=0 

function throughout G and its interior 

00 

For let a be any point inside G , on O, let 2 /« (z) = ^ (z) 


Then 

1 

27rij 

f * 

/ 

1 dz 
\ z — a 



00 1 

= 2 - 

(1 f/.W, 

fo}. 



«-=0 

(27^^ J c ^ ‘-’Ci 

i 


by* 8 47 But this last senes, by § 5 21, is 2 /„(ci), the series under 

consideration therefore converges at all points inside C , let its sum inside 
G (as Avell as on (7) be called Then the function is analytic if it 

has a unique differential coeflScient at all points inside G 

But if a and a -h A be inside G, 

0(a+h)-^(a) _ 1 r (z) dz 

h 27rt j c {z — a)iz — G’-h)' 

and hence, as in § 5 22, lim [{<I> (a + A) — (a)] A“^] exists and is equal to 


* Since I « - a 1'"^ IS bounded when a is fixed and z is on 0, the uniformity of the convergence 
of 1 fMI{z - a) follows fiom that of S f^(z) 
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If <I>(^) 

2m J c af ^ therefore is analytic inside 0 Further, by 

transforming the last integral m the same way as we transformed the first 

00 00 

one, we see that <I>' (a) = 2 fn (a), so that 2 fn (of) may be ‘ differentiated 

w=0 n=0 

term by term * 

If a senes of anal; 7 tic functions converges only at points of a cuive which is not closed 
nothing can be inferred as to the convergence of the derived series* 

00 cos 

Thus 2^ ( - )”■ — ^2 ' converges uniformly for real values of t? (§ 3 34) But the deriv ed 

" , , sin . V , 

series 2 converges non-uniformly near ^w=(2mH-l) tt, (on any integer) , and 

n=l n 

00 

the derived series of this, viz 2 (--)’‘”^ cos does not converge at all 

n— 1 

Corollary By § 3 7, the sum of a power senes is analytic inside its ciicle of con- 
vergence 

6 31 Analytic functions represented by integrals 

Let / (t, z) satisfy the following conditions when t lies on a certain path 
of integration (a, h) and z is any point of a region S 

(i) / and ^ are continuous functions of t 

(ii) f IS an analytic function of z 

(ill) The continuity of qua function of z is uniform with respect to 
the variable t 

Then f f (t, z)dt is an analytic function of z Foi, by § 4 2, it has the 

J Of 

unique denvate J 

5 32 Analytic functions repiesenteA by infinite integrals 

i.00 

From § 444 (II) corollary, it follows that / f(t,z)dt js an analytic 

J at 

function of z at aU points of a region 8 if (i) the integral conveiges, (li) /(<, z) 
IS an analytic function of z when t is on the path of integration and z is on 8, 

(ill) — ^ IS a continuous function of both variables, (iv) j A,t 

converges uniformly throughout iS 

Foi if these conditions are satisfied f f(t, z)dt has the unique denvate 


I 


dz 


* This might have been anticipated as the mam theorem of this section deals with uniformity 
of convergence over a two-dimensional region 
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A case of very great importance is afforded by the integral / dt, 

J 0 

where f(t) is continuous and |/(i)| <Ee^^ where K, r are independent of t, 
it IS obvious from the conditions stated that the integral is an analjdiic 
function of ^ when [Condition (iv) is satisfied, by § 4 431 (I), 

since f ^ dt converges ] 


6 4 Taylor’s Theorem * 


Consider a function /(z), which is analytic in the neighbourhood of a 
pomt z = a Let C be a circle with a as centre in the -sf-plane, which does 
not have any singular point of the function /(z) on or inside it , so that /(z) 
IS analytic at all points on and inside C Let z = a + h be any pomt inside 
the circle G Then, by § 5 21, we have 


> f /a* 

2mJo:i — a — h 
1 f , ( 1 , A 

2in j 0"^^^ ^\z — a (z — ay"^ (z — {z — a — h) 


A"+‘ 




h) 


But when z is on C, the modulus of is continuous, and so, 

z—a—h ’ 

by § 3 61 cor (ii), will not exceed some finite number M 


Therefore, by § 4 62, 


1 f f{z)dz M 27 rJS f\ h 

27 n Jc {z — a — h) ^ 27 r V -R / ' 


where R is the radius of the circle G, so that 27rjB is the length of the path 
of integration m the last integral, and R — \z--a\ for points z on the cir- 
cumference of G 


The right-hand side of the last inequality tends to zero as ti — > oo We 

have therefore 

f(a + h) =/(a) + hf (a) +1;/" (a) + (a) + . , 

which we can write 

f(z) = /(a) + (z-a) f (a) + («) + + («) + 

This result is known as Taylor's Theorem ^ and the proof given is due to 
Cauchy It follows that the radius of convergence of a power senes is always 


* The formal expansion was first published hj Dr Brook Taylor (1715) m his Methodm 
Jncrementorum 
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at least so large as only just to exclude fi om the interior of the circle of con- 
vergence the nearest smgularity of the function repi esented by the series And 
by § 53 corollary, it follows that the radius of convergence is not largei' 
than the number just specified Hence the radius of convergence is just such 
as to exclude from the interior of the circle that smgularity of the function 
which IS nearest to a 

At this stage we may introduce some terms which will be frequently 
used 

If f{a) = 0, the function f(js) is said to have a zero at the point z—a 
If at such a point /' (a) is different from zero, the zero of /(a) is said to be 
simple^ if, however,/' /(»-i) (a) are all zero, so that the Taylor's 
expansion of f{z) z = a begins with a term in {z — af, then the function 
f(z) IS said to have a zero of the ^ith order at the point z=^a 


1 1 Find the function f (s), which is analytic throughout the circle 0 and its 
interior, whose centre is at the ongin and whose radius is unity, and has the value 

a - cos 3 Sind 

- 2a cos d + 1 ^ - 2a cos d + 1 

(where a> 1 and d is the vectorial angle) at points on the circumference of C 
[We have 

f{z)dz 

Q 


vA r 

J i 


e-m ido 


g-cosd-fismd 
a^-Sacos d-t-1 ’ 


(putting 


72, ! r Sn- ^ ^ f cfe _ T 1 "1 

'§77 Jo a - ~ 2^ J a (a—z) a - 


Therefore by Maclaurin’s Theorem*, 

00 

f{z)= S > 

«=0 ^ 

or/( 2 !)=(a-«)’"^ for all points within the circle 

This example raises the interesting question, Will it still be convenient to define /(e) 
as (a -e)"^ at points outside the circle? This will be discussed in § 6 51 ] 

00 

Example 2 Prove that the aiithmetic mean of all values of 2 a,;?*', for points z on 

the circumference of the circle | e |~1, is a^, if is analytic throughout the circle and 
its interior 

00 /(**) 

[Let s avZ^=f(z\ so that ay=r - — ^ Then, writing and calling 0 the circle 


v=0 


_ 1 _ ri^ f{i)dd 1 f f{i)dz _ fM{0) , 

277 J 0 ^ 2771 J c n\ 


* The result / ( 2 ) =/ (0) + zf (0) + ^ (0) + , obtained by putting a = 0 in Taylor^s Theorem, 

IS usually palled Maclaunn^s Theorem, it was discovered by Stirhng (1717) and published by 
Maolaurm (1742) m his Fluxions 
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Example 3 Let/(«)=«’', then /(a+A) is an analytic function of A when | A|<|a 

for all values of r , and so ~ A2+ , this series converging 

when I A I < 1 0 I This is the binomial theorem 

Example 4 Prove that if A is a positive constant, and (1 - SarA+A®) " i is expanded in 
the form 

1 + APi W + A2P2 (0) + A3P8 W + (A), 

(where Pi^{z) is easily seen to be a polynomial of degree % in z\ then this senes converges 
so long as z is in the interior of an ellipse whose foci are the points 2=1 and 2= —1, and 
whose semi-major axis is ^ (A+A"“^) 

Let the series be first regarded as a function of A It is a power senes m A, and 
therefore converges so long as the point A lies within a circle m the A-plane The centre 
of this circle is the point A=0, and its circumference will be such as to pass through that 

singulanty of (1 - 22A+ A^) " 4 which is nearest to A= 0 

But 1 - 2«A+A»={A-2+(ie*- l)i} {h-z- (j? - l)i}, 

so the singularities of (1 — 2rA+A®)“^ are the points (^— 1)^ and A=«+(«®— 1)^ 

[These smgulanties are branch points (see §57)] 

Thus the series (A) converges so long as | A | is less than both 
I«_(z2_l)i| andls+(s*-l)4| 

Draw an elhpse in the 2-plane passing through the pomt z and having its foci at ± 1 
Let a be its semi-major axis, and 6 the eccentnc angle of z on it 

Then 2= a cos ^ -h ^ (a* - 1)^ sin 

which gives « ± (2^ - 1 )^ = {a ± (a® - 1)^} (cos ^ + 1 sin B\ 

so |=a±(a2-l)i 

Thus the series (A) converges so long as A is less than the smaller of the numbers 
a -I- (^2 - i)i and a - (a^ - l)i, 1 e so long as A is less than a - (a^ - 1)4 But A=a — {a^ - 1)4 
when a = 4 ( A + A"* 1) 

Therefore the senes (A) converges so long as 2 is within an ellipse whose foci are 1 and 
- 1, and whose semi-major axis is 4 (A+ A“"^) 

6 41 Forms of the remainder %n Taylor's semes 

Let f{x) be a real function of a real variable , and let it have continuous 
differential coeflficients of the first n orders when a H- A. 

If we have 

^ iSx ^ 

Integrating this between the limits 0 and 1, we have 
A”*- hP (1 — 

/(a + A) =/(a) + ^ /<"*> (a) + J ^ (« + th) dt 

Let iJn = (1 - (a + dt , 

and let jp be a positive integer such that p < n 
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Then f ' (1 - t)p-^ (1 - /'”> (o + th) dt 

{n — l)tJo 

Let CT, L be the upper and lower hounds of (1 — (a + tk) 

Then 

L (I- 1 dt< [\l- t)P-^ (1 - (a + th) dt<rU(l- t)P-^ dt 

Jo Jo Jo 

Since (1 — (a + th) is a continuous function it passes through all 

values between U and Z, and hence we can find 6 such that 0 ^ 5 < 1, and 

r (1 - 1)^-^/(^) (a + th) dt = jp-^ (1 - (a + dh) 

J 0 

Therefore (1 - 0)^“^ {cl + 6h) 

Writing jp =s n, we get ^ (a + 6h), which is Lagraiige's form for 

hn 

the remainder , and wnting jp = 1, we get Rn = — r i (1 "■ (a + 0A), 

i ; ’ 

which IS Cauchy's form for the remainder 
Taking w=l in this result, we get 

/(a-H^)-/(a)=A/' (a+^A) 

if fix) IS continuous when a^^i7<a+A, this result is usually known as the Fint 
Jfean Value Theorem (see also § 4 14) 

Darhoux gave in 1876 {Journal de Math (3) ii p 291) a form for the lemainder in 
Taylor’s Series, which is applicable to complex variables and resembles the above form 
given by Lagrange for the case of leal variables 


6 6 The Process of Continuation 

Near every point P, Zq, in the neighbourhood of which a function f(z) is 
analytic, we have seen that an expansion exists for the function as a senes 
of ascending positive integral powers of (z — Zq), the coefficients in which 
involve the successive denvates of the function at z^i 

Now let A be the singularity of f{z) which is nearest to P Then the 
circle within which this expansion is valid has P for centre and PA for 
radius 

Suppose that we are merely given the values of a function at all points of 
the circumference of a circle slightly smaller than the circle of convergence 
and concentric with it together with the condition that the function is to be 
analytic thioughout the interior of the larger circle Then the piecedmg 
theorems enable us to find its value at all points within the smaller circle 
and to determine the coefficients in the Taylor series proceeding in powers 
of z-r^o The question arises, Is it possible to define the function at points 
outside the circle m such a way that the function is analytic throughout 
a larger domam than the interior of the circle ? 
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In other words, given a potver senes which converges and represents a 
function only at points within a circle, to define hy means of it the values 
of the function at points outside the circle 

For this purpose choose any point Pi within the circle, not on the line 
PA We know the value of the function and all its derivates at Pi, from 
the series, and so we can form the Taylor series (for the same function) 
with Pi as origin, which will define a function analytic throughout some 
circle of centre Pi Now this circle will extend as far as the singularity* 
which ]s nearest to Pi, which may or may not be A , but in either case, this 
new circle will usually! he partly outside the old circle of convergence, and 
for points in the region which is included in the new circle but not in the old 
circle, the new series may be used to define the values of the function, although 
the old series failed to do so 

Similarly we can take any other point Pa, in the region for which the 
values of the function are now known, and form the Taylor series with Pj 
as origin, which will in general enable us to define the function at other 
pomts, at which its values weie not previously known , and so on 

This process is called continuationX By means of it, starting from a 
representation of a function by any one power series we can find any number 
of other power series, which between them define the value of the function 
at all points of a domain, any point of which can be reached from P without 
passing through a singularity of the function , and the aggregate § of all 
the power series thus obtained constitutes the analytical expression of the 
function 

It IS mipoitant to know whether continuation by two different paths PBQ, PBQ will 
give the same final power series , it will be seen that this is the case, if the function 
have no singularity inside the closed curve PBQB'P, in the following way Let P^ be any 
point on PBQ, inside the circle witli centre P, obtain the continuation of the function 
with Pj as origin, and let it converge inside a circle Ci , let Pi' be any point inside both 
circles and also inside the curve PBQBP, let S, Si, S^ be the power senes with P, Pj, 
Pi' as origins , then|| Si^Si o\er a certain domain which will contain Pi, if P/ be taken 
sufficiently near Pi, and hence Si will be the continuation of S{ , for if Ti were the 
continuation of S{, we ha\e Pis^i over a domain containing Pi, and so (§ 3 73) 
corresponding coefficients m Si and Ty aie the same By carrying out such a process a 
sufficient number of times, we deform the path PBQ into the path PBQ if no suigulai 
point IS inside PBQBP The reader will convince himself by drawing a figure that 
the process can be carried out in a finite number of steps 

* Of the lunction defined by the new senes 

t The word ‘ usually * must be taken as refenmg to the cases which are likely to come 
under the reader’s notice while studying the less advanced parts ot the subject 

X ^xenah, p) olongenunt , (}eime,n, FoiUetzuwi 

§ Such an aggregate of powei senes has been obtained for various functions by M J M Hill, 
by purely algebraical processes, Proc London Math Soc xvxv (1903), pp 388-416 

II Since each is equal to S 

7 - 


W M A 
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Example The series 


represents the function 


+ ^ + 




only for points z within the circle | ;g | = | a | 

But any number of other power senes exist, of the type 


1 z-h 
{a — hf 




(a-b)^ 


+ 


if b/a is not real and positive these converge at points inside a circle which is partly 
inside and partly outside | ^: | = | a | , these series i epresent this same function at points 
outside this circle 


5 501 On pinctiom to which the continuation-p oceas cannot be applied 
It is not always possible to carry out the process of continuation Take as an example 
the function /(£:) defined by the power series 

which clearly converges in the mterioi of a circle whose radius is unity and whose centre 
is at the origin 

Now it IS obvious that, as /(s)-^+oo , the point +1 is theieforc a 

singularity of f{z) 

But 

and if ;s2-^l-0, /W-^oo and so /W-^oo, and hence the points for which aie 
singularities of f{z ) , the point - 1 is therefore also a smgulaiity of/( 2 !) 


Similarly since 




we see that if s is such that s^^l, then s is a smgulaiity of/( 2 ) , and, in goneial, any loot 
of any of the equations 

2*=1, 38=1, 3^ = 1, , 


IS a singularity of /(s) But these points all lie on the circle |3l==l , and m any arc 
of this ciicle, however small, there are an unhmited number of them The attempt to 
carry out the process of continuation will therefoie be frustiatod by the existence of this 
unbioken front of singularities, beyond which it is impossible to pass 

In such a case the function f{z) cannot be continued at all to points z situated outside 
the circle | s | = l , such a function is called a lacun ary function, and the circle is said to bo 
a limiting circle for the function 


6 61 2Vie identity of two functions 


The two senes 

+ + ^ + 

and _ 1 + (^ _ 2 ) - - 2 )' + (^ - 2 )» -{z- 2)* + 

do nob both converge for any value of z, and are distinct expansions 
Nevertheless, we generally say that they represent the same function, on the 
strength of the fact that they can both he represented by the same rational 
1 

expression yzT 
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This raises the question of the identity of two functions When can two 
different expansions be said to represent the same function ^ 

We might define a function (after Weierstrass), by means of the last 
article, as consisting of one power senes together with all the other power 
series which can be derived from it by the process of contmuation Two 
difierent analytical expressions will then define the same function, if they 
represent power series derivable from each other by contmuation 

Since if a function is analytic (in the sense of Cauchy, § 5 12) at and near 
a point It can be expanded into a Tayloi’s series, and since a convergent 
power series has a unique differential coefficient (§ 5 3), it follows that the 
definition of Weierstrass is really equivalent to that of Cauchy 

It IS important to observe that the limit of a combination of analytic 
functions can represent different analytic functions in different parts of the 
plane This can be seen by considering the series 



The sum of the first n + 1 terms of this senes is 


\ z) 1 4 - 

The series therefore converges for all values of (zero excepted) not on the 
circle I I = 1 But, as « — > oo , | | ^ 0 or | ^” | — > oo according as | | is less 

or greater than unity , hence we see that the sum to infimty of the series is 

^ when |^|< 1, and j when |a:|>l This senes therefore represeits one 

function at points in the intenor of the circle \z\ = \,and an entirely different 
function at points outside the same ciicle The reader will see from § 53 
that this result is connected with the non-uniformity of the convergence of 
the series near \z\ = l 

It has been shewn by Borel* that if a region C is taken and a set of points S such that 
points of the set S are arbitrarily near every point of 0, it may be possible to dehne 
a function which has a unique differential coefficient (le is monogenic) at all points 
of C which do not belong to /S' , but the function is not analytic in 0 m the sense of 
Weierstrass 

Such a function is 

f{z)= i 2 2 g;p(-exp^) 

«=] 9^0 z-{p+qi)/n 

. * (1912), 1 pp 137-138 Le{OM mr les fonoUonz mono, 

ginei (1917) The functions are not monogenic strictly m the sense of § 6 1 because in the 
example quoted, m working out {f{z + h)-f{z)}lh,n must be eupposedthat E(z + h)and/(s + A) 
are not both rational fractions ^ 


7—2 
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6 6 Laurent’s Theorem 


A very important theorem was published m 1843 by Laurent* , it relates 
to expansions of functions to which Taylor’s Theorem cannot be applied 

Let G and C' be two concentric circles of centre a, of which O' is the imei , 
and let f{z) be a function which is analyticf at all points on G and O' and 
throughout the annulus between G and G' Let a + h be any point in this 
ring-shaped space Then we have (§ 5 21 corollary) 




where the integrals are supposed taken in the positive or counter-clockwise 
direction round the circles 


This can be written 






+ 




Of 


1 ^ — a 

- + - — - + 


■ (A-a)”+' (,z-aY+\z 

(z - a)" {z 


^+^{z—a—h)] 


dz 


^»+l ^n+l _ a — A) 

We find, as in the proof of Taylor’s Theorem, that 

f /(z)dz }i”+^ , f /(z}dz(z-af+^ 

Jc(z-a)’^+^{z-a-h) “Jo- (z-a-h)h»+^ 

tend to zero as n -» oo , and thus we have 


/(a -t- A) = Oo + OiA + OjA® -i- -1- 


. b: 


+ A» + 


wherej ^ ^ Ic ~ 

This result is Lament’s Theorem, changing the notation, it can be 
expressed in the following form If f {z) be analytic on the concentnc cii cles 
G and O' of centre a, and throughout the annulus between them, then at any 
point z of the annulus f{z) can he expanded m the form 

fiz) = a,-^afz-a) + (h{z-ay+ + . 

An important case of Laurent’s Theorem arises when there is only one 
singularity within the inner circle C , namely at the centre a In this case 
the circle O' can be taken as small as we please, and so Laurent’s expansion 
IS valid for all points in the interior of the circle 0, except the centre a 

* Comptes Seiidua, xvil (1813), pp 348- U9 The theorem is contained in a paper which was 
written by Weierstrass in 18tl, but apparently not piibhbhed before 1894, IV « he, i pp 51-60 

i See ^52 corollary 2, footuote 

j We cannot wute «„=/<»‘)(rt)/7il as m Taylor’s Theorem since /(«) is not necossuuly analytic 
inside C' 
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Esuample 1 Prove that 

iXi 

e 


®''=J'ota!)+2./i(iB)+a®./j(«)+ +«"/»(^) + 


where 


/o 


cos (nO - ^ sin 6) d6 


[For the function of z under consideration is analytic in any dotnain which does not 
include the point z=0 , and so by Laurent’s Theorem, 

gsC «) = aQ4-aj2+a22^H- +~ + -|+ , 

z z 


where 


1 f 2 (^ «) j7 1 f 2(*”iy)-nlyJ 


and where 0 and C' are any circles with the origin as centre Taking 0 to be the circle of 
radius unity, and writing z=e^^f we have 

®"“2S J^®**"”* COB {n6-x am 6) de, 

/■&r 

since sin (wd— ^sin d) cW vanishes, as may be seen by writing 27r — for d Thus 

^n=«^»(^)) and &n=(“')"o^j ‘Since the function expanded is unaltered if —0”^ be written 
for z, so that ^n— ( - Wj and the proof is complete ] 

Example 2 Shew that, in the annulus defined byla|<| 2 |<| 6|, the function 


can be expanded in the form 




where 


o _ “ 1 3 (2^-1) 1 3 (2^+2?i-l) /aV 

” iZo 22*+h \h) 


The function is one- valued and analytic in the annulus (see § 5 7), for the branch-pomts 
0, a neutrahse each other, and so, by Laurent’s Theoiem, if C denote the circle | «l=r, 
where | a | < r < 1 5 | , the coefficient of in the required expansion is 

I [ dz ( hz \i 
%m]c^*^\{z-a){h~z)] 


Putting z=tre^^^ this becomes 


or 


-T 

Qtt J 0 


Cr 2-0 2‘ I ’ 


2ir 

0 ' fcfo 2* ;{?» 1=0 2M' r? 

the senes being absolutely convergent and uniformly convergent with regard to d 

The only terms which give integrals different from zero are those for which ^ 
So the coefficient of z^ is 

fair 


u 


, 1 3 (2«-l) 1 3 (2«+2»»-l) o' 

0 !=o 2« l> 2'+» (l+n) I 6'+»~6« 


Similarly it can be shewn that the coefficient of 4 
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Example 3 Shew that 

e»*+»/«=£to+(j!je+a2«H 4-- + ^*+ , 

z 

where cos {(«-•!)) sin 5 

1 /*2jr 


6 61 The nature of the singularities of one-valued functions 

Consider first a function f{z) which is analytic throughout a closed 
region S, except at a single point a inside the region 

Let it be possible to define a function <jb {z) such that 
(i) (f> (z) is analytic throughout S, 


(u) when ^ ^ o, f(z) ==^(z) + -A. 4 


& 


z — a (z- ay 


(Z — £l)" 


^ Then f {z) is said to have a ‘pole of order n at a’ , and the teniifl 

z — a'^(z~ay (z — a)" called the principal part of f{z) near a 

By the definition of a singularity (§ 5 12) a pole is a singularity If n = I, 
the singulanty is called a simple pole 


Any singularity of a one-valued function other than a pole is called an 
essential singulanty 


If the essential singulanty, a, is isolated (i e if a region, of which a is an 
intenor point, can be found containing no singularities other than a), then a 
Laurent expansion can be found, in ascending and descending powers of a 
valid when A > | ^ — a | > S, where A depends on the other singularities of the 
function, and S is arbitrarily small Hence the ‘ principal part ' of a function 
near an isolated essential singularity consists of an infinite series 


It should be noted that a pole is, by definition, an isolated singulanty* so 
that all singularities which are not isolated (eg the limiting point of a 
sequence of poles) are essential singularities 

There does not exist, in general, an expansion of a function valid near a noiMsolatod 
singulanty in the way that Laurent's expansion is valid near an isolated singularity. 


Corollary If f{z) has a pole of order n at 
^ (a) = hm {z - a)*/ {z\ then ^ {z) is analytic at a 


and ^ («)»(*- «)«/(*) 


ExampU 1 A function is not bounded near an isolated essential singularity 

[Prove that If the function were bounded near the coefficients of negative powers 
of z-a would all vanish ] ® 
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Example 2 Eind the singularities of the function 

At ^?=0, the nunaerator is analytic, and the denominator has a simple zero Hence 
the function has a simple pole at 

Similarly there is a simple pole at each of the points ^niria (%= ± 1, ±2, +3, ), the 

denominator is analytic and does not vanish for other values of z 

At ;s=a, the numerator has an isolated singularity, so Laurent’s Theorem is applicable, 
and the coefficients in the Laurent expansion may he obtained from the quotient 

i +— + 9 - ,r - N2 + 


which gives an expansion involving all positive and negative powers of {z - a) So there is 
an essential singularity at 

Example 3 Shew that the function defined by the senes 
nZi 

has simple poles at the points a;— (^=0, 1, 2, - 1 , w=l, 2, 3, ) 

(Math Trip 1899) 


6 62 The 'point at infinity ’ 

The behaviour of a function /(5) as | ^ | oo can be treated in a similar 
way to its behaviour as z tends to a finite limit 

If we wnte — so that laige values of z are represented by small 

values of z' m the -^'-plane, there is a one-one correspondence between 
z and /, provided that neither is zero, and to make the correspondence 
complete it is sometimes convenient to say that when z is the origin, z is 
the * point at infinity ’ But the reader must be careful to observe that this 
IS not a defimte point, and any proposition about it is really a proposition 
concerning the pomt = 0 

Let f{z) = <h (/) Then (/) is not defined at / = 0, but its behaviour 
near = 0 is determined by its Taylor (oi Laurent) expansion in powers 
of z ' , and we define (0) as lim </> (/) if that limit exists For instance 

sf* -^0 

the function {z) may have a zero of order m at the point 2 ;' = 0 , in this 
case the Taylor expansion of ^ (/) will be of the form 

Az^ -f , , 


and so the expansion of f{z) valid foi sufficiently large values of | ^ | will be 
of the form 



B 


+ 


G 

^mH-2 


H- 


In this case,/(^) is said to have a zero of older m at ' infinity ' 
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Again, the function may have a pole of older m at the point z' = 0, 
in this case 


A 


B 


G 


+ + + J + Jlf + iV/ + Py^+ , 

and so, for sufficiently large values of \z\, f(z) can be expanded in the form 
fiz) = Azl>^ + Bz”'-^ + Cz'»‘-^+ +Lz + M+- + ?i + 

z 

In this CQ>Betf{z) is said to have a pole of order m at ‘ infinity ’ 

Similarly f{z) is said to have an essential singularity at infinity, if 
has an essential singularity at the point / = 0 Thus the function e^ has an 

1 

essential singularity at infinity, since the function e^' or 

1 1 1 , 

has an essential singularity at = 0 

Example Discuss the function represented by the senes 




(«>i) 


n. t l + 

The function represented by this series has singularities at — and , 

a” 

(?i=l, 2, 3, ), since at each of these points the denominator of one of the terras in the 

series is zero These singularities are on the imaginary axis, and have ^=0 as a limiting 
point , so no Taylor or Laurent expansion can be formed for the function valid throughout 
any region of which the ongm is an interior point 

For values of other than these singularities, the series converges absolutely, since the 
limit of the latio of the (7i-hl)th terra to the nth is lim (n-f l)“ia-2=0 The function is 

n~^oo 

an even function of « (i e is unchanged if the sign of s be changed), tends to zero as 
I ^ [-►Qo , and IS analytic on and outside a ciicle O of radius greater than unity and centie 
at the origin So, for points outside this circle, it can be expanded m the form 


where, by Laurent*s Theorem, 

^=2^/c 

" ejt-2n22fc-l 


^.*4 , ^>0 , 


Now 


1 2 _ 

«2A-3 


,d3 




n=0 n ’ 

This double series conveiges absolutely when \z\> I, and if it be rearranged in powers 
of z it converges uniformly 


Since the coefficient of is 2 

U=s0 


(-)fc-la”2*n 


zeio integral is the term m z~\ we ha\e 

^TTZ jc ft=0 


2 


and the only teim which furnishes a non- 

71 f Z 




.(-)lr-l^«r 
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Therefore, when \z\>l, the function can be expanded m the form 

i 1 1 



The function has a zero of the second order at infinity, since the expansion begins with 
a teim in 


6 63 Liouville’s Theorem * 

Let f{z) he analytic for all values of z and let \f(z)\<K for all values 
of z, where K is a constant (so that \f(s)\ is hounded as >oo) Then 
f(z) IS a constant 

Let 5, / be any two points and let (7 be a contour such that z, z' are 
inside it Then, by § 5 21, 


m-m-Uc 






take 0 to be a circle whose centre is z and whose radius is p > 2 | / — ^ | , on 

G wnte ^=z + , since | f — z'\'^\p when f is on (? it follows from § 462 

that 






l/^zl E 


hp 


= 2 1 / — ,2^ I jrp“^ 

Make p — > oo , keeping z and / fixed, then it is obvious that /(-s^)— f(z) = 0, 
that IS to say, f(z) is constant 


As will be seen in the next article, and again frequently in the latter half of this 
volume (Chapters xx, xxi and xxii), Liouville’s theorem furnishes short and convenient 
proofs of some of the most important results in Analysis 


5 64. Functions with no essential singularities 

We shall now shew that the only one-valued functions which have no 
singularities, except poles, at any point {including oo ) are rational functions 
For let f(z) be such a function, let its singularities in the finite part 
of the plane be at the points Ci, Ca, and let the principal part (§ 6 61) 

of its expansion at the pole Cr be 


^>1 I ^*,2 . . 

Z — Cr {!S-Crf (^ - C,)^ 

Let the principal part of its expansion at the pole at infinity be 

a^z -f- a^z^ 4- -f a^z^ , 

if there is not a pole at infinity, then all the coefficients in this expansion 
will be zero 


* This theorem, which is really due to Cauchy, Comptea Rendua, xix (1844), pp 1877, 1378, 
was given this name by Borohardt, Journal fUr Math Lxxxvin (1880), pp 277-810, who heard it 
m LiouviUe’s lectures m 1847 
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Now the function 


' r^l\z^Cr {z^Cry (z -- CrJ^ 




has clearly no singularities at the points Ci, Cg, c*, or at infinity , it is 
therefore analytic everywhere and is bounded as j ^ | ► oo , and so, by 
Liouville's Theorem, is a constant , that is, 


/(^)= (7+01^ + 02^2+ +0^2r“+ % i— ^ 

4*=1 yZ'^Or 


JL 4. 


{z-CrT^ 


where G is constant , f{z) is therefoie a rational function, and the theorem is 
established 


It IS evident from Liouville’s theorem (combined with § 3 61 corollary (ii)) 
that a function which is analytic everywhere (including oo) is merely a 
constant Functions which are analytic everywhere except at oo are of 
considerable importance, they are known as functions^ Examples 

of such functions are sin z, e^ From § 5 4 it is apparent that there is no 
fimte radius of convergence of a Taylor's senes which represents an integral 
function , and from the result of this section it is evident that all integral 
functions (except mere polynomials) have essential singulanties at oo 


6 7 Mmy-valued fmcttons 

In all the previous work, the functions under consideration have had a 
unique value (or limit) corresponding to each value (other than singularities) 
of 0 


But functions may be defined which have more than one value for each 
value of 0 , thus if ^ = r (cos 0 + ^ sm 0), the function has the two values 

r* ^cos i 0 + z sin I 0 j ■ cos i (^ + 27r) + ^ sin i (0 + 27r)| , 

and the function arc tan x (x real) has an unlimited number of values, viz. 
Arc tan x + nir, where ~ | < Arc tan x <^7r and n is any integer , further 

examples of many- valued functions are log Zy z"^, sin (z^) 

Either of the two functions which z^ represents is, however, analytic 
except at ^ = 0, and we can apply to them the theorems of this chapter , and 

the two functions are called * branches of the many- valued function 0 ^ * 
There will be certain points m general at which two or more branches 
coincide or at which one branch has an mfimte limit , these points are called 

‘ branch-points ' Thus 0 ^ has a branch-point at 0 , and, if we consider the 
change in z^ as 0 describes a circle counter-clockwise round 0, we see that $ 


French, fonction enttlre , German, game Funktion 
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increases by 2*^, r remains unchanged, and either branch of the function passes 
over into the other branch This will be found to be a general characteristic 
of branch-points It is not the purpose of this book to give a full discussion 
of the properties of many-valued functions, as we shall always have to 
consider particular branches of functions in regions not containing branch- 
pomts, so that there will be comparatively little difficulty in seeing whether 
or not Cauchy’s Theorem may be applied 

Thus we cannot apply Cauchy’s Theorem to such a function as when the path of 
integration is a circle surrounding the origin , but it is permissible to apply it to one of 

the branches of when the path of integration is like that shewn in § 6 24, for through- 
out the contoui and its interior the function has a single definite value 

Example Prove that if the different values of a*, corresponding to a given value of z, 
are represented on an Argand diagram, the representative points will be the vertices of an 
equiangular polygon inscribed in an equiangular spiral, the angle of the spiral being 
independent of a 

(Math Trip 1899 ) 

The idea of the different branches of a function helps us to understand such a paradox 
as the following 

Consider the function 

for which ^ ^ (1 -h log 


When X is negative and real, ^ is not real But if x is negative and of the form 
(where p and q are positive or negative integers), y is real 
If therefore we draw the real curve 


we have for negative values of ^ a set of conjugate points, one point corresponding to each 
rational value of x with an odd denominator , and then we might think of proceeding to 
form the tangent as the limit of the chord, just as if the curve were continuous , and 

j 

thus when denved from the inclination of the tangent to the axis of would appear 
to be real The question thus arises. Why does the ordinary process of differentiation 
give a non-real value for The explanation is, that these conjugate points do not all 
arise from the same branch of the function We have in fact 


where Jc is any integer To each value of Ic corresponds one branch of the function y 
Now in order to get a real value of y when x is negative, we have to choose a suitable 
value for Jc and this value ofk varies as we go from one conjugate point to an adjacent one 
So the conjugate points do not represent values of y arising from the same branch of the 

function and consequently we cannot expect the value of ^ when evaluated 

for a definite branch to be given by the tangent of the inclination to the axis of x of the 
line joining two arbitrarily close members of the senes of conjugate points 
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Miscellaneous Examples 

1 Obtain the expansion 

/w » {=i-v (^) ^ ('-?) /» (¥) + } . 

and determine the circumsttinces and range of its vahdity 

2 Obtain, under suitable circumstances, the expansion 

fe“)’ [/' +/■ 

+ (Corey, of Math (2), i (1900), p 77) 

3 Shew that for the series 


„=o 

the region of convergence consists of two distinct areas, namely outside and inside a circle 
of radius unity, and that in each of these the senes represents one function and represents 
it completely 

(Weierstrass, Berliner Monatsbemchte, 1880, p 731 , Qes W^ke, ii (1895), p 227 ) 

4 Shew that the function 

00 

n=0 

tends to infinity as 2 -*- exp {^viplm ’) along the radius through the point , where m is any 
integer and p takes the values 0, 1, 2, (m > - 1) 

Deduce that the function cannot be continued beyond the unit circle 

(Lercb, Bohm Acad, 1886-6, pp 671-582) 

5 Shew that, if 2 *- 1 is not a positive real number, then 


+ L<5 

~ a 


2 4 
( 2 ^+ 1 ) 


2 4 


2 4 %n 

J 0 

(Jacobi and Soheibner ) 
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6 Shew that, if * - 1 is not a positive real number, then 

i ^ m(TO+l) (TO+m-1) 


(1-2)-™=!+- « + 


( J acobi and Scheibner ) 

7 Shew that, if z and \ -z are not negative real numbers, then 

(1 _ ,2) - i f V (1 - «*) - i il 22+ + ( ”2+2) (»2+2>^-2 ) 

Jo wi4*l \ wi-H-3 (wi+3) (wi+27i.— 1) J 

(Jacobi and Scheibner ) 

8 If, m the expansion of (c»+ai 2 +ct 22 ^)”* by the multinomial theorem, the remainder 
after % terms be denoted by ( 2 ), so that 

(a+tti24‘a22^)”'=-4o + ^i2 + il222+ -bAn-i^-^ + Rniz), 


shew that 


(Scheibner ) 

9 If (aoH-ai2+a2^^)"”‘“' J (ao-bait+a2t^)'^dt 

be expanded in ascending powers of z in the form 

shew that the remainder after w - 1 terms is 

(ao + «i2 + a222)“’’’'“^ (ao+ai^ + a2^^)”M^^-4n“(2w-i-7i+ 1) 

(Scheibner* ) 

10 Shew that the series 

where X„( 2 )= -1+2-^ + ^- . +(-)«^, 


(Scheibner ) 


and where ( 2 ) is analytic near 2 = 0 , is con vei gent near the point 2 = 0 , and shew that if 
the sum of the series be denoted by f{z), then f{z) satisfies the differential equation 

(Pincherle, Rmd dei Lincei (5), v (1896), p 27 ) 

11 Shew that the arithmetic mean of the squares of the moduli of all the values of 

00 

the series on a circle | 2 |=r, situated within its circle of comergence, is equal 

n=0 * 

to the sum of the squares of the moduli of the separate terms 

(Gutzmer, Mat/i Ann xxxii (1888), pp 596-600.) 


* The results of examples 6, 6 and 7 are special cases of formulae contained in Jacobi’s dis- 
sertation (Berlin, 1825) published m his Oes Weike, iii (1884), pp 1-44 Jacobi’s formulae 
were generalised by Scheibner, Letpziger Benchte, xlv (1893), pp 432-443 
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12 Shew that the senes 

2 ^ - 2 (o»»)i 1 

m=l 

converges when | 1 < 1 , and that, when a > 0, the function which it represents can also 
be represented when | 3 1 < 1 by the integral 

p dst, 

\^/ j 0 

and that it has no singularities except at the point z=‘l 

(Lerch, Monatshefte fur Math und Phys vni ) 

13 Shew that the series 

2 2 r z 3“^ ) 

-(z+z ‘) + - 2 1(1 _2y_2„'2i)(2»+2i»'2i)2'*' (1^27^27^*4) {2v + 2v'z-Ufi ’ 

m which the summation extends over all integral values of v, v', except the combination 
(v—0, v'=0), converges absolutely for all values of z except purely imaginary values , and 
that its sum is +1 or - 1, according as the real part of 2 is positive or negative 

(Weierstrass, Berliner Monatshenchte, 1880, p 735 ) 


14 Shew that sin J^j" expanded m a series of the type 




^1 , ^ 

z"^ z^ 


in which the coefficients, both of and of are 


15 If 


-L P’' 
Stt J 0 


sin (2t4 cos 6) cos n0 d6 


/W= s 

n=l 




shew that /(a) is finite and continuous for all real values of 3 , but cannot be expanded as 
a Maclaurm’s series in ascending poweis of z , and explain this apparent anomaly 

[For other cases of failure of Maclaunn’s theorem, see a posthumous memoir by Cell4rier, 
Bull des Sci Math (2), xiv (1890), pp 145-599, Journal fur Math cm (1888), 

pp 126-138 , Pringsheim, Math Ann XLii (1893), pp 153-184 , and Du Bois Reymond, 
Munchener Sitzwngabenchte^ vi (1876), p 235 ] 


16 If f{z) be a continuous one- valued function of z throughout a two-dimensional 
region, and if 

J^/( 3 ) G?3=s0 

for all closed contours C lying inside the region, then f{z) 13 an analytic function of z 
throughout the interior of the region 

[Let a be any point of the region and let 

J a 

It follows fiom the data that F(z) has the imique derivate /(«)» Hence F(z) is 
analytic (§ 5 1) and so (§ 5 22) its derivate f{z) is also analytic This important converse 
of Cauchy’s theorem is due to Moreia, Rendico7iti del R 1st Lombardo {Milano)^ xxil 
(1889), p 191] 



CHAPTER VI 


THE THEOKY OF RESIDUES , APPLICATION TO THE EVALUATION OF 

DEFINITE INTEGRALS 


6 1 Residues 

If the function f{z) has a pole of order m at ^ = a, then, by the definition 
of a pole, an equation of the form 


where <j> (z) is analytic near and at a, is true near a 

The coefficient in this expansion is called the residue of the function 
f{z) relative to the pole a 

Consider now the value of the integral j f{z)dz, where the path of 

integration is a circle* a, whose centre is the point a and whose radius p is so 
small that <j) (z) is analytic inside and on the circle 


We have f f{z)dz^ 2 a_r f f 

J a r“l J a J a 

Now J <f> (z) dz — 0 hy ^ 52, and (putting z--a^ pe''^) we have, if r 1, 

f * . r . p— r [^T. 0 


But, when r = 1, we have 


/. 




tdd= 27n 


Hence finally I f{^) dz = 2ma^i 

J a. 

Now le"t C be any contour, containing in the region interior to it a number 
of poles a, 6, c, of a function f{z), with residues c_i, respec- 

tively and suppose that the function is analytic throughout C and its 
interior, except at these poles 

Surround the pomts a, 6, c, by circles a, y8, y, so small that their 
respective centres are the only singularities inside or on each circle , then the 
function f{z) is analytic in the closed region bounded by 0, a, /3, y, 

* The existence of such a circle is implied in the definition of a pole as an isolated 
singularity 



112 


THE PROCESSES OF ANALYSIS 


[chap. VI 


Hence, by § 5 2 corollary 3, 

dz = J f{z) dz + j^/(z) dz + 

= 27na,i + + 

Thus we have the theorem of residueSy namely that if f {z) he analytic 
throughout a contour 0 and its interior except at a number of poles inside the 
contour i then 

f f (z) dz = 27ri2iJ, 

J c 

where 2jR denotes the sum of the residues of the function f (z) at those of its 
poles which are situated within the contour G 
This IS an extension of the theorem of § 5 21 

Note If a is a ^mple pole of /(«) the residue of f{z) at that pole is to {(z-a)f{z)} 

6 2 The evaluation of definite integrals 

We shall now apply the result of § 6 1 to evaluating various classes 
of definite integrals , the methods to be employed in any particular case may 
usually be seen from the following typical examples 

6 21 The evaluation of the integrals of certain periodic functions taken 
between the limits 0 and 27r 
An integral of the type 

f R (cos 0, sin 6) dd, 

J 0 

where the integrand is a rational function of cos 6 and sin 6 finite on the 
range of mtegration, can be evaluated by writing e'^^ — z, since 

cos 0 = I (^ + zr^\ ^ ^ 

the mtegial takes the fo/m | 8{z)dz, where S{z) is a rational function of 

finite on the path of integration C, the circle of radius unity whose centre is 
the origin 

Therefore, by § 6 1, the integral is equal to 27rt times the sum of the residues 
of S{z) at those of its poles which are inside that circle 

Example 1 If 0 <p < 1, 

dO f dz 

J 0 l-2it;cos^+^2 ” j c i (1 -P^) 

The only pole of the integrand inside the circle is a simple pole at p , and the residue 
there is 
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Hence 

Example 2 If 0 <p < 1, 


r27r 

Jo 


de 


_ 27r 

2j0 cos 6 “ ] _p2 


cos^30 f * /I . 1 1 

Jo l-2pooa20+p^ Jou\2 '*'2^ J (l-p:^)(l-pg-<‘ 


= 2n2R, 


where 1,R denotes the sum of the residues of 4^6 poles inside C, these 

poles are 0, -p^,p^, and the residues at them are 

4j»3 ’^3(l-p2)’8p»(l-JB^)’ 

and hence the integral is equal to 

7r(l — jo-t-jp^) 

Example 3 If n he a positi\ o integer, 

©TT /*2w 

^o8dcos(wd-smd)ci?d = jjj, e<»®esin(/i^-siiid)<fd=0 


Example 4 If a > ft > 0, 

dS 2ira 


/: 


(a+b cos 6)^ {a^-l 


r2w 

' Jo t 


d6 


— ^ (2a+&) 
(a + fc cos2 fff (a + ' 


6 22 The evaluation of certain types of integrals taken between the limits 

— 00 and + 00 . 

r “ 

We shall now evaluate Q{x)dv, where Q(z) is a function such that 

(i) it IS analytic when the imaginary part of s is positive or zero (except at a 
finite number of poles), (ii) it has no poles on the real axis and (iii) as | ^ |-> oo , 
^Q( 2)-*0 uniformly for all values of arg^ such that O^arg^^w, provided 
that (iv) when x is real, xQ(x)—>0, as x — >+oo, in such a wav* that 

Q (x) dx and j Q (a;) dx both converge 

Given e, we can choose p„ (independent of arg^:) such that | zQ{z) j < e/ir 
whenever | ^^ | > po and 0 < arg z 

Consider I Q(z)dz tahen round a contour C consisting of the part of the 

J c 

real axis joining the points + p (where p > po) and a semicircle F, of radius />, 
having its centre at the origin, above the real axis 

Then, by § 6 1, J Q (^) ~ 27nSjR, where Si? denotes the sum of the 

residues of Q (js) at its poles above the real axisf 


* The condition xQ (x) 0 is not in itself sufficient to secure the convergence of | Q(x)dx, 

consider Q (x) = (x log a?)"! *' 

f Q(z) has no poles above the real axis outside the contour 


W M A 


8 
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Therefore | J Q(z)dz^ 2mXB> ~ ^ 

In the last integral write j: = and then 

1 1 Q («) I = I J’ Q (pe*«) p^ide 

< [ (c/tt) d0 
Jo 


by § 4 62 

Hence lim I Q (z) dz = 27nS-K 

p-^OO J “P 

But the meaning of f Q(a;)dw is lim j Q ((c) da); and since 
J -00 p, o-^co J -p 

lim f Q (ai) dx and lim f Q (x) dx both exist, this double limit is the 
<r -»-00 Jo p-^-oo J -p 

same as lim | Q(x)dx 
p-^oo J — p 

Hence we have proved that 

[ Q(x)dx=27nXB 
J -00 

This theorem is particularly useful m the special case when Q (x) is a 
rational function 

[Note Even if condition (iv) is not satisfied, we still have 

f {Q(x) + Q(-A)}dx—lim P Q(x)dx=27rt2R] 

J 0 p-^co J -P 

Example 1 The only pole of (2:2+i)-3 ^ the upper half plane is a pole a.t with 


residue there Therefore 


dx 3 
,(*“+1)3“ s’" 


Example 2 If a > 0, 6 > 0, shew that 

r* a^dx 


J-«(a4-6^)* 16aU^ 

Example 3 By integrating j dz round a parallelograni whose corners are 
jR, JJ+aa, -i24-azand making shew that, if X>0, then 

J e-^^cos(2\av) dx—e-^’‘ J J e-^dx 


6 221 Certain infinite integrals involving sines and cosines 

If Q (zi) satisfies the conditions (i), (ii) and (ui) of § 6 22, and m > 0, then 
Q (z) also satisfies those conditions 
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Hence f {Q (aj) + Q (- a:) 

J 0 

means the sum of the residues of Q (z) e 
and so 


dx IS equal to where SJ?' 

at its poles m the upper half plane , 


(i) If Q {x) IS an even function, i e if Q (— iz?) = Q (a?), 

I Q (oc) cos (mx) dx = ttiZR 
J 0 

(ii) If Q (x) IS an odd function, 

I Q (x) sin (mx) dx = 

J 0 


6 222 Joidan^s lemma* 


The results of § 6 221 are true if Q (z) be subject to the less stnngent 
condition Q(z)-^0 uniformly when O^arg^r^Tr as |ar|->oo in place of the 
condition zQ(z)—^(i umformly 

To prove this we require a theorem known as Jordan’s lemma, viz 

If Q(^)-»0 umformly with regard to arga: as \z\-*oo when O^arg^^w, 
and if Q (z) is analytic when both | z | > c (a constant) and 0 ^ arg ^ § tt, then 

hm (f $ (z) dz) = 0, 
p-*.oo \Jr J 

where F a semicircle of radius p above the real axis with centre at the origin 

Given €, choose so that | Q (^r) | < c/tt when | ^ | > po and 0 ^ arg ^ tt , 
then, if p > po> 

e™* Q (z) I = j J’' ^ o-eosa+ipsine Q 

But I 1 = 1, and so 


[ e^^Q (z) dz < rie/ir) pe^^^^^^dd 
I •/ r 1^0 

= ( 2 e/ 7 r)J^ pe’'^^^^dd 

Now sin 6 ^ 20/7r, whenf 0 < 0 -tt, and so 

f e^^^ Q (z) dz < (2e/7r) pe-^^l^dO 
l-'r Jo 

= (7r/277t) j^— e-ampfl/irj 

< e/m 


iir 

0 


* Jordan, Coun Analyse, n (1894), pp 285, 286 

t This inequality appears obvious when we draw the graphs y=Bin t, y = 2a;/ir, it may be 
proved by shewing that (sin ff)/S decreases as $ increases {rom 0 to ^ 


8—2 
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Hence lim j Q {z) dz = 0 

p-^ao J r 

This result is Jordan’s lemma 
Now 

J' (emw Q (a,) + g-mv, Q (_ a,)} dx = 2m%R - 6““ Q (z) dz, 

and, making p—^ao, we see at once that 

{e”"* Q (x) + e-™** Q (- «)} dx = 2m%R', 


f 

Jo 


which IS the result corresponding to the result of § 6 221 
Example 1 Shew that, if a > 0, then 

cos^ 


/, 


0 2a 


Example 2 Shew that, if a > 0, 5 > 0, then 

^ C0S2cW7--C08 ^hx 

f 0 


/: 


x^ 


dx=it (Jb — a) 


(Take a contour consisting of a large semicircle of radius p, a small semicircle of 
radius S, both having their centres at the origin, and the paints of the real axis joimng their 
ends , then make qo , ) 

Example 3 Shew that, if 6 > 0, w ^ 0, then 

Example 4 Shew that^ if jfc > 0, a > 0, then 

“ sin CW7 


/: 


Example 5 Shew that, if w ^ 0, a > 0, then 

sin^yi^ - 7r< 

J 0 X “2a* ^ 

(Take the contour of example 2 ) 

Example 6 Shew that, if the real part of z be positive. 


(”+!) 


[We have 


/, 


(«“‘-e~*»)“«log« 

0 


r 

J 0 




x> U* ^ JB t j 

= hm 

^-►0, p-^ooU* ^ J Be U ) 

= lim I f‘^ i-dt- ^dt\, 

{-*-0, p-^oo U* ^ Jp ^ J 


Since is analytic inside the quadrilateral whose comers are d, dz, pz, 
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6 23, 6-24] 

Now J as p-*-oo when Ji(z)>0, and 

[Ss , rsz 

since i-i(l-e-‘)-»-las<-^0] 

6 23 PnTicipaZ values of integrals 

It was assumed m §§ 6 22, 6 221, 6 222 that the function Q (x) had no poles on the real 
axis , if the function has a finite number of sionple poles on the real axis, we can obtain 
theorems con*esponding to those already obtained, except that the integrals are all prmcipal 
values (§ 4 5) and 2R has to be replaced by where 2J2o means the sum of 

the residues at the poles on the real axis To obtam this result we see that, instead of 
the former contour, we have to take as contour a circle of radius p and the portions of the 
real axis joining the points 


— p, a—Sj, ^“§2, 6 h-$2> 

and small semicircles above the real axis of radii Sg, with centres a, 6, c, , where 
a, b, c, are the poles of Q (z) on the real axis , and then we have to make Sj, -^0 , 
call these semicircles yi, yg. Then instead of the equation 


Q {z) dz-^-j^Q (z) dz = 27riSi2, 

we get P Q{z)dz-\’2\\m f Q{z)dz+ f Q{z)dz = ^ 7 n 2 P 

J n J yn Jr 

Let a! be the residue of Q{z) at a , then writing z==a+die^^ on we get 
Q{z)dz=j\(fl + 8i eM) 8i e'ttde 

But uniformly as di-^0, and therefore lim | Q{z)dz= -rria ' , 

Si-^oJ Yi 

we thus get ’ 

P Q (z) dz+ Q (z) dz=27n2R+7ri2Ri)j 

and hence, using the arguments of § 6 22, we get 


Pj Q(a;)d:e=2n-i (SR+^SRo) 

The reader will see at once that the theorems of §§ 6 221, 6 222 have precisely similar 
generalisations 


The process employed above of inserting arcs of small circles so as to dimmish the area 
of the contour is called indenting the contour 


6 24 JEvaluatim of integrals of the form aP~'^ Q (cc) dsc, 

J 0 

Let Q{(c) be a rational function of os such that it has no poles on the 
positive part of the real axis and oiPQ{(xi)->0 both when ic— ►O and when 

OS'-^OOz 
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Consider I (— Q (z) dz taken round the contour G shewn m the figure, 


consisting of the aics of circles of radii 
/), S and the straight lines joining their 
end points , (— zY-^ is to be interpreted 
as 

exp {(o-l)log(-«)} 

and 

log (- ^) = log I ^ I + 1 arg (- z), 
where — tt < arg ^ tt , 

with these conventions the integrand is 
one- valued and analytic on and within 
the contour save at the poles of Q {z) 

Hence, if 2r denote the sum of the 
residues of (— z)^^ Q (z) at all its poles, 



[ (— zY'~^ Q (z) dz = 27n*2? 
J c 


On the small circle write — and the integral along it becomes 

— I (— zY Q (z) id6, which tends to zero as S— >0 

J IT 

On the large semicircle write —z^pe'^, and the integral along it becomes 

— I {—zYQ (r) %dd, which tends to zero as p -* oo 

J ’—IT 

On one of the lines we write -z = xe^\ on the other -z^xe'-^ and 
(— zY'~‘^ becomes x^^ 

Hence 

lim r Q (a?) — Q (x)} dx = ^w%%r , 

(S^O, p-^ao ) J S 

and therefoi e ( Q (x) dx = ir cosec (ctTr) 2r 

Jo 


Corollary If Q (x) have a number of simple poles on the positive part 
of the real axis, it may be shewn by indenting the contour that 

P Q (x) dx — IT cosec (xTr) 2r — tt cot {arr) Xr\ 

Jo 

where Sr' is the sum of the residues of z^'^ Q (z) at these poles 


Example 1 If 0 < a < 1, 
Jo l+x 


cosec aw. 


Jo l-iv 


cot aw 
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Example 2 

If 0 < 0 < 1 and — TT < a < TT, 




Jo sin7r0 

Example 3 

Shew that, if — 1 < 0 < 3, then 


r ^ 

Jo (1+x^y 4 cos ^TTZ 

Example 4 

Shew that, if - 1 </>< 1 and - tt < X < 


(Minding ) 


/; 


dx 


sin 


(Euler ) 


f 0 1 4- 2 a cos \+x^ sin joir sm \ 

6 3, Cauchy^s integral 

Wo shall next discuss a class of contour-integrals which are sometimes found useful 
in analytical investigations 

Let Cbe a contour in the 0-plane, and let/(0) be a function analytic inside and on C 
Let <f> {z) be another function which is analytic inside and on C except at a finite number 
of poles , let the zeros of iz) m the interior* of 0 be ai, 02, , and let their degrees of 

multiplicity be ri, r2, ^ , and let its poles in the interior of (7 be 6i, 62, , and let their 

degrees of multiphcity be 5i, «2 j 

Then, by the fundamental theorem of residues, ^ ^ ^ equal to the sum 

of the residues of at its poles inside C 

Now ^ - ^^ - ^; can have singularities only at the poles and zeros of <^(«) Neai one 

9 W 

of the zeros, say ai, we have 

<^) (0) = (0 - ai)> » + -S (0 ~ ai)^ I + 1 4“ 

Therefore <;(>' (0) = Ati (0 — aj)**! -i 4- -S (rj 4- 1) (js — 4- , 

and /W=/(ai) 4“ («“«!)/' (<3ii)4- 

Therefore “ "73^} 

Thus the residue of*^-—^-^, at the point 0=ai, is 7if{ai) 

(p{z) 

Similarly the residue at 0=61 is — 5i/(ii), for near 0=61, we have 
<][> (0)={7(0— &i;-si4*/^ («— ?^i)“*‘+^4- , 

and /W=/(2 >i) 4-(2-6 i)/'( 6 i) 4- , 


so 


/(f)i>) ^ fi/W jg analytic at &, 

A. 2 _ 


Hence 


ali ^d,=2>r/(a0-2s, t ( 61 ), 


the summations being extended over all the zeros and poles of (0) 


6 31. The number of roots of an equation contained loxtJmi a contour 
The result of the preceding paragraph can be at once applied to find how many lOots of 
an equation (0)=O lie within a contoui C 

For, on putting /(0) = 1 in the preceding result, we obtain the result that 




/, 


r ^(2) 


IS equal to the excess of the number of zeros o\ er the number of poles of (0) contained in 
the inteiior of (7, each pole and zeio being leckoned according to its degree of multiplicity 
* <t> (0) must not hai e any zeros or poles on C 
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Evample 1 Shew that a polynomial <j> (z) of degree m has m loots 
Let ^(a)=aoi(”+ai«”"‘+ +«mi (oo+O) 

<j)' ( 2 ) H- — 1 


Then 


4-«7» 

Consequently, for large values of 1 2 1 , 

Thus, if O' be a 011 cle of radius p whose centre is at the origin, we have 
2in J c 27^^ j c 2 2ni I c / ^Trt j c V^v 


But, as m § 6 22, 


/oO© 


d2-*-0 


as p-»-oo , and hence as ^(z) has no poles in the interior of 0, the total number of 
zeros of <p (z) is 

p-^oo C<l>(^) 

Example 2 If at all points of a contour C the inequality 

I ajfcZ*’ I > I ao+^*l2 4“ + 

IS satisfied, then the contour contains k roots of the equation 

+ai«+ao=0 

For write / (e) =* + «»> - 1 ” ^ + + ai^ + 

Then /(*)=«*** 

=ajfc«*(l+C0, 

where [ 27 1 ^ a < 1 on the contour, a being independent* of z 
Therefore the number of roots of f{z) contained in C 

_ 1 1 f ^ dU\ ^ 

^ 27ri j <7 1 + ^ ^ 

But J ^=27^^ , and, since | 27|<1, we can expand (14-2^)"^ in the uniformly 
vergent senes 


coii- 


l-f7+27^- 


so 




(^27 


(^«=[27-|6^2+j(73. ] 0 


27 “2- -^3- - jc” 

Therefore the number of roots contained in 0 is equal to Jh 
Example 3 Find how many roots of the equation 

s ®+60 + IO=O 

lie in each quadrant of the Argand diagram 


* I 17 1 IS a continuous function of z on C, and so attains its upper bound (§ 3 
upper bound a must be less than 1 


(Clare, 1900 ) 
Hence its 
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6 4 Connexion between the zeros of a function and the zeros of its denvate 

Macdonald * has shewn that if f{z) be afmction of z analytic throughout the interior of 
a single closed contour (7, defined by the equation \f{z) | = whei e M is a constant^ then the 
number of zeros of f{z) in this region exceeds the numb&i of zeros of the derived function 
f {z) in the same region by unity 

On C let f{z)=Me^^ , then at points on C 

Hence, by § 6 31, the excess of the number of zei*os of f{z) over the number of zeros 
of /' {z) inside + G is 


_ 1 _ 


I. 


mdz—L f fl^dz- 
cfizr’’ 2^jcf'(z) 


1 f l^\ 


dz 


Let s be the arc of G measured from a fixed point and let ^ be the angle the tangent to 
G makes with Ox , then 


Now log^ 



IS purely real and its initial value is the same as its final value , and 


dz 


log ^—ly // , hence the excess of the number of zeros of f(z) over the number of zeros of 


f' (z) IS the change in i/^/27r in describing the curve 0 , and it is obvious J that if 0 is any 
ordinary curve, ^|r increases by Stt as the point of contact of the tangent desonbes the 
curve G , this gives the required result 


Example 1 Deduce from Macdonald’s result the theorem that a polynomial of degree 
n has n zeros 


Example 2 Piove that, if a polynomial f(z) has real coefiicients and if its zeros aie all 
real and diflfeient, then between two consecutive zeros of f{z) there is one zero and one only 
of/’ (.) 

[Di IMlya has pointed out that this result is not nocessanly true for functions other 
than polyiioiniaLs, as may be seen by considering the function {z^ - 4) exp {z^j^) ] 
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t /' {z) does not vanish on C unless C has a node or other singular point , for, if + 


Tif 

where <f> and yp are real, since = follows that if f'{z) = 0 at any point, then 

*^11 vanish , and these are su&oient conditions for a singular point on 


X For a formal proof, see Pioc London Math Soc (2), xv (1916), pp 227-242 
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Miscellaneous Examples 


1 A function <f) (z) is zero when a=0, and is real when z is real, and is analytic when 
2! I ^ 1 , if /(Xy y) IS the coefficient of tin <ji prove that if - 1 < ^ < 1, 


pn- a 

Jo 


cos^+^ 


,/(coS 6, sin dd = rr<l> {x) 


(Trinity, 1898 ) 


2 By integrating round a contour formed by the rectangle whose corners are 


(Legendre ) 


0, i2, t (the rectangle being indented at 0 and %) and making R-^co , shew that 

r dx— — - -i- (Legendre ) 

Jo 46“-1 2a 

3 By integiating log ( — 3 ) Q(z) round the contour of § 6 24, wheie Q(z) is a rational 
function such that zQ(z)-^0 as | iz |->-0 and as | z | -► oo , shew that if Q (z) has no poles 

roo 

on the positive part of the real axis, I Q (x) dx is equal to minus the sum of the 

residues of log {-z)Q{z) at the poles of Q{z) , where the imaginary part of log(- 2 ) lies 
between ±7r 

4 Shew that, if a > 0, b>0, 


5 Shew that 


jo 1“ 


/■« ^ 

I ^coa 6a gin (asm 6^) — =-j7r(e® — 1) 
Jo ^ 


= j^log(l+Q!-i), (a!‘>l) 


6 Shew that 


(Cauchy ) 


am(bix sin<#>„ar^^^ ^ amax , rr . 

I Xf 2- — cosai^ COaamX 0^ = o9lV>2* Vnj 

J Q X X X X z 

if 01 » <Pz, 0 «> aij azi (H% ® positive and 

a>\ipi\+\<l>2\'\- +1 <i>»l + l fli 1+ +|awl 

(Stdrmer, Acta Math xix ) 

7 If a point z describes a circle 0 of centre a, and if /(z) be analytic throughout 
0 and its interior except at a number of poles inside then the point y»^f(z) will 
describe a closed curve y in the w-plane Shew that if to each element of y be attributed 
a mass proportional to the corresponding element of U, the centre of gravity of y is the 

point r, where r is the sum of the residues of ~~ ifs poles in the interior of 0 

(Amigues, Nouv Ann de Math (3), xil (1893), pp 142-148 ) 


8 Shew that 


p dx _ 7r(2a+&) 

j -CO (r2 + 62)(^+a7“' 2a3fe(a + 6)2 

p dx ^ -n- 1 3 (2^-3) 1 

Jo (a+bvY 2*64 1 2 («-l) 


9 Shew that 
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10 




n—1 n-1 

n n (1 - shew that the senes 

m=l p—1 




IS an analytic function when z is not a root of any of the equations , and that the 

sum of the residues of f{z) contained in the nng-shaped space included between two 
circles whose centres are at the ongin, one having a small radius and the other having 
a radius between n and w + l, is equal to the number of pnme numbers less than w+l 
(Laurent, Nouv Ann de Math (3), xvili (1899), pp 234-241 ) 

11 If A and B represent on the Argand diagram two given roots (real or imaginary) 
of the equation /(s)=0 of degree n^ with real or imaginary coefficients, shew that there is 
at least one root of the equation/' {z)^0 within a circle whose centre is the middle point 

oi AB and whose radius is \AB cot ^ (Grace, Proc Gamh Phil Soc xi ) 

12 Shew that, if 0 < v < 1, 


^irivX ^ 

1 _ 


n 

lim 2 

77-».QO &=- 


Jlkvm 

k-'X 


[Consider J- 




Sin7r2! Z’-X 

13 Shew that, if m > 0, then 


round a circle of radius w+i , and make n~*-cc ] 

(Kronecker, Joui/mal fdr Math ov ) 


[ “ sin** 'n 

Jo 


-dt 


irin! 




‘2« 

Discuss the discontinuity of the integral at wi=0 
14 liA^B+C+ = 0 and a, 6, c, are positive, shew that 

’ A cos CM7+ Bco8hx-\- +K cos kx 


/: 


dx= — A log a — B log 6 - log k 

(Wolstenholme ) 


15 By considering j taken round a rectangle indented at the ongin, shew 

that, if ^>0, 


and thence deduce, by using the contour of § 6 222 example 2, or its reflexion in the real 
axis (according as a > 0 or a < 0), that 


J -P 


according as x>0^ ^=0 or a7<0 

[This integral is known as Cauch/s discontinuous factor ] 
16 Shew that, if 0<a<2, 6>0, r>0, then 

9 dx 
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17 Let i > 0 and let 2 

n:= — 00 

r 

By considering round a rectangle whose comers are ±(iV4•^)±^, where 

N IS an integer, and making oo , shew that 


/ «— f g-e^t /*x 


■ dz 


By expanding these integrands in powers of e" 2 in* ^ 2 ing respectively and integrating 
term-by-term, deduce from § 6 22 example 3 that 

(jTi)* J -» 

Hence, by putting i—1 shew that 


(This lesult IS due to Poisson, Journal de VtkoU ‘polytechnique^ xn (cahier xix), (1823), 
p 420 , see also Jacobi, Journal fwr Math xxxvi (1848), p 109 [Oes Werke^ ii (1882), 
P 188] ) 

18 Shew that, if 0, 

2 g-ntn^-2n7ro<=,^-4^iro»t jl^2 2 6 “ COS 27lffa I 
)» = -oo I n=l J 

(Poisson, M4m de V Acad des Sci vi (1827), p 592 , Jacobi, Journal fUr Math iii 
(1828), pp 403-404 [Ges Werke^ L (1881), pp 264-265] , and Landsberg, Journal filr 
Math CXI (1893), pp 234-253 , see also § 21 51 ) 
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71 A formula due to Darhouoc* 

Let f{z) be analytic at all points of the straight line joining a to z, and 
let (/) (<) be any polynomial of degree nmt 
Then if 0 < ^ < 1, we have by differentiation 

4 t (-)»* {z - a)™ 4> {t)f ia+t(z- a)) 
at m=l 

= -(z-a) </)'») (t)f' (a + tiz- a)) + (-)» {z - a)»+> ^ (<)/ (a + t{z- a)) 

Noting that (t) is constant = (0), and integrating between the 

limits 0 and 1 of t, we get 

= t (z - a)*” |<^(»-“' (1) /(™) (z) - (0)/(>»i (a)) 

m~l 

+ (-)” (z - f ^(t)f (a -\-t{z — a)) dt, 

Jo 

which 18 the formula in question 

Taylor’s series may be obtained as a special case of this by writing 
(f> (t) = (^ — 1)" and making oo . 

Example By substituting 2n for n in the formula of Darboux, and taking (/> 1)**, 

obtain the expansion (supposed convergent) 

/(*)-/(«)= {/<")« (a)}, 

and find the expression for the remainder after n terms in this series. 


7 2 The Bernoulhan numbers and the Bernoullian polynomials. 

The function ^ cot ^ 2 ? is analytic when | ^ j < 27r, and, since it is an even 
function of it can be expanded into a Maclaurm series, thus 






2 * ''*2' 

then Bn is called the nth Bernoulhan number It is found thatj 

P — ^ ^ P ^ T> ® 

•«1— gj — > •^4 — 5ft> ^6 = aa» 


so 


42’ 


30 » 


66’ 


* Journal de Math (3), ii (1876), p 271 

t These numbers were introduced by Jakob Bernoulli in his Ars Conjectandi, p 97 (published 
posthumously, 1713) 

X I’ho first sixty two Bernoulhan numbcis weie computed by Adams, lint iss Eciwrts, 1877 , 
the fust nmc significant figuics of the fixst 250 Bernoulhan numbers weie bubse(iuc!ntly published 
by Glaislicr, Trans Camh Phil Soc xii (1879), pp 384-391 
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These numbers can be expressed as definite integrals as follows 
We have, by example 2 (p 122) of Chapter VI, 

/■ 


8in pa: da: 1 ^ 


Since 


2t 4t ^ 

sin ^pa! + ^ nn-J 


e"*-l 


converges uniformly (by de la Vall6e Poussm’s test) near j? = 0 we may, by 
§ 444 corollary, differentiate both sides of this equation any number of 
times and then put p = 0 , doing so and wntmg 2t for a:, we obtain 


JJn — 471 



dt 


A proof of this result, depending on contour integration, is given by Garda, MonaUfiefte 
fiXr Math 'und Phy& V (1894), pp 321-4 


Example Shew that 

« ff2n(22n»l) >0 

Now consider the function t - ^ ^ , which may be expanded into a 

Maclaunn senes in powers of t valid when | ^ | < 27 r 

The Bernoulhan polynomial^ of order n is defined to be the coefficient of 
IP 

m this expansion It is denoted by (|>„ {z), so that 

e‘-l n?i n' 

This polynomial possesses several important properties Wntmg z+1 
for z in the preceding equation and subtractmg, we find that 


I {^„(;, + l)-^„(^)}^. 

nsl ' 

On equating coefficients of t" on both sides of this equation we obtain 

(2r + 1) _ (z), 

which IS a difference-equation satisfied by the function {z) 


* The name was given by Baabe,Jb«r»Kil/arJlf«t/i \mi (1851), p 348 For a full discussion 
of their propoifaes, see Holland, .4(,to mat* xuii (1920), pp 121-190 
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An explicit expression for the Bemoullian polynomials can be obtained 
as follows We have 


and 


Hence 


^~l=Zt + -^ + -^ + 


t 

e *- 1 


t . t 



2^ 21 


41 


2 

n=l 


4*n (■^) _ 
n' 


-f r"2+Tr-4r + 

From this, by equating coefficients of (§ 3 73), we have 

<f>n (z) = - 


the last term being that in z or x* and „(?i, nC,, bemg the hinnminl 
coefficients , this is the Maclaurin senes for the nth Bemoullian polynomial. 
When z is an integer, it may be seen from the difference-equation that 

The Maclaunn series for the expression on the nght was given by Bernoulli 
Example Shew that, when » > 1, 

<#>«(«)=(- 


7 21 The Buler-Maclaurin expansion 

In the formula of Darboux (§ 7 1) write for <}> (t), where </>„(«) is the 
nth Bemoullian polynomial 

Differentiating the equation 

(t + 1) - ^ (t) = 

n—k times, we have 

(< + 1) - (<) = n (n - 1) ifcf* 

Putting t = 0 in this, we have (1) = (0) 

Now, from the Maclaunn senes for <l>n(z), we have if ifc > 0 

5 m, ^„(»'(0) = n' 

Substituting these values of (1) and (0) in Darboux's result, 
we obtain the Evler-Maclaunn sum formula*, 

* A history of the formula IS given by Barnes, Proc.JLcwidonilfat^i Soc (2), in (1905), p. 253 
It was discovered by Enler (1732), bat was sot published at the time Euler commumcated 
it (June 9, 1786) to Stirling who replied (April 16, 1738) that it included his own theorem (see 
g 12 88) as a particular case, and also that the more general theorem had been discovered by 
Maclaurin, and Euler, in a lengthy reply, waived his claims to priority The theorem was 
published by Euler, Comm Acad Imp Petrop Yi (1732), [Published 1738], pp 68-97, and by 
Maclaurm m 1742, Treatise on Fluxions, p 672 Eor information oonoemmg the correspondence 
between Euler and Stirlmg, we are mdebted to Mr 0 Tweedie 
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(z - a)f (a) ^f{z)-f{a) - ^ («)} 


4- 


-1 ( 1/w (^) (a)} 


m=l 
(^r-a)*»+i fl 


(2n) 


f {a + (^-a)t] dt 

J 0 


In certain cases the last term tends to zero as >oo , and we can thus 
obtain an infinite senes for /(ir) — /(a) 

If we wnte co for and F(iv) for /' (of), the last formula becomes 
I F(x) = i© {F (a) -h F {a (o)] 

+ 2 ^ \f\f — i-^*”**^^* (,a + m)-F (a)} 

»i=l \Zl7l) 

,, 2 n+i n 


^2n+i ri 

(2«yi Jo ^ 


Wnting (X -f 6), a + 2 g), a + (r — 1) o) for a m this result and adding up, 
we get 

fa+na f- 1 ) 

/ F(x)dx^ ft> ji^’(a) + jP(a-f ft)) + J?'(aH-2cD)4- +|jP(a + rci))V 

»-l Z'— rrt^m 

+ X ' (2^y i ~ ' ' (0)1 + Rn, 


where 


JSfi — 




»t-i 

,2n+i /*! 


(2w) 


J <fhn (i) I X (a + ma> + cot) 


dt 


This last formula is of the utmost importance in connexion with the 
numerical evaluation of definite integrals It is valid if F{x) is analytic at 
all pomts of the straight line joming a to a -f-rcD 

Example 1 If f(s) be an odd function of z, shew that 

r «=/w+ J, ( - r f, ( -*+2**) * 

Example 2 Shew, by integrating by parts, that the remainder after n terms of the 
expansion of i z cot | z may be written in the form 

( _ )n+l^S» + l ri 




(Math Tnp 1904) 


7*3 BurmarvfCs theorem* 


We shall next consider several theorems which have for their object the 
expanaion of one function %n powers of another function 


* Mimotres de Vlnstitutf ii (1799), p 13 See also Dixon, Proc London Math. 8oc xxxir 

(1902), pp 151-163 
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Let ^ (z) be a function of z which is analytic in a closed region S of which 
o 18 an intenor point , and let 

<f>ia) = b 

Suppose also that <j>' (a) + 0 Then Taylor’s theorem furnishes the 
expansion 

4>{2)-b = <l/(a){z-a) + ^^(z~ay‘ + . 

and if it IS legitimate to revert this senes we obtam 


which expresses ^ as an analytic function of the variable 6}, for 

sufficiently small values of — a| If then f(z) be analytic near z = a, it 
follows that/(^) IS an analytic function of {(j> {z) - 6} when \z-a\is sufficiently 
small, and so there will be an expansion of the form 


/W =/(a) + a, {<^ (^) - i} + {<!> (z) - ii, (z) - bY + 

The actual coefficients m the expansion are given by the follow ing 
theorem) which is generally known as Bv/rmann’s theor&m. 

Let yjr (z) be a function of z defined by the equation 


t — a 


'4>(z)~b’ 

then an analytic function f(z) caw, m a certain domain of valices of z, be 
expanded in the form 


»*<»•« 1 ff ri(£h:»l’-£<2AW** 

27rt J a J y (^) — 6 J <!> ~ ' 

and yi8 a contow in the t-plane, enclosing the points a and z and such that, if 
f be any point inside it, the equation (f> (t) ^ <f> {^) has no loots on or inside the 
contour except^ a simple root t — ^ 

To prove this, we have 

f{z)-f(a)= rf'(Od^=— r f J" 

= j_ r f /'(t)<f> (Qdtd^ 

i'TnJaJy <l>{t)-b ln=o \<l>(t)-b] 


It IS asBUtnsd that such a contour can be chosen if | 2 — a j be suMciently small, see § 7 31 
W M A Q 
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But, by § 4 8, 


1 rr r<f> (g) - sr (<) <t>' (o dtd^ _ {<f> (^) - r _ 

^iaivL^W^J <^•(0-6 2,ri(m+l) !,{<#. (0-^1”“^^ 

27n(m + l) Jy (t~a)’»+^ (m + 1)' da”*-' ^ 

Therefore, writing m — 1 for m, 

/w^/w + Y ^ [/.(») ,+(„))«] 

If the last integral tends to zero as oo , we may write the right-hand 
side of this equation as an infinite senes 

Example 1 Prove that 

(7,, 

’ 

where 

g„=(2^)«-> (" - 2) (»^- 3) (! iz l ) . 

To obtain this expansion, write 

f{z)=z, <#.(*)-6=(«-a)e^-“‘, ^(z)=e<-’-^, 
in the above expression of Burmann’s theorem , we thus have 


-“+i. r. 


But, putting 2=a-h^, 


i^!Zi =, «-n(2a«+ta)l 


=(^^- 1) ' X the coef&cient of the expansion of e-»‘<(2a+«) 

=f(n—l ) ' xthe coefficient of in |^ (-)’ 

«-i (-)>'«'-(2a)*»'-»+i 

_(?i-l)lx^S^ («-l-r)l (2r— «+l) ! 

The highest value of r which gives a term m the summation is r=7i- 1 Airanging 
therefore the summation in descending indices r, beginning with r=?i- 1, we have 

=(- ■|(2na)»~ ^ - - ■ ^ | 

which gives the required result. 

Example 2 Obtain the expansion 

9.21 ,.241 . , 

= l&in*5 + ^ ^siu<^2?+ . 
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Example 3 Let a line p be drawn through the origin in the ; 2 -plane, perpendicular to 
the line which joins the origin to any point a If be any point on the ^^-plane which is 
on the same side of the line p as the point a is, shew that 


log£!=loga4-2 S 


2w + l 




7 31 Te%x&ira's extended form of Burmanris theorem 

In the last section we have not investigated closely the conditions of 
convergence of Biirmann’s series, for the reason that a much more general 
form of the theorem will next be stated , this generalisation bears the same 
relation to the theorem just given that Laurent’s theorem bears to Taylor’s 
theorem viz, m the last paragraph we were concerned only with the 
expansion of a function in positive powers of another function, whereas we 
shall now discuss the expansion of a fiinction in positive and negative powers 
of the second function 


The general statement of the theorem is due to Teixeira*, whose exposi- 
tion we shall follow in this section 


Suppose (i) that f{z) is a function of z analytic in a rmg-shaped region 4, 
bounded by an outer curve G and an inner curve c , (ii) that 6 {z) is a function 
analytic on and inside 0, and has only one zero a within this contour, the zero 
being a simple one , (m) that a? is a given point within A , (iv) that for all 
points ^ of (7 we have 

\H^)\<\e{z)i 

and for all points ^ of o we have 

\d{x)\>\6{z)\ 

The equation 6 (z) — 0 (on) = 0 


has, in this case, a single root z = x m the mteiior of (7, as is seen jErom the 
equationf 


1 r O' {z) dz 1 
2Tri J c d(z)’-0 (ai) 




1 f (z) dz 
2 m J c ’ 




of which the left-hand and right-hand members represent respectively the 
number of roots of the equation considered (§ 6 31) and the number of the 
roots of the equation 0(z) — O contamed within G 


Cauchy’s theorem therefore gives 

f(^)- i_r/ 

2m\jc e{z)-e{!c) 


Je ff(z) — 0(a!)_ 


* Jomiml fill Math cxxii (1900), pp 97-123 Soe also Bateman, Amer Math Soc 

xwnr (1920), pp SIC-SOG 

t The expansion is justified by § 4 7, since S converges uniformly when z is on C 

n - 1 K^}] 


9-2 
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The integrals in this formula can be expanded, as in Laurent’s theorem, 
m powers of 6 (sc), by the formulae 

We thus have the formula 


where 




Integratmg by parts, we get, if ^+0, 

This gives a development of /(sc) in positive and negative powers of 
0(sc), vahd for all points sc within the rmg- shaped space A 

If the zeros and poles of f(z) and d(z) inside Q are known. An and Bn can 
be evaluated by § 5 22 or by § 6 1 
ExwnypU 1 Shew that, if | a? [ < 1, then 

^ \ ( %x \ ^ \ [ %x \ ^ 

^“"2 Vl+W ”^2 4 \1+W "^2 4 6 \l+W 
Shew that, when | ^ | > 1, the second member represents 
Example 2 If denote the sum of all combinations of the numbers 

22,42,62, .(27^-.2)2, 

taken tti at a time, shew that 

a ~ sin 2 ^ (2n+2) ' \^+Z 2»H-1 ^ ^ 3 'J ‘ ’ 

the expansion bemg vahd for all values of z represented by points within the oval whose 
equation is | sin « ] = 1 and which contains the point «==0 (Teixeira ) 

7 32 Lagi ange's theorem 

Suppose now that the function f(z) of § 7 31 is analytic at all points in 
the interior of C, and let 6(x) = {x — a)6-y(x) Then 9i(x) is analytic and 
not zero on or inside G and the contour c can be dispensed with , therefore 
the formulae which give An and Bn now become, by § 5 22 and § 6*1, 

A =J-f 1 j ZM 

“ 2mn Jc(^ — «)“ (•3^)1” n ' (a) 

^‘'~27nJc d,(z) z-a~J^’' 

Bn^O 
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The theorem of the last section accordingly takes the following form, if 
we write di (z) = !/<#> (z) 

Let f{z) amd <f>(z) be funcUons of z analytic on and inside a contour G 
surrounding a point a, and let t be such that the inequality 

\t^{z)\<\z-a\ 

IS satisfied at all points z on the perimeter of G , then the equation 

^^a + tcl>(a 

regarded as an equation in f , has one root in the interior of G , and further 
any function of f analytic on and inside G can be ecopanded as a power senes 
in t by the formula 

00 fn 

»(“»■] 

This result was published by Lagrange* m 1770 

EscampU 1 Within the cohtour surrounding a defined by the inequality | s (^ — a) | > | a | , 
where | a | | a |, the equation 

2i-a--=0 

z 

has one root the expansion of which is given by Lagrange’s theorem in the form 

Now, from the elementary theory of quadratic equations, we know that the equation 

* 

2— a- -=0 
z 

has two roots, namely f + 1 

represmta the former of these only — an example of the need for care in the discussion of 
these senes. 

Example 2 If y be that one of the roots of the equation 
which tends to 1 when z^O, shew that 

, w(w4-6)(w+-6)(7i+7) ^ . n(7t+6) (71+7) (7^+8) (w4-9)_^ , 

"b 4 I ^ + 5 I • 

so long as 1 2 : 1 < i 

Example 3 If be that one of the roots of the equation 

57=1 +ya7® 

which tends to 1 when y“*-0, shew that 

logar=y+-^ y«+'' V+ , 

the expansion being valid so long as 

I y I < |(a — I)®"*! a”® | (McClintock.) 

® de VAead de Berlin, xxiv , Oeuvres, n p 25. 
t The latter is outside the given contour 
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7 4 The expansion of a class of fmctions in rational fr actions''^ 

Consider a function f{z), whose only singularities in the finite part 
of the plane are simple poles Ui, Og, as, , where | ajJ ^ | a 2 1 < I I < let 
be the residues at these poles, and let it be possible to choose a 
sequence of circles (the radius of 0,^ bemg with centre at 0, not 
passing through any poles, such that \f{z) | is bounded on (The function 
cosec z may be cited as an example of the class of functions considered, and 
we take = {ni + i) tt ) Suppose further that as >oo and that 

the upper boundf of \f{z) [ on Cm is itself bounded as{ m — ► oo , so that, for all 
pomts on the circle (7^, \f{z)\< if, where M is independent of m 


Then, if x be not a pole of f{z\ since the only poles of the mtogrand an* 
the poles of f{z) and the point z — x,vre have, by § 6 1, 


1- [ — f(x\ + V 


where the summation extends over all poles in the intenor of Cm 

But ji-f 

^TTlJo^Z — X ^TTlJCm ^ J Cm ^ 


r a, 2m I a. ah — s)' 


<c^z{z-xy 

if we suppose the function f{z) to be analytic at the origin 

Now as oo , f . is 0 (f2m’*0> and so tends to zero as m tends 

to infinity 


Therefore, making m->oo , we have 


o=/(^)-/(0)+ i bJf— 

»=1 V^n " ^ 



which IS an expansion of f(x) m rational fractions of x , and the summation 
extends over all the poles off(x) 


If |an|<|an+i| this senes converges uniformly throughout the region given by 
I d? I < a, where a is any constant (except near the pomts a^) For if be the radiui 
of the circle which encloses the pomts 1 ai j |, the modulus of the remainder of the 
terms of the senes after the first n is 


\— [ f Ma 

1 2?riy 

by § 4 62 , and, given e, we can choose n independent of x such that Mal{R^^a) < t* 

* Mittag-Leflaer, Acta Soc Scteiit Fenmcac, xi (1880), pp 278-298, See also Acta Math iv 
(1884), pp 1-79 

t Which IS a function of m 

J Of course need not (and frequently must not) tend to infinity continuously; e.g in the 
example taken **» where m assumes only integer values 
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The convergence is obviously still uniform even if | | ^ 1 »«+! I provided the terms of 

the series are grouped so as to combine the terms corresponding to poles of equal moduli 

If, instead of the condition \f{z)\<M^ we have the condition | ^f{z) | <.M^ where M is 
independent of m when z is on and ^ is a positive integer, then we should have to 


expand f by wilting 

/ Q Z — X 


1 1 

Z — X^Z ^ (21 — ’ 

and should obtain a similar but somewhat more complicated expansion 

E%amph 1 Prove that 

cosec2=-4-2(-)”f — 1- — ) , 

z ' \2 - wtt nirj 

the summation extending to all positive and negative values of n 

To obtain this result, let cosec z - j=/( 2 f) The singularities of this function are at the 

points 3=7i7r, where n is any positive or negative integer 

The residue of f{z) at the singularity rvir is therefore ( — )" and the reader will easily 
see that \f{z)\ is bounded on the circle | « |=(74 4-^) ir as 

Applying now the general theorem 




where Cn is the residue at the singularity we have 


/»-/<»)+£<-)■ {.j^+s} 

But 

/(0)= hm 

z-*‘0 «sine 

Therefore 

coseo «= i 4- 2 ( — )“ f — H 1 

z ^ ' [js—nTr ^^7rJ 

which is the required result 


EmmpU 2 If 0 < a < 1, shew that 
1 " 

— — - s= -4* 2 — 

<?*-l z „=i 

Example 3 Prove that 


1 * cos ^natr - ^ntr sin ^narr 

«»-l 


1 i I 2 1 

2)rJ^ (cosha;— cos i) 2ira.'* (2jr)*+ia'‘* 

__J__ I + 

e8ir_g-3>r + 

The genez‘8il term of the senes on the right is 

(-)*•»• 

(enr _ g-or) {(rn-)‘ + Jjr*} ’ 

which IS the residue at eaoli of the four singularities r, -r, n, -n of the function 

TTZ 

( w V + (s’"* - e-”») sin n-s 
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The singularities of this latter function which are not of the type r, —r,n, — ri are 
at the five points 

(±l±t)a: 


0 , 






At z=0 the residue is 

at each of the four points the residue is 

Stt 

{2ira^ (cos a: - cosh a?)} " ^ 


Therefore 


4 S 


i+-T3“” 


rs=i — e (nr )^ + (cosh ^ - cos 

, f 


TTZdz 


where C \b the circle whose radius is ^+5, (n an integer), and whose centre is the ougm, 

2 

But, at points on (7, this integrand is 0(\z |“3) , the limit of the integral round C is there- 
fore zero 

From the last equation the required result is now obvious 

Exanyple 4 Prove that sec x=4:rr ( ^ ^ ^ r-o + ^ a — ^ 

^ J 

Example 6 Prove that eosech ^ -f 

X \7r2 + a?2 47r2+^^97r-*-f-^ / 

Example 6 Prove that seoh ^=4w . ) 

E^a^le7 Prove that ooth ^=i+2^(^ + ^-j^ + g™5^+ ) 

Examples Prove 

(Math, Tnp 1899*) 

7*6 The eocpansion of a class of fwncUoTis as mfimte products. 

The theorem of the last article can be applied to the expansion of a certain 
class of functions as infinite products 

For let f{z) be a function which has simple zeros at the points^ 
Oi, CI 2 , G&s, , where lim | an | is infinite , and let f{z) be analytic for all valu^ 

of z 

Then f'{,z) is analytic for all values of (§ 5 22), and so os® have 

smgulanties only at the points Oi, Og, a,, 

Consequently, by Taylor’s theorem, 

/(z) ^(z- ar) f (ar) + f" (a,) + . . 

f W = f (flr) +(z- Or) f" (Or) + 

* Theao being the only zeros of /(«) , and 


and 
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It follows immediately that at each of the points a^, the function 
has a simple pole, with residue + 1 

If then we can find a sequence of circles of the nature described in 

f' M 

I 7 4, such that bounded on 0^ as oo , it follows, from the 

expansion given in § 7 4, that 


, i (1,1^ 

/(^) /(O) ntl V - Cln 


Since this series converges uniformly when the terms are suitably grouped 
(§ 7 4), we may integrate term-by-term (§47) Doing so, and taking the 
exponential of each side, we get 


('-I}*"}’ 


» = 1 

where c is independent of z 

Putting = 0, we see that /(O) = c, and thus the general result becomes 

fJMz 00 (/ I.) 

/(.)./(0)»« n|(i-£)e»}. 

This furnishes the expansion, in the form of an infinite product, of any 
function f{z) which fulfils the conditions stated 


Example 1 Consider the function which has simple zeros at the points 

rw, where r is any positive or negative integer 

In this case we have / (0) = 1 , f (0) = 0, 

and so the theorem gives immediately 

for it 18 easily seen that the condition concernmg the behaviour of as | z |-»-oo is 
fulfilled 

Example 2 Prove that 

(-©} hM h(aT)’l h(^)’) 

cosh cos 
” 1 - cos J7 

(Tnnity, 1899 ) 


76 The factor theorem of Wexerstrass* 

The theorem of § 7 6 is very similar to a more general theorem m -which 
the character of the function /(■2), as | « j— >oo , is not so narrowly restricted 

* Berliner Abh (1876), pp 11-60 , Math Werht, u. (1895), pp 77-124 
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Let f {z) be a ftinction of z with no essential singularities (except at ' the 
point infinity’), and let the zeros and poles of f(z) be at Ui, Oa, era, , where 
0<|ai|<lc&2|^|^t8| Let the zero * * * § at be of (integer) order m-n 


If the number of zeros and poles is unlimited, it is necessary that 
|an|— > 00 , as n— > 00 , for, if not, the points an would have a limit point f, 
which would be an essential singularity of f{z) 


We proceed to shew first of all that it is possible to find polynomials 
gn (z) such that 


n 

n-l 


Z\ / J 
. _ ) 

an) 


converges for allj finite values of z 


Let K be any constant, and let \z\<K, then, since |an|-->oo, we can 
find N such that, when n> N'y\an\> 2K 

The first W factors of the product do not affect its convergence^ , considei 
any value of n greater than N, and let 






1 


Then 




00 n 

X - 



since I Zn<hr^ I < I 
Hence 



z 

\K » 

Z 

< 

Clnl 

s 

W =:0 

a^i 


< 2 1 {KonT^f^ 





where \\in{z)\^2\mn, {Kun-'^)^ \ 

Now rrin and are given, but is at our disposal , since Ka^T^ < we 
choose kn to be the smallest number such that 2 1 {KayT^Y^ I < where 

QO 

S hn is any convergent series? of positive terms 

Hence H [jfl - M = n e«n(*), 

»=2V+iL1^ J J «=Y+1 


where | Un {z) | < , and therefore, since bn is independent of z, the product 

converges absolutely and uniformly when \z\< K, except near the points an 


* We here regard a pole as being a zero of negatiTe order 

+ From the two dimensional analogue of § 2 21 

t Provided that z is not at one of the points for which is negative 

§ E g we might take 6„=:2”’* 
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Now let * n 1^1 — ^ «*'“**’ 

Then, if /(^r) — Qi( 2 ) is an integral function (§ 5 64) of z 

and has no zeros 

It follows that ^ (^) 1® analytic for all finite values of z , and 

00 

30 , by Taylor’s theorem, this function can be expressed as a senes 2 
converging everywhere , integrating, it follows that 

00 

where 0{z)- S and c is a constant, this series converges e\erywhere, 

»=i 

and so G (z) is an integral function 
Therefore, finally, 

where G (z) is some integral function such that G (0) = 

[Note The presence of the arbitrary element O {z) which occurs in this formula for 
f{z) IS due to the lack of conditions as to the behaviour of/(e) as | 2 l-*-oo ] 

Corollary If it is sufficient to take by ^ 2 36 

77 The eoopansion of a class of penodic functions in a series of 
cotangents 

Lot f{z) be a periodic function of analytic except at a certain number 
of- simple poles , for convenience, let tt be the period of f{z) so that 
/(^) =/(«+■»•) 

Let z = x + iy and let f{z)—*l uniformly with respect to x as y— >+ «?, 
when 0 <a; , similarly let uniformly as y— > - oo 

Let the poles of f{z) in the strip 0 <a;<'7r be at Uj, 02 , u»j and let the 
residues at them be Ci, c,, c„ 

Further, let ABGD be a rectangle whose comers are* —ip, ir — tp, 
ir + ip' and ip' in order 

Consider 2 ^ J f (t) cot (t — z) dt 

taken round this rectangle , the residue of the integrand at a, is Cr cot (a, - •»), 
and the residue at z is f{z) 

Also the integrals along DA and GB cancel on account of the periodicity 
of the integrand, and as 00 , the integrand on AB tends uniformly to Vi, 
while sa p'—* 00 the mtegrand on GD tends uniformly to — therefore 

\{l' + l)=f(z)+'S, OrCOt{ar-z) 

* If any of the poles are on a;=9r, shift the rectangle slightly to the nght, />, p' are to be 
taken so large that ai, as, are inside the rectangle 
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That IS to say, we have the expansion 

/(•^) = I G' +0+2 Or cot (sr*- Or). 


ExarnypU 1 


r=l 


cot(^-ai)cot(^— 02) ,cot(^-a^)= 2 cot(ay— ai) ♦ c(?t(a^— aTO)cot(^ — civ) + (-)i^, 

r=l 


or 


= 2 cot (a^ — ai) * cot {a^ - «„) cot {x — j 

r=l 

according aa w is even or odd, the * means that the factor cot (a,.— a^) is omitted 
Example 2 Prove that 

sm (x - 5 i) sm {x - 62) sin - 6^ ) sm (ai &i) sin (ai — bn) w _ x 

sin (x - ai) sin (x — ^2) am {x—a^ sin {ai — 02) sin (aj - a„) ^ 

+ Bm(aa-6„ ) 

sin(a2-ai) sin(a2-an) 


+ cos (aj 4*02+ +05^—61 — 62"" —^n) 

7 8 BoreVs theorem^ 

00 

Let/(^’) = 2 OnZ'^ be analytic when | « | < r, so that, by § 5 23, | a„r" | < J/, 

MssO 

where M is independent of n 

^ Of z'^ 

Hence, if <f>{z)^ 2 , j> {z) is an integral function, and 

»=o ^ 

' ^ ^ ' »-0 « ' 

and similarly | (sr)| ji^ 

, Now consider /i(s:)=J e~* <j> (zt) dt , this mtegral is an analjrtic function 
of z when 1 4 : | < r, by § 6 32 

Also, if we mtegrate by parts, 

(z) = 1^— e~* <f> 

r “1 00 0^0 

— X ^ (zt) H- z'^^ I (zt) dt 

m=o L Jo Jo 

But lim (zt) = Om , and, when \ z\<r, hm (zt) = 0 

#-►0 t^ao 


Therefore 


/,( 2 r)= X a,„zf^ + Bn, 

m=0 


t Leg&n$ eur les series divergentes (1901), p 94 See also the memous there cited 
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where 


1 I < 1 I e-‘ . dt 

= 1 I »+' JIf {1 - I if I 


0, as ?i — >00 


Consequently, when \z\<;r, 

Mz)= 2 amz”^=f{z), 

m=0 

and so /(^)= (^i) dt, 

0 

<» 00 

where <j>{z)—'Z is called BorePs function associated with % a^z'^ 

n-O U 

00 CL ^ r* 

If >S'= '2 an and <jE)(«)= 2 and if we can establish the relation S== j e~*<l>{t) dt;, 
n=0 n=0 ^ Jo 

the senes S is said (§ 8 41) to be ^ mmmahle {By , so that the theorem just proved 
shews that a Taylor’s senes representing an analytic function is summable (B) 


7 81 Boi eVs integral and analytic corUinuodion 

We next obtain Borel’s result that his integral represents an analytic function in 
a more extended region than the interior of the circle | « |==r 



This extended region is obtained as follows take the singulanties a, h, c, of / W and 
through each of theija draw a line perpendicular to the line joming that singularity to the 
origin The lines so drawn will divide the plane into regions of which one is a polygon 
with the origin inside it 

Then BoreVe integral repreBents an analytic junction (which, by § 5 5 and § 7 8, is 
obviously that defined by /(£;) and its continuations) throughout the interior of this 
polygon The reader will observe that this is the first actual formula obtained for the 
analytic continuation of a function, except the trivial one of § 6 5, example 

For, take any point P with aflbx f inside the polygon, then the circle on OP as 
diameter has no singularity on or inside it*, and consequently we can draw a slightly 

* The reader will see this from the figure , for if there were such a singularity the correspond- 
ing side of the polygon would pass between 0 and P , i e P would be outside the polygon 
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larger concentric circle* C with no singularity on or inside it Then, by § 6 4, 

00 -f 

but 2 converges uniformly (§ 3 34) on since f{z) is bounded and | 2 f| > $ > 0, 

where 3 is mdependent of j? , therefore, by § 4 7, 


and so, when t is real, | | < jP(f) 6^, where is bounded m any closed region lying 

wholly iTiside the polygon and is independent of t , and X is the greatest value of the 
real part of Cfz on C 


If we draw the circle traced out by the point we see that the real part of (jz is 
greatest when z is at the extremity of the diameter through f, and so the value of X is 

\ C \ { Ifl +^}“'<1 

We can get a similar mequahty for <l>' (Ct) and hence, by § 6 32, ^ dt is 

analytic at f and is obviously a one- valued function of C 
This IS the result stated above 


7 82 Eocpansions iv senes of inverse factorials 

A mode of development of functions, which, after being used by Nicole f 
and StirlmgJ in the eighteenth century, was systematically investigated by 
Schlomilch§ m 1863, is that of expansion in a series of inverse factorials. 

To obtain such an expansion of a function analytic when \js\> r, we let 
the function be /(a) = and use the formula /(z)= J ze-^<f>(t)dt, 

where ^^ant^/{n^), this result may be obtained in the same way as 

that of § 7 8 Modify this by writing = 1 - ^ (t) = ^ then 

/(z) = rz(i-^y-^F(^)d^ 

J 0 

Now if t = u + iv and if t be confined to the strip — 7 r<t;< 7 r, ^isa one- 
valued function of f and ^(|^) is an analytic function of and f is restricted 
so that -TT < arg (1 - f) < TT Also the interior of the circle | ^ | - 1 corresponds 

* The chjffereuce of the radii of the circles being, say, d 

t M€m de VAcad des Set (Paris, 1717) , see Tweedie, Proc Edin Math Soc xxxvi (1918) 

X Metkodus Differenttahs (London, 1730) 

§ Compendtum der hdheren Analym More recent investigations are due to Kluyver, Nielsen 
and Pmoherle See CompUt Rendus, cxxini (1901), oxxxiv (1902). AnnaUs de I’ltcote norm 
tup. (8), XIX , XIII , lira , Rendtconti dei Lmcet, (5), xi (1902), and Palermo Rendtconti, xx«v 
(1912) Properties of functions defined by series of inveise factonals have been studied lu an 
important memoir'by NOrlund, Acta Math xxivn. (1914), pp 327-887 
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to the interior of the curve traced out by the point t<= — log ^2 cos 
(writing ^ = exp (e + •»■)}) , and inside this curve 

\t\-R(t)^[{B (t)Y + 

as R (t)-*ao 

It follows that, when 1 < 1, 1 -P(?) | < ife’’'*' < if, | |, where if, is in- 
dependent of t , and so FQ ) < if, |(1 — | 

N ow suppose that 0 ^ | < 1 , then, by § 5 23. | F <»> (f ) 1 < ifa n< where 
ifa is the upper bound of |jP(^)| on a circle with centre ^ and radius 
P<l-£. 


Taking p = (1 — f) and observing that* (1 -f n~^)” < e we find that 

<Mie(n + iy 

Remembenng that, by § 46, [ means lim [ , we have, by repeated 

J 0 e-»+0 Jo 

integrations by parts. 


/(«)= hm 

<-►40 




-fr I I I . .p 

where 6„ = lim [- (1 - ^y+”F («> (?)] ^ ‘ 

^-►•o L Jo 

- i’w (0), 

if the real part of 4- n — r — n > 0, i e if 5 (^;) > »• , further 

I ^ i « iFPTkItWt^ r I <' - ® I 

Mie(n + 2y 

Mje(n + 2y 

(r 4- 1 + 8) (r + 2 + S) (r + w + S) S’ 

where i - R(z — r) 

♦ (l+aj-i)* increases with x, for 2/<l> and so log is to 

say, putting -^xlog (l + a!~^)=]og {l+a5”^)-^j-^>0. 
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Now 




r+a 


71 

tends to a limit (§ 2 71) as n-^oo , and so | i2„ 1^0 if (n + tends 

to zero , but 

S 1/m >1 — = log (n + 1), 

m=l ^ 

by §443 (n), and (n + 2)>-(n+ l)-^"'-»0 when S>0, therefore i?«->0 as 
n — >00 , and so, when Jt (z) > r, we have the convergent expansion 

?. a- X 

/(^) = 6o + ^ + ; 


■(« + l)(« + 2)'*‘ ■^(^ + f)(ir + 2) (z + nj 

Example 1 Obtain the same expansion by using the results 

— ; = — , f (1 - 

(z+l)(z+2) (z+n+l) n^Jo 

f /(^^f dt r/(t)(i-u)‘-‘-iciu 
J 0 z-t Jo jo 

Example 2 Obtain the expansion 

, IN I Oj at 


.-•4- 


where 


2(2+1) 2(2+1) (2+2) 


and discuss the region in which it converges 


AqfthlfSmilch ^ 


EEFERENCES 

E Goursat, Cours d’ Analyse (Pans, 1911), Chs xv, xvi 
E Borbl, Lemons suy les sines dwergentes (Pans, 1901) 

T J I’a Bromwich*, Theory of Infinite Series (1908), Chs vni, x, xi 
0 SchlOmilch, Compendium der hoheren Analym, ll (Dresden, 1874) 


Miscellaneous Examples 

1 If y~X'~<p(y)=Q, where (jb is a given function of its argument, obtain the 
expansion 

where / denotes any analytic function of its argument, and discuss tho range of its 
validity (Levi-Civitk, Rend dei Lincei, (6), xvx (1907), p 3 ) 

2 Obtain (from the formula of Darboux or otherwise) the expansion 

/J.) {/(») (,) _ , 

find the remainder after n terms, and discuss the conveigence of the series 

* The expansions considered by Bromwich are obtained by elementary methods, i e without 
the use of Cauchy’s theorem 
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3 Shew that 

m=sl 


(m 


2W 




where 


+( - )« A»+i y ‘ y» («)/<"+*> («+Aif; dt. 


and shew that {x) is the coefficient of n ' ^ in the expansion of {(1 - fcp) (1 ^ m 
ascending powers of t 

4 By taking 

in the formula of Darboux, shew that 

f{x+h) -f{x) = - ^ («+^) - ^/<“> (^)}- 

+(_)«A«+i j^^<l>(t)ff^+^)(x+ht)dt, 

1—^ u 

where __=:1 -a, -+a^ _ -a^ _ + . . 

5 Shew that 

/«-/(«)= S (-).»-! {/(i8m-l) (a)+/(»m-l) (,)} 


2m I 


2nl 


fsn (<)/•“"**> {«+< («-»)} dt, 




where 

6 Prove that 

/ W (Z2 - z,) r W + Ca (^2 -^l)V" (^i) - ^8 (^2 - ^i) V'" (^) 

-C'4(«2 -*!)'* /*’(«!)+ +(-)*(*a-2i)"*' |^(fl^sech«)j-^ ^/<»+i)(ri+te2-«2i)d« , 

in the series plus signs and minus signs occur in pairs, and the last term before the 
integral is that involving also is the coefficient of in the expansion of 

cot in ascending powers of z (Trinity, 1899 ) 

7 If Xi and are integers, and (z) is a function which is analytic and bounded for 
all values of z such that Xi^R («) <^ 2 > shew (by integrating 

(f) (z) dz 


I. 


^±2nrt!S ^ 2 

round indented rectangles whose comers are Xi, x^, X 2 ±ooi, Xi±coi) that 
^(j) (^i)+</)(^i4-1)4'^(-2?i+2)H- (^2^ I)+i<5f^ (^ 2 ) 

^J'^<l>(z)dz+-j^ ^ ^ ~ y 2 ~ ^y) + 0 (^1 - ^S^) 

Hence, by applying the theorem 


■/, 


e27ry_l 


dy^B^ 


w M A 


10 
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where jBi, B 2 , are Bernoulli’s numbers, shew that 

<^(l)+^( 2 )+ . +<p(n)-=C+i<f>(n)+ f" <l>(i!}ck+ S - Pi («), 

J r=l I 

(where {7 is a constant not involving ti), provided that the last senes converges 

(This important formula is due to Plana, Mem della, R Accad d% Torino^ xxv (1820), 
pp 403-418, a proof by means of contour integration was pubhshed by Kronecker, 
Jourrml fur Math ov (1889), pp 345-348 For a detailed history, see Lmdelbf, Le Calcid 
dee Residue Some appUcations of the foimula are given in Chapter xii ) 


8 Obtain the expansion 


U=%+ I 


1-3) a?" 


n= 2 ' ■ » ’ 

for one root of the equation ^=2^i+ and shew that it converges so long as | ^ | < 1 

9 If denote the sum of all combmations of the numbers 

1^32,62, (2J^-l)2, 

taken m a,t & time, shew that 

« sin 0 ^,i=o( 2 ^-l- 2 ) ' l2?i+3 ^ 2 (n+i) 2 %+l^ ^ ^ 2 (n+i) 3 J ^ 

(Teixeira ) 

10 If the function f(z) is analytic in the interior of that one of the ovals whose 
equation is | sin 2 1 = (7 (where 1), which mcludes the origin, shew that f{z) can, for all 
points z withm this oval, be expanded in the form 


/(2)=/(0)+ 2 


- /a-) (0) (0)+ +-S^-V" (0) 


• 8m^«: 


(0) (0)+ f (0) 


+ 2 

n=o 

where is the sum of all combmations of the numbers 


taken m at a time 

11 Shew that the two senes 


(2^1+1)’ 
,e numbe: 

2, 42, 62, ( 271 - 2 ) 2 , 

es the sum of all com 
12, 32, 52, (2?i-l)2, 


■ sin2»‘+i«, 


taken m at a time, and denotes the sum of all combinations of the numbers 


(Teixeira ) 


2,+?£’ + — + 
2«+ 32 + 5s + 


and 


2^ 2 / 2z Y 2_£ / 2z Y _ 

1-22 1 32\l-22j +3 52\^i_^2y 


represent the same function in a certain region of the z plane, and can be tiansformed 
into each othei by Burmann’s tbeorein 

(Kapteyn, Fieuw ArcJmf^ (2), iii (1897), p 225 ) 


12 It a function f(z) is periodic, of period 2w, and is analytic at all points in the 
infinite strip of the plane, included between the two branches of the curve | sin 1 — <7 
(where shew that at all points in the strip it can be expanded in an infinite series 

of the form 


/(0)=i4o+iliSin«4- H--dnSm»£;+ 

+cos«(5i-f jB2sm«;+ +jB,tSin»^-i;?+„ ), 

and find the coefficients An and 
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13 If 0 audy are connected bj the equation 


of which one root is or, shew that 

^ 1 +11 2t <#>'3 

the general term being (—)”*. 


Xm 


X3 


1 

■ 1 » ^ t 3 ' 


<i>' (02)' 

0- (02)" (/32?-)' 

0 '" ( 02 )"' ipFy 


1 1 2 » ' (0')i»"(«‘+i) by a determinant in which 

the elements of the hrst row are <f,', (,#,7, ^ 

ditierential coefficient of the preceding one with respect to a, and /. F' denote 
F{a),f{a),F’{a), ’ 

(Wronski, Fhlotoplm de la Teehmie, Section ii p 381 Foi proofe of the theorem 
see Cayley, Q«m terly JonmaZ, xn (1873), Tianaon, Nouv Ann de Math xiii (1874;, and 
0 Lagrange, Bruji M4m Couronnia, 4“, xmt (1886), no 2 ) 

14 If the function W{a, b, a) be defined by the series 


which converges so long as 


kl< 


d 


m’ 


shew that ^ W {a, 6, «)= l+((i- 6) W(a-b, b, a ) , 

and shew that if W{ay 6, a), 

then ^=n'(6,a,y) 

Examples of this function are 

W (1, 0, a)=e*~ 1, 
ir(o, 1, v)=iog(i+^), 

F(a, l,«)=(l±^!i:l 


(Jezek.) 


15 Prove that 


._i i‘ . I (-)"^ 

“ ^ «o I « ' ao"** " 


2 

»t=0 


wheic 


a.- 


2ai 

4a2 

6 cC 3 


ao 

Zai 

bUi 


0 

2^0 

4aj 


0 

0 

ZUq 


wa„ (7^-.l) 05^-1 
and obtain a similar expression for 


,0 

0 

0 

(«~])ao 

a; 


16 Shew that 


(Mangeot, Ann de VEcole norm sup (3), xiv ) 


-J_=_ i 

« rUr+l 091 ’ 


2 

> =0 


10—2 
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where 3r is the sum of the rth powers of the reciprocals of the roots of the equation 

n 

2 =0 
r=0 

(Gambioli, Bologna Memone^ 1892 ) 

17 If /n {z) denote the nth derivate of f{z\ and if /-n(^) denote that one of the ?ith 
integrals of f{z) which has an 7i-ple zero at 0 = 0 , shew that if the senes 

n =— 00 

is convergent it represents a function of z+x , and if tjie domain of convergence includes 
the ongin in the ^r-plane, the senes is equal to 


2 

»=o 

Obtain Taylor’s senes from this result, by putting ^ ( 0 ) = 1 
18 Shew that, if ^ be not an integer. 


(Guichard ) 


as l/-►oo , provided that all terms for which m=w. are omitted from the summation 

(Math Trip 1805 ) 


19 Sum the senes 




where the value 7 i =0 is omitted, and je>, q are positive integers to be increased without 
limit 

(Math Trip 1896) 

20 K Fix) =e shew that 

and that the function thus defined satisfies the relations 

-P'(*)/'(l -3;)=2 sma;w 

;8 , 2* 


^2 r ^ 

Further, if ’K®)=2+22+ 3^+ “ - j ^log(l-t) j , 


shew that 
when 

21 Shew that 


|l_e-2>ri»|<l 


(Trinity, 1898 ) 


n {1 - 26 -«<; cos {x + + e-^}^ {1 - 2 e-«tr cos (x^ fig) +e- 3 a^}i 

_ g'=l 


where 

and 


2^^ (1 - cos x)^^ 

. 2g^l . , 2^-1 

<L,=itsin*-2 ^ i3-=jfccos-2 „ 

0<x<2fr 


(Mildner ) 
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22 If I A I < 1 and a is not a positive integer, shew that 


S 




l-e2a"-r 

where is a contour in the ^-plane enclosing the points 0, x 

(Lerch, Cotsopu^ xxt (1892), pp 65-68 ) 

23 If are any polynomials in and if F{z) be any integrable 

function, and if {z\ (z), be polynomials defined by the equations 

/A » — ^ 

f V {^) ,^,1 (^) (^) (^) 

^ ® Z ^ SC 


shew that 
+ 


P ^i(z) ifr a (^) , 


T + .. . . 


<#>1 (a) (^i («) <;!)2 (e) (a) (*) <;^3 W ' 


24 A system of functions po (^)j Pi {^)i p% (^), is defined by the equations 

Po(«) = l, Pn+l(«)=(22+a„3+6n)^»W, 

where a,i and 6,^ are given functions of which tend respectively to the limits 0 and — 1 
as ^ 2 .-#*-oo 

Shew that the region of convergence of a series of the form 26„p,j(;gi), where ei, e^y 
are independent of z, is a Cassini’s oval with the foci +1,-1 

Shew that every function /(z)y which is analytic on and inside the oval, can, for points 
inside the oval, be expanded in a senes 

/ W (Cn+^n) Pn W, 

= fln(z)f(z)dz, 

the integrals being taken round the boundary of the region, and the functions (z) being 
defined by the equations 

(Pincherle, Rend dei Lincei, (4), v (1889), p 8 ) 

25 Let (7 be a contour enclosing the point o, and let 0 {z) and /(at) be analytic when 
z is on or inside C Let | ^ | be so small that 

\t<l>(z)\<\z-a\ 

when z is on the periphery of C 
By expanding 

■ f a. 

^TTiJc z-a-t^ (z) 

in ascending powers of ty shew that it is equal to 
Hence, by using §§ 6 3, 6 31, obtain Lagrange’s theorem 



CHAPTER VIII 

ASYMPTOTIC EXPANSIONS AND SUMMABLE SERIES 


8 1 Simple example of an asymptotic expansion 

Oonsidei the function /(«) = f r'e*-‘d«, where x is real and positive, 

J X 

and the path of integration is the real axis. 

By repeated integiations by parts, we obtain 

... 1 1 21 r 

^ j* t' 

In connexion with the function /(<*)» we therefore consider the expiession 




U^r-l — ■ 


X^ 


and we shall write 


$ _1 


{-Yn^ o / \ 


Then we have ^ tii— ► 00 . The series is theie- 

fore divergent foi all values of x In spite of this, however, the senes can 
be used for the calculation of fix)y this can be seen in the following way 

Take any fixed value for the number w, and calculate the value of 8n 
We have ^ ^ , 

f(x) - Sn (x) = (-)"■'•’ (n + 1) ! j ^ ~^a~ ’ 

and therefore, since ^ 1, 

f°° dt n’ 

For values of x which are sufficiently large, the right-hand meuibei of this 
equation is very small Thus, if we take x^2n, we have 

\fix)— Sn (x) I < 2n4-i^> > 


which for large values of n is very small It follows therefore that ths valuB 
of the function f(x) can he calculated with great accuracy for laige values of x, 
by tahng the sum of a suitable number of terms of the senes Xum 

Taking even fairly small values of x and n 

;S5(10)=0'09152, and 0</(10)-)S6(10)<0-00012 
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The series is on this account said to be an asymptotic eaparmon of the 
function f{x) The precise definition of an asymptotic expansion will now 
be given 


8 2 Definition of an asymptotic expansion 


A divergent senes 




in which the sum of the first (w + 1) terms is Sn (^), is said to be an asymptotic 
expansion of a function f{z) for a given range of values of arg^^ if the 
expression {z) — [f{z) — Sn (f)] satisfies the condition 

lim jRn (-2^) =0 fixed), 
even though lim | ( 2 r)| = oo {z fixed) 


When this is the case, we can make 


where e is arbitranly small, by taking | z ] sufficiently large. 

We denote the fact that the series is the asymptotic expansion of/(^^) by 
writing 

S Anir’' 

«s=0 

The definition which has just been given is due to Poincar6* Special 
asymptotic expansions had, however, been dii^covered and used in the 
eighteenth century by Stirling, Maclaurin and Euler Asymptotic expan- 
sions are of great importance in the theory of Linear DifFeiential Equations, 
and in Dynamical Astronomy , some applications will be given in subsequent 
chapters of the present work 

The example discussed m § 81 clearly satisfies the definition just 
given for, when x is positive, | a;" [/(oi) - Sn (^»)} ] < n -» 0 as a? oo 

For the sake of simplicity, in this chaptoi we shall foi the most part considei 
asymptotic expansions only in connexion with real positive values of the argument 
The theory for complex values of the argument may be discussed by an extension of the 
analysis 


821 Anotkei example of an asymptotic expansion 

As a second example, considei the function /(r), represented by the series 


wheic b > 0 and 0 < c < 1 


/(r)= s 

A = 1 




Acta Mathmatica^ vin (1886), pp 296-844 
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The ratio of the kth. term of this senes to the (Jk— l)th is less than c, and consequently 
the senes converges for all positive values of x We shall confine our attention to positi\o 
values of x We have, when x 

1 h F 

X'^-k X oi^ 

If, therefore, it were allowable* to expand each fraction in this way, and to 
rearrange the senes for f (x) in descending powers of x, we should obtain the fonnal series 

X x^ 




where 


Ji-X 


But this procedure is not legitimate, and in fact 2 diverges We can, how^ever, 

n—x 

shew that it is an asymptotic expansion of f{x) 


For let 

«.(»)-^+5+ +^. 

Then 





so that 


1/(*)-Sh(^)|= 


I (J- 

=l\ A 


) x+k 


fcwtl 


Now 2 converges for any given value of n and is equal to say , and hence 

Jfcssl 

I /(d?) - Sn {x) 1 

oo 

Consequently 2 A^xr^ 

Example If /(^)= f dt, where x is positive and the path of integration i« the 
J X 

real axis, prove that 




2x 


113 13 5 

^“*"23^ 2V 


[In fact, it was shewn by Stokes in 1857 that 


13 13 6 




the upper or lower sign is to be taken according as - i7r<&T^x<j^7r or J7r<arg47 < }w*] 

8 3 Multiphcahon of asymptotic ewpanmons 

We shall now shew that two asymptotic expansions, valid for a common 
range of values of argx, can be multiplied together in the same way as 
ordinary senes, the result being a new asymptotic expansion. 


For let f{^)^ 2 2 

»»*0 


* It 18 not allowable, since for all terms of the senes after some definite term. 
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and let Sn (z) and Tn (z) be the sums of their first (a + 1) terms , so that, 
n being fixed, 

/ W ~ Sn (z) = 0 (z-^^), (f> (z) — Tn (z) — 0 (ZT”) 

Then, if Gm. — A^Bm + AiBm-i + + AmBo, it is obvious that* 

Sn{z)Tn{z)= S GmZ-”* + 0 (Z-”') 

mssO 

But / (z) ^ {z) = {Sn (z) + 0 {zr^)] [Tn (z) + 0 (z-”’)} 

= Sn (z) Tn (z) + 0 {zr’') 

= i C„,zr^ + 0 (zr^) 

This result being true for any fixed value of n, we see that 
f(z)<j>(z)'^ 2 C,nzr^ 

m<nO 

8 31 Integration of asymptotic ecopaimons 

We shall now shew that it is permissible to integrate an asymptotic 
expansion term by term, the resulting senes being the asymptotic expansion 
of the integial of the function represented by the original series 

For let f{x) ^ 2 and let 8n (a?) «= 2 

Then, given any positive number e, we can find such that 
|/(a))-/S„(a))|< e|a3|“" when x>oii^, 

and therefore 

If /(x)da-f S„(x)dxl‘^[ lf(w)-3„(a)ldai 

U nf J ,v \ J ip 


But 



Sn (x) dx 


e 


, Aii . An 


; “ "A 

and therefore /(«) ~ 

On the other hand, it is not in general permissible f to differentiate an asymptotic 
expansion ; this may be seen by considering sin («*) 

8*32. Uniqueness of an asymptotic expcmsion. 

A <iuestion naturally suggests itself, as to whether a given senes can be 

^ S 0 « 1 2 11 ; wa 0 («”^) to denote my function ^ (») euch that (^i) 0 as | « | -^ oo , 

t For a theorem concerning differentiation of asymptotic expaneiona representing analytic 
functions, see Bitt, Bull Ainericm Math, Soc, xxiv* ^1216), 2Sd**227 
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the asymptotic expansion of several distinct functions The answer to this 
IS in the afSrmative To shew this, we first observe that there are functions 
L (os) which are represented asymptotically by a series all of whose terms are 
zero, 1 e functions such that lim (os) = 0 for every fixed value of v The 

X-^aO 

fiinction e~^ is such a function when x is positive The asymptotic expansion ^ 
of a function J J^x) is theisefore also the as3maptotic expansion of 

J{x)‘hL (x) 

On the other hand, a function cannot be represented by more than one distinct 
asymptotic expansion over the whole of a given range of values of z , for, if 

/(«)- 2 f{z)^ 2 

OTs=0 9n=o 

then hm si»(Ao+— + -^Vo, 

which can only be if Ao^Bq, Ai^Bi, 

Important examples of asymptotic expansions will be discussed later, in connexion 
with the Gamma-function (Chapter xii) and Bessel functions (Chapter xvii) 

8 4 Methods of ‘ summing * senes 

We have seen that it is possible to obtain a development of the form 

/(«)= S + 

IftwO 

00 

where oo as n— > oo , and the series 2 does not converge 

mc=0 

We now consider what meaning, if any, can be attached to the * sum ' of 
a non-con vergent senes That is to say, given the numbers a®, o^i, Og, * , 
we wish to formulate definite rules by which we can obtain from them a 

OO 00 

number 8 such that fif = 2 a,v if 2 o„ converges, and such that 8 exists 

91^0 

when this senes does not converge 


8 41 BoreVs^ method of summation 
We have seen (§ 7 81) that 


flO 

2 = I 0 ""^ </) (tz)dt, 

n=0 J 0 

where <f>(tz)^ 2 — j — , the equation certainly being true inside the circle 


«-0 ™ 


of convergence of 2 If the integral exists at points z outside this 


94«0 


circle, we define the ‘ Borel sum ' of 2 to mean the integral 


* It bas been shewn that when the coefficients in the expansion satisfy oeitain ineqftahties, 
there is only one analytic function with that asymptotic expansion See JPhxl Tiam a, 
(1911), pp 279-818 

t Borel, Legqns mr les Senes JDivergentes (1901), pp 97-116 
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00 

Thus, whenever R{z)<l, the ‘ Borel sum ’ of the senes S ^ is 

n «0 

I e^^dt = (1 — 

J 0 

If the ‘ Borel sum ' exists we say that the senes is ‘ siimmable (By 
842 ^ Euler’s* method of summation, 

A method, practically due to Euler, is suggested by the theorem of § 3*71 , 

00 QQ 

the * sum ' of 2 Un may be defined as lim 2 when this limit exists* 

a -*- l -0 n »0 

Thus the * sum ’ of the series 1 — 1 + 1 — 1+ would be 
lim (1 — ^ + — ) = lim (1 + = L 

»-^ l — 0 a -#*!— 0 ^ ^ 

8 43 Cead/ro’ff method of sunvm^txon 

Let Sn = ffli + + • + On ) then ijf 8^ lim (s, + s, + + Sn) exists, 




we 


say that 2 <*« is ‘sumniable {Cl),’ and that its sum ((71) is 8 It is 


n-sl 

00 

necessary to establish the ‘ condition of consistency^,’ namely that 8- 'S, On 
when this senes is convergent 

« » 

To obtain the required result, let S aTO“«, 2 Sm = n8ni then we have 
to prove that Sn-*8. 


Given e, wo can choose n such that 
so |tf — «„!■$€. 

Then, if v > ii, we have 


»±p 

2 a„ 


< € for all values of jp, and 


/ S „ » a , + £ t , ^1 - ^ ^ + . . . + (^1 - + £(„+, + . . + £», ^1 - . 

Since 1, 1 — v“*, 1 — . . is a positive decreasing sequence, it follows 

from Abel’s inequality (§ 2'301) that 


an+i (l - p + £t, (l - I < (l - , 

re 


Therefore 


* Xmtit Oalo JOiff (175B) See Borel, loo, eit Introduction 
t BnUotin dts Scit>icon Math, (2), xxv. (1890), p 114 
li; See the end of § 8*4* 
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Making v~^oo , we see that, if S be any one of the limit points (§ 2 21) 
of then 


S — ^ dfi 


W=1 


< € 


Therefoie, since 1 5 — 5n | ^ e, we have 

\S — s\^2e 

This inequality being true for every positive value of e we infer, as m § 2 21, 
that /S — 5 , that is to say Sp has the unique limit 5 , this is the theorem which 
had to be proved 

Exomple 1 Eiame a definition of ‘uniform summability (fi\) oi a senes of variable 
terms ’ 

Example 2 If ^ + 1 , v ^ 0 when n<v^ and if, when n is Jixed^ lim y — 1, and 

if 2 £t„=«, then hm I 2 a,6,^ A=,S 

W — 1 V-^00 w = l f 

8 431 Cesdro^s gen&rcd 'method of mmmation 

00 p 

A series S is said to be ‘siimmable {C^y if lim S ctj>n,v exists, where 
nsnO VH^OO n=»0 

6o..=l, 6^„=|(l+ + ' 

It follows from § 8 43 example 2 that the ‘ condition of consistency ’ is satisfied , in 
fact it can be proved* that if a senes is summable ((?/) it is also summable (Or) when 
r >/, the condition of consistency is the iiartioular case of this result when r=0 

8 44. The method of summation of Ilteszf 

A more extended method of * summing * a series than the preceding is by means of 


hm S 

v-^oo »»! \ 


in which \n is any real function of n which tends to infinity with n A senes for which 
this limit exists is said to be ‘summable (Er) with sum-function X„ ’ 


8 6 Hardy's]: convergence theorem 

>s summable ( 

an^O{ljn\ 


Let 'Z dn be a senes which is summable (G 1) Then if 


the senes Z Un converges 

* Bromwich, Infimte Senes, § 122 
t Comptes Rendus^ cxlix (1910), pp 18-21 

t Proe London Math Soo (2), vin (1910), pp 802-804 For the proof here giTen, we are 
indebted to Mr Littlewood 
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Let s» — Oi + Oa + + a„ , then since 2 «« is summable (C 1), we have 

«=! 

4- Sg + + = n {5 + 0 (1)}, 

00 

where 5 is the sum (0 1) of S On 

«=i 

~ s — (^m = 1,2, w), 

and let + <a + + tn = <r„ 

With this notation, it is sufficient to shew that, if | Un | < jSti”', where £ 
IS independent of n, and if <r„ = n 0 (1), then 0 as w -> 00 

Suppose first that Oi, a,, are real Then, if t„ does not tend to zero, 
there is some positive number h such that there are an unlimited number of 
the numbers t„ which satisfy either ( 1 ) tn>h or ( 11 ) t„<-h We shall shew 
that either of these hypotheses implies a contradiction Take the former*, 
and choose n so that tn>h 

Then, when r = 0, 1, 2, . , 

I a„+r I < -fir/n. 



Now plot the points P, whose coordinates are (r, #„+,.) m a Cartesian 
dia^p%m Since the slope of the line 'P,.P^j is less 

than & = arc tan (K/n) 

Therefore the pomts Po, P„ P,, ... lie above the line y^h — a taxi $ 
Let P* be the last of the points Po, Pi, . . . which he on the left of ai = A cot $, 
so that A < A cot 0. 

Draw rectangles as shewn in the figure. The area of these rectangles 
exceeds the area of the triangle bounded by y = A — ®tan^ and the axes, 
that is to say 

O’*!-!"* tn + ^»+i • '+#11+111 

> J A* cot 6 = \h?K~^n, 

* The reader will aee that the latter bypotheela involves a eontradietion by nsing argoments 
of a preoisely similar efaaraoter to those vbioh will be employed in dealing with the former 
hypothesis 
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I ^n+k — <^n—i I ^ I <^n+k | | O’n—i | 

= o(l) + (w-l) o(l) 

= n.o(l), 

since k ^ hnK~\ and h, K are independent of n 

Therefore, for a set of values of n tending to infinity, 

<n o(l), 

which IS impossible since is 7iot o ( 1 ) as w— > oo 

This IS the contradiction obtained on the hypothesis that lim ^ A > 0 , 
therefore lim tn^O Similarly, by taking the corresponding case in which 
tn^ — hy we arrive at the result Im tn > 0. Therefore since lim tn ^ lim tn, 

we have lina = Im tn = 0, 

and so tn — ► 0 

00 

That IS to say $n 5, aiid so S is convergent and its sum is s 

«=i 

If an be complex, we consider R(an) and I(a„) separately, and find 
00 ^ 

that X R{an) and X /(a,i) converge by the theorem just proved, and so 
00 

2 On converges 

The reader will see in Chapter ix that this result is of great importance 
in the modem theory of Fourier senes 

00 

Corollary If (f) he a function of f mch that 2 a^^ (f) w uniformly mrnmahle (Cl) 
throughout a domain of values of and if \oin{i)\< cohere K is independent of 

OO 

S (f ) converges uniformly throughout the domain, 
n=l 

For, retaining the notation of the preceding section, if does not tend to aero 
uniformly, we can find a positive number h independent of n and f such that an infinite 
sequence of values of n can be found foi which tj^ >hor tn ({,») < - A for some point 
of the domain* , the value of depends on the value of 7i under consideration 

We then find, as in the original theorem, 

jsh^JSi‘~^ u < n 0 (1) 

foi a set of values of n tending to infinity The oontradiotion implied in the inequality 
shews + that h does not exist, and so tnCO-^^O uniformly 

* It IS assumed that (^) is real , the extension to complex variables can be made as m the 
former theorem If no such number h existed, (Q would tend to zero uniformly 

t It 18 essential to observe that the constants involved m the meijuality do not depend on 
For if^^say, K depended on -K"-! would really be a function of n and might be o (1) qua fhnction 
of n, and the inequality would not imply a contiadiotion 
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1 Shew that 


Jo 1 +^* 


Miscellaneous Examples 

^ positive 


2 Disouss the representation of the function 

<l>(t)^dt 

(where a; is supposed real and positive, and is a function subject to certain general con- 
ditions) by means of the senes 

Shew that in certain cases (eg <l>(t)^e^) the senes is absolutely convergent, and 
represents /(jj) for large positive values of j?, but that m certain other cases the series is 
the asymptotic expansion of /(^) 


3 Shew that 


J g « jir 

for large positive values of z 

(Legendre, Bsoeroioes de Calc, Int (1811), p. 340 ) 

4 Shew that if, when 4?> 0, 


then 




Shew also that/ ( 4 ;) can be expanded into an absolutely convergent senes of the form 

ii (Sohlemilch ) 

6 Shew that if the senes l+O-fO — l •+*0-^14*04-0 — 1+ , in which two zeros 

precede each -1 and one zero precedes each +1, be ‘summed^ by Ceskro’s method, 
Its sum IS } ^ (Euler, Borel ) 

6 Show that the senes 1 - 2 1+4 1 - cannot be summed by BorePs method, but the 
senes 1+0-21+044!+ can be so summed. 


^ This paper contains many references to recent developments of the subject 
t A bibliography of the literature of summable series will be found on p 372 of this 
memoir 
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9 1 . Dejvnxtfion of Fov/ner series* 

Senes of the type 

+ (®i cos » + 6i sm a:) + (Oj cos 2® + 5, sm 2®) + . 

= Jrto + 2 (a» cos n® + bn sin noo), 
»=:! 


where a„, 6„ are independent of ®, are of great importance in many investi- 
gations They are called tngonometnccd series 

If there is a function/(t) such that j /(t) dt exists as a Eiemann integral 
or as an improper mtegral which converges absolutely, and such that 

wOn^ r f(t) coa ntdt, •irbn= f /(t) Bin ntdt, 


then the tngonometncal senes is called a Fowner series. 

Tngonometnoal senes first appeared m analysis in connexion with the investigations 
of Daniel Bernoulli on vibrating strings , d’Alembert had previously solved the equation of 

motion y=a»^in the form y=i {f{x+at)+f(.x-at)}, where y-/(®) is the initial shape 

of tlie string starting from rest , and Bernoulli shewed that a formal solution is 


n=l ^ 


nine nirot 

cos-r» 


the fixed ends of the stnng being (0, 0) and (?, 0) ; and he asserted that this was the most 
general solution of the problem This appeared to d’Alembert and Euler to be impossible, 
since such a series, having penod 2?, could not possibly represent such a function ast 
when A controversy arose between these mathematicians, of which an 

account is given in Hobson’s Fwactions of a Real Vanahle 

Eouner, in his Thione de la QhaUwr^ investigated a number of tngonometncal senes 
and shewed that, m a large number of particular oases, a Fourier series actually oomerged 
to the turn fijx) Poisson attempted a general proof of this theorem, Journal de Vilcole 
•polytechmqm, xn (1823), pp 404-609, Two proofe were given by Cauchy, Mim, de 
VAcad R dee 8<n TL (182^ publwhed 1826), pp 603-612 {Oeuvree^ (1), n. pp* 12-19) 
dsXidiExeriyioeedeMatKTL (l327), pp 341-376 (2), vn pp 393-430), these proofs, 

which are based on the theory of contour integration, are concerned with rather particular 
classes of functions and one is invalid The second proof has been investigated by 
Harnaok, Math Am xxxii (1888), pp 176-202 


* Throughout this chapter (except in § 9 11) it is supposed that all the numbers involved are 
real 

t This function gives a simple form to the initial shape of the stnng. 
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In 1829, Dirichlet gave the first rigorous pi oof*” that, for a general class of functions, 
the Fourier senes, dehned as above, does converge to the sum /(^) A modification of this 
pi oof was given later by Bonnet t 

The result of Dinchlet is thatj if/ (^) is defined and bounded in the range ( — tt, tt) and 
if/(0 only a finite numbei of maxima and minima and a finite number of dis- 
continuities in this range and, further, if f{t) is defined by the equation 

/’(« + 27r)=/(0 

outside the range ( — tt, tt), then, provided that 

7ra^= ^ 7rdn=J /(t)amntdt, 

00 

the senes ^^0+ 2 (an coana?+bn sinw^) converges to the sum J {/(^+0)+/(j7-0)} 

Later, Riemann and Cantor developed the theory of trigonometrical senes generally, 
while still more recently Hurwitz, Fej^r and others have investigated properties of Founer 
series when the senes does not necessarily converge Thus Fejdr has proved the re- 
markable theorem that a Fourier senes (even if not convergent) is ‘summable (C^l)* 
at all points at which /(^±0) exist, and its sum (Cl) is i{/(^+0)-H/(A7-0)}, 

provided that J f (^) dt is an absolutely convergent integral One of the investigations 

of the convergence of Fourier senes which we shall give later (§ 9 42) is based on this result 

For a fuller account of investigations subsequent to Riemann, the reader is referred to 
Hobson^s FunctKyM of a Real Variable^ and to de la Vallde Poussm^s Coure Analyse 
Infinitdnmode 

9 11. Natxm of tk^ region within which a tngonometncal series converges 

Consider the senes 

1 

= ao-|- 2 (OiiOos 
* n»l 

where z may lie complex If we write the series becomes 

2 (i f’‘+| r"} . 

This Laurent senes will converge, if it converges at all, in a region m which a < 1 fl < J, 
where a, b are positive constants 

But, if r— I f and so we get, as the region of convergence of the tngono- 
metncal senes, the stnp m the » plane defined by the inequality 

loga<-y Clogb 

The case which is of the greatest importance in practice is that in which dm bmlj and 
the strip consists of a single hue, namely the real axis. 

Example 1 Let 

/(«)«sin«-5Sin 2s+'isin3s"ism4jii-H . , 

X o 4t 

where 

* Journal fUr Math iv. (1829), pp 167-169 

t MSmoircs dss Savants itranyers of the Belgian Academy, xxwx (1848-1860) Bonnet em- 
ploys the second mean value theorem directly, while Dinohlet^s original proof makes use of 
arguments precisely similar to those by which that theorem is proved See § 9*48. 

t The conditions postulated for f(t) are known as DiriahUtU conditions^ as*will be seen m 
§§ 9 2, 9 42, they are unnecessarily stringent. 


W. M. A 


11 
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Wnting this in the form 

“we notice that the first senes converges* only if y > 0, and the second only if y ^0 
Writing V in place of z {x being real), we see that by AbePs theorem (§ 3 *71),' 

/(a7)= lim ^rsin^— ir2'Sm2a?+|r®sin 3^— ^ 

* hm 1“^ ^ ^ 


4- 1 ^ i 4-g 


This IS the limit of one of the values of 

log (l+r6*«) +-Ji log (1 -hre-^), 

and as r-^l (if -fr<a!< 7 r), this tends to where k is some integer 

Now S - — ^ converges uniformly (§ 3 36 example 1) and is therefore con- 
11=1 ^2' 

tmuous m the range S, where t is any positive constant 

Since IS continuous, k has the same value wherever x lies in the range , and putting 
:r=0, we see that ^=0 

Therefore^ wkm —tt <SB< ir, f{w ) = 

But, when 7T<x<Ziry 

/(^)=/(a -2^r) = ^ 

and generally, if (2n - 1) tt < < (27i +!)«•, 

We have thus arrived at an example m which f{y) is not repiesented by a single 
analytical expression 

It must bo observed that this phenomenon can only occur when the strip m which the 
Fourier senes converges is a single line For if the strip is not of zero breadth, the 
associated Laurent senes converges in an annulus of non-zoio breadth and represents an 
analytic function of C ni that annulus , and, since f is an analytic function of z^ the Fourier 
series represents an analytic function of z , such a series is given by 

where 0<r<l, its sum is arc tan always representing an angle 

between 


I 2 When - TT 

« ( - )tt-l cos ?W7 1 « 1 o 

n=i 12 4 

The soiies couveigos only when x is real, by § 3 34 the conveigenoe is then absolute 
and uniform 

Since ia,~sm;a.-'j^siu 2x+^sin3a7- ( -Tr-fd 3>0), 

and this senes converges uniformly, wo may mtegrato term-by-term from 0 to i? (g 4 7), 
and consequently 

1 / Nw—l /I Ai j N 

(^TT+B^X ^TT - 3 ) 


l^rS- s ( -)"-* ( !- C OS «■<-) 
4 „-i 




* The senes, do converge if ]/=0, see ^ 2 31 example 2 
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That IS to say, when -ir+d^ar^w-S, 

<7,-1 *»= 2 

where C is a constant, at present undetermined. 

But since the series on the nght converges uniformly throughout the range - tt 
its sum IS a continuous function of a in this extended range , and so, proceeding to the 
limit when ^ we see that the last equation is still true when a?= + tt 

To determme (7, mtegiate each side of the equation (§4 7) between the limits -ir, «■ , 
and we get 

27r0'“g 7r5«0 

Consequently 2 (-»r<«< 5 r). 

tlBlX 

Example 3 By writing ir- 2;c for ^ in example 2, shew that 

n«l {tt I A I — ( — TT^X^ir) 


912 

senes 


Values of the coefficients 


in terms of the sum of a tngonometncal 


Let the trigonometrical senes J^Co+ X (c^ cos + sin n«) be uniformly 

W*1 

convergent in the range ( — TT, TT ) and let its sum be /(«?). Using the obvious 
results 


cos mx cos mdx 


[-0 

lasTT 


(tji » n 0), 


[ sin TTia? sin najda; I ® I dx ^^ Tr , 

J -^tr [^TT (m«U^0), J 

00 

we find, on multiplying the equation ^CoH- 2 (On cos w + d^ sm no?) =/(/r) 

»■! 

by* cos rue or by sin nx and integrating term-by-term f (§ 4 7), 


rrOn= [ /(«) cos rued®, 7rd»*f /(®) sin n®d®. 

J “ir J 

Corollary A trigonometrical senes uniformly oonvergent in the range (-w, ir) is a 
Fourier senes 

Notb Lebosgue has given a proof {S4r%ee tngonomdtnques^ p 124) of a theorem 

00 

communicated to him by Fatou that the tngonometncal senes 2 sm Twr/log w, which oon- 

n»2 

verges for all real values of ^ {§ 2 31 example 1), is not a Fourier senes. 


92 On JDirichlefs conditions and Four%er*s theorem. 

A theorem, of the type described in § 9 1, concerning the expansibility of 
a function of a real variable into a trigonometrical series is usually desenbed 


* Multiplying by these factors does not destroy the uniformity of the convergence 
t These were given by Euler (with limits 0 and 2r), Nova Acta Acad Petroy, xi (179$) 


11—2 
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as Founer^s theorem On account of the length and diflhculty ot a formal 
proof of the theorem (even when the function to be expanded is subjected to 
unnecessanly stringent conditions), we defer the proof until §§ 9 42, 9 43 It is, 
however, convenient to state here certain sufficient conditions under which 
a function can be expanded into a tngonometncal senes 

Let f(t) be defined arbitrarily when — < tt and defined’* for all othm 

real values oft by means of the equation 

t(t + 2ir)^f{t), 

so thxtf{t) IS aperiodic function with period 2ir 

Let f {t) be such that j f(t) dt eansts, and if this is an improper integral, 

J -w 

let it be absolutely convergent 

Let a^, bn be defi/ned by the equations'^ 

irOn = J f{t) cos ntdt, nrbn = J /(t) sin ntdt (n — 0, 1, 2, ), 

Then, if oo be an interior point of any interval (a, 6) in which f(t) has 
limited total fluctuation, the series 

00 

^0,,+ 2 (a,iCosnar + 6„smna:) 

n»l 

IS convergent, and its sam} u ^ {f(x + 0) +/(«? - 0)} If f{t) is continuous 
at t = a!, thu sum reduces to f{x) 

This theoreni will be assumed in 9 21-9 32 , these sections deal with theorems con- 
cerning Fouriei series which are of some importance in practical applications It should 
be stated here that every function which Applied Mathematicians need to expand into 
Fourier series satisfies the c^onditions just imposed on f{f), so that the analysis given later 
in this chapter establishes the validity of all the expansions into Fourier senes which are 
required m physical investigations 

The reader will observe that in the theoiein just stated, /(^) is subject to less stringent 
conditions than those contemplated by Dirichlet, and this decrease of stimgoucy is of 

considerable practical importance Thus, so simple a senes as X ( - )**-» (cos is the 

n««l 

expansion of the functionj^ log 1 2 cos | , and this function does not satisfy Dinohlet’s 
condition of boundedness at ± 9 r 

00 

It IS convement to descnbe the senes Jao+ 2 (o,, cos ?i® + 6,^ sin ?»«) as 

the Fomter senes associated with /(<). This descnption must, however, be 

• This definition frequently results in /(() not being espressible by « single snaljtienl ex- 
piesslou for all real values ott Of j M 11 example 1 

+ The numbers tt„, bn are called the t'ouuer constants of f{t), and the symbols tint will be 
used m this sense throughout §§ \) 2-9 6 It may be shewn that the conveigence and absolute 
convergence of the integrals defining the Fourier constants are consequences of tlie convergence 

and absolute convergence of j" f(t) dt Of §§ 2 82, 4 6 

t The limits /(:t;±0} exist, by § 8 64 example 8 
§ Cf example 6 at the end of the chapter (p 190) 
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taken as implying nothing concerning the convergence of the senes m 
question 


9 21 The represenlxUion of a fwnotwn hy Founer senes for i anges other 
than (— TT, nr) 

Consider a function f(x) with an (absolutely) convergent integral, and 
with limited total fluctuation in the range a^x^b. 

Wnte a! = i(a+6)-i(a-6)w->ic'. f{x)^F(af) 

Then it is known (§ 9 2) that 

+ 0) + jP(a!' — 0)} =~ao+ 2 (On^^nn! + 6„sinMiB'), 

and so 


s{/(®+0)+/(a!-0)} 


— 5 ^ 


TiTT (2a? — a — i) . , 

cos — ;; — + O^Sin 

0 a 


ryrr (2a? — a — h) 


b~^a 


where by an obvious transformation 

^ (5 - a) a„ = cos da, 

5 (6 - a) 6n “ J /(«) am 


9 22 The oos%ne aeries and the sine series 

Let f (a) be defined in the range (0, 1) and let it have an (absolutely) 
convergent integral and also let it have limited total fluctuation in that range 
Define f (a) in the range (0, -1) by the equation 

/(- a) -/(«). 

Then 

§{/(* + 0) +/(® — 0)} 2^|ctnCOS^5^+6n8m^^|^| , 

where, by § 9'21, 

^f(t)coa^^dt’*2j f(t)ooB^^dt, 

lbn"‘J ^/(t)8in^<if = 0, 

so that when — i < Z, 

i{/(« + 0)+/(flJ-0))-Ja,+ i OnCOB^f; 

It**! " 

this IS called the cosine senes. 


If, however, we define f(a) in the range (0, —t)hy the equation 
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we get, when - 1 I, 

2 {/(^ + 0) +/(® - 0)} = bn sm , 


hn^iff(t) 

J 0 


n=l 

nirt 


sm-j- dt, 


where Ibn 

this IS called the sine senes 
Thus the series 

1 . 5 WTTJ? * , niro) 

rao+ 2 an cos -y-, 2 6„sin 

n=!l » »=1 ff 

where f(t)cos^^dt, ilbn=^J /(t) am ^^dt, 

have the same sum when 0 < ^ Z , hut their sums are numerically equal and 
opposite in sign when 0 > a? > — Z 

The cosine senes was given by Olairaut, Hist de VAcad R des Sci 1754 [published, 
1769], in a memoir dated July 9, 1767, the sine senes was obtained between 1762 and 
1766 by Lagrange, Oeuvres, i p 553 

Example 1 Expand \{rr-x) sin m a cosine senes m the range O^x^tt 
[We have, by the formula just obtained, 

00 

■i(7r-d?) smd?wiao+ 2 ancosw^, 

»-i 

'where irran = i (w — a?) sin x cos 7bxds 

But, integrating by parts, if n #= 1, 


/; 


^{jr-^x) amxcoanxdx 


■ (it— { sin (w 4*1)^ -sin(?^—l)i*?}<Za7 

— foos(n+l)a? cos(?i-l)a7’l"|"’ /■"• foos(?i+l)^ oosfn-D^l , 



{— 1 

^\^+l n-l/ (w+l)(;i-l) 

Whereas if 1, we get j 2 (w - a?) sm x cos xdx=^^. 

Therefore the required senes is 

i -f i cos a? - cos 2x - cos 3a? - ^ cos 4a; - 

It will be observed that it is only for values of x between 0 and w that the sum of this 
series is proved to be i (ir- a?) sm« , thus for instance when x has a value between 0 and 
— TT, the sum of the senes is not -J (w — a?) sin x, but — ^ (tt -^x) s^n x , when x has a value 
between ?r and the sum of the senes happens to be again ^ (ir - ^) sin x, but this is a 
mere comoidence arising from the special function considered, and does not follow from 
the general theorem ] 

Example 2 Expand ^wx {w —a?) in a sme senes, valid when 0 ^ a; ^ w 
[The senes is sir. ..] 
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Example 3 Shew that, when 

^ TT (7r-2ji?) (»r® + 27r:*?-2/c^)=C0SiPH — ^ 1 — p- + 

[Denoting the left-hand side by / {x\ we have, on integrating by parts and observing 
that/'(0)=/'(»r)-0, 

I /(a?) cos?^,a?^^a;5=»-^/(a:) sinTW? 1 — -j f' (x) biutixcIx 

Jq Jo 

“ ~ 5 ^ 

= — i f/" (») sm JM? 1 +\ f /"' («) sm !U! cte 

“ - \i [/"' w cos »«;]' =^4(1- ] 

Example 4 Shew that for values of x between 0 and «•, can be expanded in the 


cosine senes 




, cos SLp , cos 4^ , 


\ 2« . ^ . /cos X 


cos3.a? 

*9 I A ' 


and draw graphs of the function e“ and of the sum of the senes 

Emny)le 6. Shew that for values of a; between 0 and jr, the function Jir (»r-2a) can 
be expanded in the cosine series 

, oos 3a , cos 6a , 
cosa4-^+- + , 

and draw graphs of the function Jjr(n’- Sa) and of the sum of the series 
9 3 The natifre of the coeffioimts %n a Fourier senes* 

Suppose that (as in the numerical examples which have been discussed) 
the interval (— w, “tt) can be divided into a finite number of ranges 
(- w, Ai), {ki, kt) .. {kn, w) such that throughout each range /(«) and all its 
differential coefiioients are continuous with limited total fluctuation and that 
they have limits on the right and on the left (§ 8*2) at the end points of these 
ranges 
Then 

wOw*” I /(t)eoBnitdt+ /(t) oob mtdt+ ..+ /(<)cosm<dt. 

J -tr J J K 

Integratmg by parts we get 

■" sin j ' + j^in.“‘/(f)sin«ifj*’+ ... + |^»n.“’/(f)sinmtj^ 

— m"* f ’ /' (t) sin mtdt - m~* f * f (<) sin mtdt-^ . - mr^ f f (t) sin mtdt, 

J Jki J K 

so that Ow •» 4“ _ ^ 


* The anidysie of this 0 «otion and of § 9*31 is contained in Stokes’ great memoir, Camh* Phil 
Tram, ym, (1849), pp. 383-688 [Math, Papere^ !• pp 236-3X8]. 
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where 2 sinmiy — 0)— /(i*r + 0)}, 

»=i 

and bm is a Fourier constant of f {(c) 

Similarly = + 

m m 

where 


= - 2 cos mkr {f{h - 0) - f(Jc^ + 0)} — cos mir {/(tt - 0) -/(■- tt + 0)}, 

r— 1 

and chn! IS a Fourier constant of /' {x) 

Similarly, we get 

dm, 

where h^' are the Fourier constants of /'' {x) and 


A * h " 
m m ’ 


T> / „ // 

r / , Wtjii 

= 1 

mm 


2 smmA?^{/'(A;^-0)~/'(iv + 0)}, 

r-l 


7r5^' = — 2 cos mA?, { /' {kr — 0) — /' + 0)} 

— cos mTT {/' (tt — 0) — TT H- 0))* 

Therefore 

a ss ^ — ^3 jL «. 

^ m m® ' m 7n-® m® 

Now as m— > 00 , we see that 

and, since the mtegrands involved in and are hounded, it is evident 
that 

am"- 0(1), 6^" = 0(1) 

Hence if ul^ = 0, jB«i — 0, the Founer senes for f{x) converges absolutely 
and uniformly, by § 3 34. 

The necessary and sufScient conditions that - 5,» = 0 for all values of 
m are that 

/(*.-0)=/(*, + 0), /(,r-0)=/(-,r + 0), 

that IS to say that* /(a?) should be continuous for all values of 


9 31 Differentiation of Founer senes 
The result of diffetentiating 

500 + 2 (om 008 nue + bm BOX mx) 

l»el 

00 

term by term is 2 {m6^ cos mx — mo^ sm nvc]. 

tnwl 

* Of course /(a?) is also subject to the oonaitions stated at the begmumg of the section* 
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With the notation of § 9 3, this is the same as 
1 ** / 

2 ^ 0 + 2 cos + 6,^' sm m^), 

jtt=i 

provided that = 0 and T /'(a)da; = 0, 

J —ir 

these conditions are satisfied if (a) is continuous for all values of ^ 

Consequently sufficient conditions for the legitimacy of dififeientiating 
a Fourier series term by term are that (a?) should be continuous for all 
values of n and / (a;) should have only a finite number of points of discon- 
tinuity in the range (— rr, tt), both functions having limited total fluctuation 
throughout the range 

9 32. DetermimjcUton of poviiU of discontinuity 

The expressions for and which have been found m § 9 3 can frequently be applied 
in practical examples to determine the points at which the sum of a given Fourier series 
may be discontinuous. Thus, let it be required to determine the places at which the sum 
of the senes 

sinA»+^sm3^+]^sin 5^+ 

is discontinuous 

Ass^iimng that the senes is a Founer senes and not any trigonometrical senes and 
observing that (1 — coswitt), we get on considering the formula found in 

Hence if are the places at which the analytic character of the sum is broken, 

we have 

0 « « [sin mki {/ (Jc^ - 0) -fih + 0)} +sin mk^ {f{ki - 0) -/ {Jc^ 4- 0)} H- . 

Since this is true for all values of 7n, the numbers hx^ . must bo multiples of tt , but 
there is only one even multiple of tt in the range — 7 r<j»^ 7 r, namely zero So 
and ^* 2 , ^ 3 , do not exist. Substituting in the equation J— J cos witt, we have 
(i - i cos mtr ) « - [cos mv {f{it - 0) -/( - 4- 0)} +/ ( - 0) -/ ( + 0)] 

Since this is true for all values of »n, we have 

i’r-./(4-0)~/(~0), 4fr-/(tr^0)-./(tr+0), 

This shews that, if the senes is a Founer senes, /(a?) has discontinuities at the points 
ntr {n any integer), and since we should expect^ /(:r) to be constant m the 

open range ( •* tt, 0) and to be another constant m the open range (0, ir) 

9*4, Fbj^r*8 theorem. 

We now begin the discussion of the theory of Founer senes by proving 
the following theorem, due to F^^rf, concerning the summabihty of the 
Founer series associated with an arbitrary function, /(f): 

L^t f(t) be a funchon of the real variable defined arbitrarily when 
— TT < i < TT, and defined by the equatton 

f(t+2T)^f{t) 

* In point of fact /(»)* - Jt - (--r<^[><0), 

/(a?)BaJr (0<»<r), 

4 MatK Afm, nym* (1904), pp 51--69. 



170 


THE PEOCESSES OP ANALYSIS 


[chap* IX 


for all other real values of t, and let j f{t) dt exist and {ifit is an improper 
integral) let it he absolutely convergent 

Then the Fourier series associated with the function f{t) is summable^ (C^l) 
at all points x at which the two limits f{x ± 0) exist 

And its sum (Cl) is 

Let anj bn, (n = 0, 1, 2, ) denote the Founer constants (§ 9 2) of f(t) 

and let 


Joo = -do, an cos sin nx = An («?), 

Then we have to prove that 


n=0 


hm i { J., + 8i (x) +;§,(«) + ..+ 8m-i (»)} = 4 {/(® + 0) +/(« - 0)}, 

provided that the limits on the right exist 

If we substitute for the Fourier constants then values in the form of 
integrals (§ 9 2), it is easy to venfy thatf 

Ao+ 2 = + J.i(a?) + (?7i-2)dLa(«?)+ +Am^i(oc) 

n«l 


1 

— -J {4^™ + (m — 1) cos (x — t) + (m — 2) cos 2(x — t) + 

+ cos (to — 1) (a> — i)} /(t) dt 

8in»4TO(a!- <)^,,, 

“27rj_, sm»4(^t>-<) 


27r J _ 


f{t)dt, 


8m»4(a;-«) 

the last step following from the penodicity of the integrand 

If now we bisect the path of integration and wnte a T 2^ m place of t in 
the two parts of the path, we get 

A . 1 [^sm‘m6 ,, , aa\j/i . 1 /'^'sin'TO^ om 

Consequently it is sufficient to prove that, as m— > oo , then 

WC+O). sJ7 


* See S 8 48 

t It 18 obvious that, if we wnte X for e*(*-*) m the second line, then 
TO + (in - 1) (X + X->) + (m - 2) (X» + X-t) + + (X"-» + Xi-«) 

= (l-X)->{X»-«+X»-«+ +X-1 + 1-X-X*- . -X”*} 
= (I-X)-»{Xi-"-2X+X'»t'»} = (X*“-X"**^*/(X*-X"i)’ 
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Now, if we integrate the equation 

2~ "Tg — l)cos2^ + +cos 2(m--l)0, 


we find that 


0 = 


and 80 we have to prove that 

1 r*"'sm*m^ , ... . 

— -.-rt 9{v)dd-*0 as m-*oo, 

mJo sm®» ' ’ 

where <j> (0) stands in turn for each of the two functions 

/(« + 26) -fix + 0). fix - 20) -fix - 0) 

Now, given an arbitrary positive number e, we can choose 8 so that* 

whenever O<0^^S This choice of 8 is obviously independent of m 


1 fi* ain*m0 


1 0 sin‘ 


<f>i6)d0 ^ 


1 rl*8in®m0 


m;« sin^e/ ' 

^ € fi*sin®«i^ 1 ri». , 

mlfl sm’0 "^OTSir^pjj, 

. € [^Bin*m0 1 fir*, , 

ml# 8in>5 ^ '*"msm»p/o 

Now the convergence of j |/(t) | dt entails the convergence of 
J “JT 


^Iif>(0)ld0 + 


1 ri"sin*jn5, 


<f,i0)ld0 


m 1 0 sin* 0 


I ^ I d0, 

J 0 

and BO, given e (and therefore 8), we can make 

riff 

IfTrem sin* iS> \<^i0)\d0, 

J 0 

by taking m sufficiently large 

Hence, by taking m sufficiently large, we can make 
I 1 fi’ Bin* m0 , ,,.1 . 


ft* an* 1710 , ... j„ 
1 


where e is an arbitrary positive number ; that is to say, from the defimtion of 
a limit, 

, 1 r*'ain*m^ , ja « 

lim — -v-r^ 6 i0)d0 - 0, 

sin*5 

and so Fej^r’s theorem is established. 

* On the assumption ihat/(0dbO) eacist. 
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Corollary 1 Let U and L be the upper and lower bounds of f{t) in any interval (a, h) 
whose length does not exceed Stt, and let 

Then, if a+iy < ^ 5 - 1 ;, where rj is any positive number, we have 


u-~[. 

m [ 


-do+ 2 Sf 
n=l 




»?) 


so that 


Similarly 


rx-i-v f 

ji-D sin»^(a;-J) 

> /f— 

2m7r U -rr+:p Jas+v) 

i|4«+”s < jr+{| U\+iA}l{msinH,,} 


{C-f(t)}dt 


Corollary 2 Let / {t) be continuous in the interval a^t^h Since continuity implies 
uniformity of continuity (§ 3 61), the choice of d corresponding to any value of x in (a, h) 
IS independent of x, and the upper bound of |/(^±0) |, i e of |/(a) |, is also independent 
of Xy so that 

I*' \<t>{6)\d0= l/(«±2tf) -/(a:±0) | dff 


r l/W I flfe+k l/(«±0) I, 

I 


and the upper bound of the last expression is independent of x 
Hence the choice of m, which makes 

I 1 ri’*- sin® mB 


ri’*- sin®m^ , , 

iJo 


IS independent of x, and oomeqicmtly --[^ 10 + 2 ASii(4:)l tends to the limit /{x), as 
m 00 , vmformly throughout the interval a^v^h 

9 41. The RiemcmvnLebesgue lemmas. 

In order to be able to apply Hardy’s theorem (§ 8 6) to deduce the con- 
vergence of Founer senes from Fej^r’s theorem, we need the bwo following 
lemmas . 

(I) Let (0) dB exist and {%f %t is an improper integral) let it he 

absolutely convergent. Then, as X— >oo , 

rh 

{6)miQ\,6)dO is o(l) 


/ 

J a 


fy/rtheTy yfr (0) has limited toted fluctuoMon in the i ange (a, h) then, 

as \-^oo. 


f yfr (0) sin (X^) dS IS 0 (1/X), 

J a 
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9 41] 

Of the&e result!. (I) vvas stated by W R Hamilton* and by Kiemann+ m the case of 
bounded functions The tiuth of (II) seems to ha\e lieeii well known before its imixirtauce 
was realised , it is a generalisation of a lesult established by Dirksenf and Stokes 
(see ^ 9 3) in the case of functions with a continuous dilieieutial ooe£6ciont 

The reader should observe that the analysis of this section remains valid when the 
smea are replaced thioughout by coamea 

(I) It IS convementg to establish this lemma first m the case in which 
’’f' (^) bounded in the range U) In this Ctise, let K be the upper bound 

I i. and let € be an aibitraiy positive number Divide the range (a, b) 
into n paitb by the points a,, a-j, a’n— i, and foini the sums iSn, Sn associated 
with the function (0) altei the iiiannei of ^41 Take n so large that 

- « 7 i < e , this IS possible since -y/r (0) is integiable 

In the interval a;,) write 
so that 

wheie U, and Lr are the upper and low'ei bounds of yjr{d) in the interval 

(sur-i , «,) 

It IS then deal that 

If -fid) sin (X ^) dd 

\J tt 

= j S [ ’ 8m(X^)(i^+ 2 T' (^)sm(X0)ci0 

I J t J 

< I ltr(ar-i)| lr 8in(X0)rf0|+ s r \<Or(S)\d0 

r«l \J xr^x I 

%nK (2/X) + (»S^n""'«»*n) 

<(2nir/\) + e 

By taking X sufficiently large (n remaining fixed after e has been chosen), 
the last expression may be made less than 2e, so that 

Inn [ ilr (f^) sin (Xd) (if> = 0, 
and this is the result stated 

When ^1^(6) is unbounded, it it has an absolutely convergent integral, by 
§4 5, wo may enclose the points at which it is unbounded in a finite|| number 

* Tfunn DM in Ai mi xix (1S43), p 207. 

t Gea Math p 241, For LebcH^uc’s nivcstigatmn see bis S^nea tiiyonometriquea 

(1000), Ch in 

t Journal f Ur Math iv (1B29), p 172 

^ For this proof we are indebted to Mr Haidy , it flueoiw to be neater than the proofs gi\en by 
other wnteiH, eg de la Valiko Founsin, Com d ImiUjae InpiWalmalc, n (1912), pp 140-141 

II The Jinitcncaa of the number of inteivaln is assumed m the definition of an unpropei 
integral, § 4 o 
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of intervals Si, Bp such that 

I f l'^(0)jd0<€ 

rsslJ Sf> 

If K denote the upper bound of | yjr {0) | for values of 0 outside these 
intervals, and if 7i, 72, 7^+1 denote the portions of the interval (a, h) which 

do not belong to 81, 821 we may prove as before that 

[ ^i6)mi(^6)dd = 2 I (0) sm (\0) H- 2 [ (0) sin (X0) d0 1 

Ja r-lJyr r^lJ Sr 

3)fi r p r 

^ 2 I \lr(0)sm{X0)dd + % I I '^(0)sin(X0) 1 

T=l’' yr Sr 

< {2nKI\) + 2e 

Now the choice of e fixes n and K, so that the last expression may be 
made less than 3e by taking X sufficiently large That is to say that, even 
if yfr (d) be unbounded, 

lim f ■^(0)8m(X0)dff = O, 

X-*-oo J a 

provided that (ff) has an (improper) integral which is absolutely convergent. 
The first lemma is therefore completely proved 

(II) When yfr {6) has limited total fluctuation in the range (a, b), by § 3 64 
example 2, we may write 

W = (<?)- %aW» 

where Xi(0), positive increasing bounded functions 

Then, by the second mean-value theorem (§ 4 14) a number f exists such 
that and 

If Xi (^) 

\J a 

If we treat X2(^) ^ similar manner, it follows that 

If (0) sin 1 ^ j f Xi(^)sin(X.0')cZ0 +|[ 

I J a \ ' J a \ J a 

■s2{xi(^) + X2(6)}/>^ 

= 0(1/X), 

and the second lemma is established 

CoTollmy If fit) be such that J fif) exists and is an absolutely convergent 

intogial, the Pourier constants a„, of fif) are a(l) as w-*-oo , and if, further, /(«) has 
limited total fluctuation in the range (-7r, tt), the Fourier constants are 0 (l/w), 

[Of course these results are not sufficient to ensure the convergence of the Fourier 
senes associated with fit ) , for a series, in which the terms aie of the order of magnitude 
of the terms in the haimonic senes (§ 2 3 ), is not necessanl;^ convergent ] 


Xi(b)j 8in(xe)d$ 
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942 The proof op Fourier’s theorem 

We shall now prove the theorem enunciated in § 9 2, namely 

Let f{t) he a functwn defined arbitranly when - w < « < tt, and defined by 
the equation fit + 27r) =/ (#) foi all other real valuef of t , cmd let J" fit) dt 
eanst and (i / it is an improper integral) let it be absolutely convergent 

Let On, bn be defined by the equations 

'>rctn‘= I fit) cos ntdt, 7rbn= T fit)Bmntdt. 

J -tr j -fl. 

Then, if x be an interior point of any interval (a, 6) mthm which fit) has 
himted total fluctuation^ the senes 

00 

^ao+ 2 (tt„ cos na; + sin na?) 

nasi 

IS convergent and its sum is {fix + 0) +/(« - 0)} 

It IS convenient to give two proofs, one applicable to functions for which 
It IS pemissible to take the interval (a, b) to be the interval (-w + a;, ir + x), 
the other applicable to functions for which it is not permissible ' 

(I) When the interval (a, b) may be taken to be (- tt + a;, w + x), it follows 
from 1 9 41 (II) that On cos nx + sin nx is 0 (1 /n) as n-* « Now by Fej4r’s 
theorem (§ 9 4) the^senes under consideration is summable (Cl) and its sum 
(Cl) 18 * i [fix + 0) +/(a! - 0)} Therefore, by Hardy’s convergence theorem 
(§ 8 6), the series under consideration is convergent and its sum (by 8 8 43') 
i8if/(a; + 0)+/(a!-0)). 

(II) Even if it is not permissible to take the interval (a, b) to be the 
whole interval i—rr + x, ir + x), it is possible, by hypothesis, to choose a 
positive number 8, less than w, such that/(t) has limited total fluctuation in 
the interval (a; - 8, a? + 8). We now define an auxiliary function git), which 
IS equal to fit) when a!-8-S<<a!+S, and which is equal to zero throughout 
the rest of the interval (— ar + a?, tt + a;) ; and (t + 27 r) is to be equal to g it) 
for all real values of t 

Then g it) satisfies the conditions postulated for the functions under 
consideration in (I), namely that it has an integial which is absolutely 
convergent luid it has limited total fluctuation m the interval i-n + x,‘ 7 r + x), 
and so, if a,,'", b,fi denote the Fourier constants of g(t), the arguments used 
in (I) prove that the Founer series associated with git), namely 

i 2 (a„‘''co8Ji» + i»<''8inna)), 

is convergent and has the sum k {</(^+0) + g ix^ 0)}, and this is- equal to 

i(/(»' + 0)+/(u;-0)). 

* The limits jf (a± 0) exist, by § 8 *04 example 8 
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Now let and /Sm^' («) denote the sums of the first m + 1 terms of 

the Founer senes associated with /(t) and ff(t) respectively Then it is 
easily seen that 


'Sot(«) = — [ {J + cos(aj — <) + cos2(ar — 1) + , + cos )n (a - t)}/(0dt 

irj -r 


-Jl. r^* sin(m + ^)(a-t) ,, , 

“2wJ_„h.» sini(a-0 

ttJo siixd ^ ttJo 81X10 ^ 


by steps analogous to those given in § 9 4 


In like manner 




and so, using the definition of g (t), we have 

S^(w) - (a) = i [*” sin (2m + d0 

TT J om C7 

IT Jit '■ sin^ 

Since cosec 0 is a continuous function in the range (^8, ^tt), it follows that 
/(a!± 20) cosec 0 are integrable functions with absolutely convergent integrals, 
and so, by the Riemann-Lebesgue lemma of § 9 41 (I), both the integrals on the 
right in the last equation tend to zero as m— >oo 

That is to say lim {Sm (^) — (^)) = 0 

W-^OO 


Hence, since lim 8m’^^ {on) = i {f(oo + 0) +f {w — 0)}, 


it follows also that 


lim 8n (x) = i {fix + 0) +/(* - 0)} 


Tl^e have therefore proved that the Founer senes associated with f{f), 
namely J ao + S (a„ cos nx + 6n sm nx), is convergent and its sum is 

i{/(a^ + 0)+/(«-0)} 


9 43 The Dinchlet-Bonnet proof of Fourier’s theorem 

It IS of some interest to prove directly the theorem ot § 9'4f2, without 
making use of the theory of summability f accordmgly we now give a proof 
which IS on the same general lines as the proofs due to Dinchlet and Bonnet. 
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■ = 1 + 2 cos 2^ + 2 cos 4^ + +2 cos 2m 6, 

Jo smff ^ * 


As usual we denote the sum of the first m + 1 terms of the Fourier senes 
by and then, by the analysis of § 9 42, we have 

IT Ji) smO ^ ^ ^ TT J 0 sm ^ ^ ^ 

Again, on integrating the equation 

sm(2m-f l)ff 
sin0 

we have 
so that 

- M/(« + 0)+f(x -0)}= i ^ {/(® + 20) -f(x + 0)} d0 

1 /■^"■sin(2m + l)^ , 

TT ' 0 SllT^ 

In order to prove that 

hm Sfn (id) =» i {/(^ + 0) ^f(x - 0)}, 

m-^tc ^ 

it 18 therefore sufficient to prove that 

sm^ 


{f(x-2e)-f(x-O)Yd0 


where ^ (0) stands in turn for each of the functions 

/(» + 2^)-/(iB + 0), f{w-20)-f(x — O) 

Now, by §364 example 4, ^<^(^)oosec ^ is a function with limited total 
fluctuation in an interval of which d = 0 is an end-point* , and so we may 
wnte 

0 <\> (0) cosec d = x> (^) - Xs (^)> 

where %, (0), (0) are bounded positive increasing functions of 0 such that 

Xi (+ 0) = X* (+ 0) « 0. 

Hence, given an arbitrary positive number e, we can choose a positive 
number 6 such that 

0<Xi(^)<e. 0<X*W<e 

whenever 0 5 ^ < JS 

We now obtain inequalities satisfied by the three integrals on the nght 
of the obvious equation 

f*' ?in(2^J^ ^ ^ ^ (2in + 1) 0 d0 

lo sint> Jit ' ^ 8in<# 

. |**Bm(2m4-l)^ /mjz. /’**sin(2m+ l)d 
+ — ~-0 — 

* Th« other end-point ie dsjr(&-a;) or according as ^(d) represents one or 

other of the two functions* 


W, IL A 


12 
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The modulus of the first mtegral can be made less than e by taking 
m sufficiently large , this follows from § 9 41 (i) since <f) (6) cosec 0 has an 
integral which converges absolutely m the interval (JS, Jtt) 

Next, from the second mean-value theorem, it follows that there is a 
number f between 0 and B such that 


I f sm (2m 4- 1) ^ sm (2m + 1) ^ 

I Jo — ^ Ik — e 

= X.(i«) J 


(m+i) ( “ 


Since J is convergent, it follows that J 

bound* B which is independent of J3, and it is then clear that 

^2Bxt(iS)<2B€ 


has an upper 




On treatmg the third mtegral in a similar manner, we see that we can 
make 

sin (2m 4- 1) ^ 
sm^ 


r 

Jo 


< (4JS + 1) e 


<f>(e)d0j 

by taking m sufGiciently large , and so we have p? oved that 
«^ooio sin^ 


But it has been seen that this is a sufficient condition for the limit of {m) 
to be + therefore established the con- 

vergence of a Fourier sene^ m the circumstances enunciated m § 9*42* 

Note The reader should observe that in either proof of the convergence of a Fourier 
series the second mean-value theorem is required , but to prove the summabihty of the 
series, the first mean-value theorem is adequate It should also be observed that, while 
restrictions are laid upon/(0 throughout the range ( - tt, tt) in establishing the smmahUity 
at any point the only additional restriction necessary to ensure convergence is a re- 
striction on the behaviour of the function in the immediate neighbourhood of the point x\ 
The fact that the convergence depends only on the behaviour of the function in the 
immediate neighbourhood of ^ (provided that the function has an mtegral which m 
absolutely convergent) was noticed by Riemami and has been emphasised by Lebesgue* 
S4riea Tngonomdtnqim^ p 60 

It IS obvious that the condition t that x should be an intend point of an interval 
111 which f{t) has limited total fluctuation is meiely a suficient condition for the con- 
vergence of the Founei senes , and it may be replaced by any condition which makes 


lim 



sm (2?a4 1) B 
sm^ 


<l> {$) 


* The reader will find it interesting to prove that j dusajr. 

t Due to Jordan, Comptes Bendtis, xoii (1881), p 228. 
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Jordan’s condition is, however, a natural modihcatiou of the Dirichlet condition that 
the fanction / (^) should have only a finite number of maxima and minima, and it does 
not increase the diflaoulty of the proof 

Another condition with the same effect is duo to Dim, Sopra le Serie di Foxiner 
(Pisa, 1880), namely that, if 

Jo ^ should converge absolutely for some positive value of a, 

[If the condition is satisfied, given € we can find d so that 

\^{e)\dd<., 

and then | sin( 2 w + l) d (d) <i 7 r€, 

the proof that I (j^ d6 <€ for sufficiently large values of m follows 

I j sin cf 

from the Riemann-Lebesgue lemma ] 

A more stringent condition than Dim’s is due to Lipschitz, Jourml far Math lxiii 
( 1864), p 296, namely | <^ (^) | < where C and k are positive and independent of B 

For other conditions due to Lebesgue and to de la Valine Poussin, see the latter’s 
Coun Analyse InfinitiexmaU^ ll. (1912), pp 149-160 It should be noticed that Jordan’s 
condition differs in character from Dim’s condition , the latter is a condition that the 
senes may converge at a pointy the former that the series may converge throughout an 
interml 


9 44 The uniformity of the convergence of Fourier senes 

Liet f{t) satisfy the conditions enunciated m § 9 42, and further let it be continuous 
(in addition to having limited total fluctuation) in an interval (a, b) Then the Fovner 
senes associated mth f («) converges uniformly to the sum f{x) at all points x for which 
— 6 , where b is any positive numba 

Liet h {t) be an auxiliary function defined to be equal to f{t) when a^t^b and equal 
to aero for other values of t in the range (-ir, w), and let on, / 6 n denote the Fourier 
constants of k (^) Also let ^^^^(ir) denote the sum of the first m +1 terms of the Fourier 
senes associated with h (t) 

60 

Then, by § 94 corollary 2 , it follows that icQ-H 2 (an cos 7 M?-h^nSln?la 7 ) is uniformly 

nwi 

summable throughout the interval (a*f 6 - S) , and since 

I On cos no? 4-i3n sin no? I ^ (on® + , 

which IS independent of x and which, by § 9 41 (ii), is 0{lln\ it follows from § 86 
corollary that 

00 

•^ 010 + 2 (on cos sm w^) 

n»l 

converges uniformly to the sum h{x), which is equal to f(x) 

Now, as in § 9*42, 
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As m § 9 41 we choose an arbitrary positive number e and then enclose the points at 

which f{t) IS unbounded m a set of intervals Sj, ^ 2 , such that 2 f l/(i) f 

r=l J fir 

If jff* be the upper bound of \f{t) \ outside these inteivals, we then have, as in § 9 41, 

1 < (~i + 2*) cosec 8, 

where the choice of n depends only on a and b and the form of the function f{t) Hence, 
by a choice of m independent of x we can make 

arbitrarily small ^ so that S^{x)’-S^^{x) tends uniformly to zero Since {x) 

uniformly, it is then obvious that S^{x)~-^f{x) uniformly, and this is the result to bo 
proved 

Noth It must be observed that no general statement can be made about unifoimib\ 
or absoluteness of convergence of Fourier senes Thus the senes of § 9 11 example 1 
converges uniformly except near ^=(2n+l) w but converges absolutely only when ^=W7r, 
whereas the senes of § 9 11 example 2 converges, uniformly and absolutely for all real 
values of x 


Example 1 If <j> {&) witisfies suitable conditions in the range (0, tt), shew that 
«t*oo/o Sintf ' 


+ lim 

W "»-00 


Jo Bind ^ 


(+ 0 )+<^ (tt - 0 )} 

Example 2 Prove that, if a > 0, 


»■*.» Jo am 6 * * 


[Shew that 
j"° 6in(2«+l)^ 


(Math Trip 1894) 


sin 0 


-o0de= lun 

m-^otjo s>n^ 

= hm Sin(2?t-f I) fi +e-a(»+mjr)lclff 

m~^oo J 0 sin 6 




sin (27^+1)^ 


Bind 


1 — 


and use example 1 J 

Example 3 Discuss the uniformity of the convergence of Founei senes by means of 
the Dinchlet-Bounet integrals, without making use of the theory of summability 


9 6 The Huryntz-Liapounoff* theorem concerning Fourier comtantSo 

( w 

f (x) dx exists so 


* Math Ann nvn (190B), p 429 Liapounoff discovered the theorem in 1896 and published 
it m the Proceedings of the Math Soc of the Umv of Kharkov See Coniptes Pendwty oxxvi. 
(1898), p 1024 
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that the Fourier constants an, hn off{x) exist Then the seines 

S {Un^ + bn^) 
n=l 

1 

IS convey gent and its sum is* — I {f(x)Yda; 

TT J 

It Will first be shewn that, with the notation of § 9 4, 

/ Ir ( T m-1 )2 

]/(<»)-- 2 da; = 0 

-TT {, m ^s-O ) 

Divide the interval (-w, rr) into 4r parts, each of length h , let the upper and lower 
hounds of f{i) in the interval {(5lp—l) (2;9+3)d— tt} be Up^ Lp, and let the upper 

bound of |/(^) I m the interval ( - ir, tt) be ^ Then, by § 9 4 corollary 1, 

|/(^)-- 2 >S’n(/r) I < Zp+2^/{msin®^5} 

I Til B=0 I 

< iK[l + y{mBln^b}l 

when V lies between 2jod and {2p + 2) d 

Consequently, by the first mean-value theorem, 

-[/(*)-- ”s' ;s; (*)]■* cte< as- -(i+ — bsV (£^-ip)+— — 

Since f(v) satisfies the Riemann condition of integrability (§ 4 12), it follows that both 

r-l r-l 

48 2 {^ 2 p’~’^ 2 p) 48 2 (£^ 2 p+i“^ 2 p+i) can be made arbitrarily small by giving r a 

;jaaO pwO 

sufficiently large value, When r (and therefore! also 8) has been given such a value, we 
may choose wii so large that r/{miSin*J8} is arbitrarily small That is to say, we can 
make the expression on the right of the last inequality arbitrarily small by giving m any 
value greater than a determinate value mi Hence the expression on the left of the 
inequality tends to zero as m-^oo 

But evidently 


/: 


dx 


»r f 1 m-l 

J “W i «««0 ^ J 


n»0 


da 


da 


/*«“ ( m-V )i rv (m^l la 

= I ]/(«')-- 2 da+ ] 2 ^An{a)\ da 

J \ n«0 ) J— irlnwO^ ) 

+ 2 j I /(«) - ^2^ An (®)| 

fir { va 

®* ]/(«’)- 2 da + ^, X «’(<*» +V). 

J -w t H«0 J ^ n«0 

* This integral exists by § 4 12 example 1. A proof at the theorem has been given by de la 

VaU4e Poussin, in which the sole restrictions on/(x) are that the (improper) integrals of /(a?) 

and {/(«)}* exist in the interval (-t, ir). See his Oour$ d* Analyse Ir^mtiBimale, m (1912), 
pp 165 166 



182 


THE PROCESSES OF ANALYSIS 


[chap IX 


Since I t {x) A<, (x) dx ^ \ •! S (as)! 

J -ff J -IT (.W .-0 J 

when 7 = 0, 1, % m— 1 

Since the original integral tends to zero and since it has been proved 
equal to the sura of two positive expiessions, it follows that each of these 
expressions tends to zero , that is to say 

r-n ( W-1 

\f(x)- 1 An(x) - dx-*0 
J —IT (, WssO 

Now the expression on the left is equal to 

rw / TT (“ w — I 1 1 » 

j { / (®)}* dx -2 j I y (®) - An {x) J j ^ An («) j dx 

rn (7n.-l 

- 2 dx 

rn rn ('w -1 'ja 

= {/(^)N^‘- \^An{a))\dx 

J -n l- 7 rl »=0 

rn r, m-l 

= (/(^)}» (fo -V I cc + 2 (a„» + b,r)\ , 

J -w «'»1 

so that, as m-^oo , 


This IS the theorem stated 

Corollary ParsevaVs theo-iem* If /W, F{x) both satisfy the conditions laid on/(r) 
at the beginning of this section, and if bo tho Fourier constants of /^(r), it follows 

by subtracting the pair of equations which may bo combined in tho one form 

J -n L «=»! J 

that f’" f(i)F{x)dx=irha„Ao+ S (Mm+6A)| 

/ “TT V. »tWl ) 


9 6 R%enia7i7i$ theo7'y of tiigonometriocd senes 

The theory of Dinchlet concerning Fouiier series is devoted to senes 
which represent given functions Important advances m the theoiy were 
made by Riemann, who considered properties of functions defined by a senes 

of the typef fao+ 2 (tt„ cos n® + &„ sin na;), where it is assumed that 

^ «sal 

hm (n&n COS wa? +• 6,1 Sin ?ia;) — 0 We shall give the piopositions leading up to 
Riemann’s theorem J that if two trigonometrical senes converge and are equal 


* M^m par divers samna, i (1805), pp 639-648 Parseval, of course, assumed the permissi* 
bihty of integrating the trigonometrical senes term-by-term 

+ Tliroughont §§ 9 6-9 632 the letteis <7„, do not necessarily denote Fourier oonstants 
X The proof given is due to Q- Cantor, Journal fur Math lxxii (1870), pp 130-142 
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at all points of the range (— tt, tt) with the possible exception of a finite 
number of points, coi responding coefficients in the two senes are equal 

9*61 Miemann's associated function 

Let the sum of the senes -ao + 2 (an cos nx + bn sin nx) = -I- 2 An ico), 

at any point x where it converges, be denoted by /(a?) 

Let F{x)=^\a^x^— 2 

Then, if the series defining f{(c) converges at all points of any finite interval, 
the senes defining F(x) convei ges for all real values of x. 

To obtain this result we need the following Lemma due to Cantor 

Gantoi‘'8 lemma* If lim An(x)^0 for all valiios of x such that a then 

Foi take two points + d of the interval Then, given e, we can find such thatt, 
when H > 

I cSrt cos nu? + sin |<€, |a„cos9i(4?-l-§) + &»sin + | <€ 

Therefore 

' coH (a„ cos ur -H sm nx) -f sm nd ( — «« sin 7iJ7+ 6^ cos nx) j < e 

Since I cos nb (a,* cos nx + bn sm nx) | < £, 

it follows that I sin «$ ( — siu nx + cos m) | < 2<, 

and it IS oh vious that | sin nb («« cos nx+ bn sin nx) | < 2^ 

Therefore, squaring and adding, 

siuwSl <2«V2 

Now suppose that b^, have not the unique limit 0 , it will be shewn that this 
hypothesis involves a contradiction For, by this hypothesis, some positive number eo 
exists such that there is an uuonding increasing sequence ni, of values of foi 
which 

(«„«+6,*)4>4*o 

Now let tho lange of values of d lie called the interval f of length Li on the real axis 

Take /i{ the smallest of tho integers such that ni Li>^n , then sin n{y goes through 
all its phases in the interval f , call /j that sub-interval J of Ii m which sm n/^> 1/V2, 
its length IS Next take w/ the smallest of the integers «r(>^h') »iioh that 

n/ > ^TT, so that sm n/y goes through all its phases m tlie interval , call /{ that sub- 
intenalj of m which , its length is wl{2nI)M»Lj^ We thus get a 

sequence of decreasing intorvals I i, each contained m all the previous ones It is 
obvious from tho definition of an irrational number that there is a certain point « which 
IS not outside any of those intervals, and sin na> 1/^/2 when n«^ni% n^J, , 

For these values of n, {a,f -h h,f) i sm ua > 2«q ^2 But it has been shewn that corresponding 

* Biemann appoarp to have regarded this result as obvious The pi oof here given is a 
modification of Cantor’s pioof, il/at/i Ann iv. (1871), pp 189-148, and Jowmd f/i> Lxxn 

(1870), pp 180-188 

t The value of depends on x and on b 

X If there is more than one such sub-interval, take that which lies on the left 
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to given numbers a and « we can find Mo such that when n >»Jo, (sin no) <2* , 

Since some values of aie greater than Wq, the required contradiction has been obtained, 
because we may take e< sq , therefore an-»-0, 

Assuming that the senes defining f{x) converges at all points of a certain 
interval of the real axis, we have just seen that an-^0, >0 Then, for all 

real values of x, \ oos nx + hn sin iix | < (an® + V)^— >0, and so, by § 3 34, the 
00 

series S 7r^An(x)=F{x) converges absolutely and uniformly foi all 

n-l 

real values of x , therefore, (§ 3 32), F{x) is continuous for all real values of x 
9 62 Properties of Riemanrts associated function, Riemann's fvt st lemma 
It is now possible to prove Riemann s first lemma that if 
airr -b (g? - 2a) - 2F{x) 

00 

then lim G{x, a)=/(a7), provided that 2 An (a?) converges for the value of x 

a-^O n=0 

undei consider ation 


Since the series defining F(x), F(x±^cl) converge absolutely, we may 
rearrange them , and, observing that 

cos n(x-\’ 2a) + oos n (x — 2a) — 2 cos rw? — — 4 sin® na cos nx, 
sin n{x + 2a) -f sm n (x — 2a) — 2 sin = — 4 sin® na sin 7ix, 
it is evident that 

Q(«>,a) = A,+ I 

n=:i \ na / 

It will now be shewn that this series converges uniformly with regard to 

CO 

a for all values of a, provided that 2 An(«?) converges The result required 

n«l 

la then an immediate consequence of § 3 32 for, if /»(a) = . (« 

and /n (0) = 1, then /» (a) is continuous for all values of a, and so 0 {as, a) is a 
continuous function of o, and therefore, by § 3 2, G {m, 0) = lim 0 {x, a). 

a-»0 

To prove that the series defimng G (x, a) converges umformly, we employ 
the test given in § 3 36 example 2 The expression corresponding to ®„ (x) 
IS fn(a), and it is obvious that |/n(a) | < 1 , it is therefore sufficient to shew 

OQ 

that 2 |/„+i(a) — /n(a) 1 < where K is independent of a 


In fact* if a be the integer such that a | a | < rr <(a+ 1) | a |, when a=t*0 we have 

* a sm® sa 


"s' I /h+ 1 («) “ /iv («) ' = s\/« («) -/n+ 1 («)) ^ 

n«i ^ »*l <* 




* Since ar^ ein x decreases as a increases from 0 to r 
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Also 

" I - / N jr / M * I fsin^^irt/l 1 M Rm 5 *?ia-sin 2 (w+l) a I 

l-T-W- (irtT?)h — C-H ' 


^“1/1 ^ \ “ I sin2 7ia-sm2(w 

(n+iy)^nls+l («+l)'a- 


1)2 a® 

(»H-l)a| 

,2 


1 * 1 8ina8in(27i4-i)a| 

J , |sip«l 5 1 

dsp 


Therefore 


. 1 I sm a I 

f ~ j + ■ „ — 


< L4. 

(s + l)la| 


(« + l)2 


" ij- / \ j sm 2 »a . /sm^ia , sm 2 («+l)a'\ , 1^1 

Z I ^ -a- - i^?-+ + (.+1)2,^ j + „-2 + ; 

<l+-+-j 

TT TT^ 

Smce this expression is independent of a, the result requued has been obtained* 

00 

Hence, if 2 -4,i (a)) converges, the senes defining G {oo, a) converges 

«=o 

uniformly with respect to a for all values of a, and, as stated above, 
lim Q (as, a)=0 (so, 0 ) =» jIo + 2 An (so) = f{oo) 

*-♦■0 n»l 

ExompU If H (X, a, ^■^^ F(x-^a+^)-F(x+a-fi)~F{^-a+$)+F(x-a-fi ) 

^ap 

that B { 3 ;, a, ^)*-^/(^) ^^ben f(x) converges if a, in such a way that a/^ and ^/a 
remain finite (Riemann ) 

9 621 Riemann' 8 second lemma With the notation of §§ 9*6-9 62, if 

On, 6n-^0, then hm H ??) — =3 0 for all values of oc 

For i«-> {F (so +2a) + F{x^ 2a) - 2F(w)} = 4„a + I An (so) , but 

»sb 1 ^ ^ 

00 Qin® vifi 

by § 9 11 example 3, if a > 0 , 2 — - — <=> ^(•rr — a), and so, since 

, , . * sin'na , , . 

At(x)a+ l-^-Aniss) 

mt At(so)a+ ^ (v — a) Ai(sc) + 2 {■KTr — «)— • 2 — -j— [ (■2.n+i(®)~-2.B(®)}> 

««1 [, mmi ma ) 

it follows from § 3 36 example 2, that this series converges uniformly with 
regard to a for all values of a greater than, or equal to, zerof 

• This inequality ia obviously .true when tt=0 

t If we defline by the equations ^ («+0), and yB(0) = Jir, 

then (a) « continuous when « ^ 0, and 5 r,j 4 ,x («) ^ffn («) 
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But hm 2a) + if'(®- 2a) — 2Jf'(«)} 

a -*- hO 

= hm ^o(a!)a + J(9r-a)4i(a!)+ i 9 r„ (o) {j4„+i (a:) - (^t)} , 

a -^+0 L 

and this limit is the value of the function when a = 0, by § 332, and this 
value IS zero since lim = 0 By symmetry we see that lim = hm 

a -*-+0 a -»— 0 

9 63 Il%emann*s theorem* on tmgonometmcal semes 

Two tmgonometr teal semes which converge and are equal at all points of 
the range (— tt, tt), with the possible exception of a finite number of points, 
must have corresponding coefficients equal 

An immediate deduction from this theorem is that a function of the type considered 
111 § 9 42 cannot be represented by any tngonometneal senes in the lange (- tt, tt) other 
than the Fourier series This fact was first noticed by Du Bois Reymond 

We observe that it is certainly possible to have other expansions of (say) the foiin 

CO 

ao+ 2 (a,»cos^»it?-l-j8,rtSm 
?n.=sl 

which represent f{xi) between - tt and tt , for write and consider a function (^), 

which is such that ^ (() =/(2^) when - W < ^ < Jtt, and <#> (|) ~ <7 ( i ) when - tt < ^ < - Att, 
and when ^7r<^<7r, wheie g({) is any function satisfying the conditions of ^43 
Then if we expand (f> (^) in a Fourier series of the form 

OQ 

fl<)+ 2 (a,^COSWl^ + /3>nCOSWlf), 
msao 

this expansion represents /(r) when -ir<x<7r , and cleaily by choosing the function g{^) 
m different ways an unlimited number of such expansions can be obtained 

The question now at issue is, whether othei series proceeding in sines and cosines of 
integral multiples of x exist, which differ from Founei’s expansion and yet represent f{x) 
between — tt and tt 

If possible, let theie be two tngonometneal senes satisfying the given 
conditions, and let their difference be the trigonometrical series 

^0+2 An{.a>)-f{x) 

««=1 

Then f{a) = 0 at all points of the range (— tt, tt) with a finite number of 
exceptions , let I 2 be a consecutive pair of these exceptional points, and 
let F (x) be Riemann's associated function We proceed to establish a 
lemma concerning the value of F{x) when 

9 631 Sohwartz' lemmas In the range F{x) is a linear function of 

if f(x) — 0 in thu range 

For if or if ^=s -1 

<!> (^) = 5 {/?’(&) -F'(ll)}]- - J.) d,-*) 

IS a continuous function of ^ in the range and (f) (f 2)=0 

* The pioof we give is due to (3r Cantor, Journal JiU Math lxxil (1870), pp 1S9-142 
t Quoted by G Cantor, /oMrna//Wr nxxii (1870) 
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9 63-9-632] 

If the fii’st term of <l> (w) is not zero throughout the range* there will he some point 

at which it IS not zero Choose the sign of 0 so that the first term is positive at c, 
and then choose h so small that 0 (c) is still positive 

Since <l> (a) is continuous it attiiins its upper bound (§ 3 62), and this upper bound is 
positive since <(>{c)>0 Let cj) (os) attain its upper bound at Cj , so that Ci f 4= f 2 

Then, by Riemann’s fiiat lemma, 

hni ^ (^i - g) -- 2 <j) (ci) _ 

But <l>(ci-ha) (ci), (Cj - a) ^ ^ SO this limit must be negative 01 zero 

Hence, by supposing that the first term of ^ (a) is not everywhere zero in the range 
(ii» &)» we have arrived at a contradiction Therefoie it is zero , and consequently F{a;) is 
a linear function of ^ in the range Ji < ^ < ^2 The lemma is therefore pioved 

9 632 Proof of Riemann^s Theorem 

We see that, in the circumstances under consideration, the curve y — F{a)) 
represents a series of segments of straight lines, the begmnmg and end of 
each line corresponding to an exceptional point , and as F(so\ being uniformly 
convergent, is a continuous function of oo, these lines must be connected 

But, by Kiemann’s second lemma, even if f be an exceptional point, 
hm = 0 . 

a -*.0 « 

Now the fraction involved m this limit is the difference of the slopes of 
the two segments which meet at that point whose abscissa is f , therefore the 
two segments are continuous m direction, so the equation y = F{x) represents 
a single line. If then we write F {sc) = esc -h o', it follows that c and c' have 
the same values for all values of x Thus 

CO 

\A,^a?-cx — c' = 2 rr^Anix), 

»«l 

the right-hand side of this equation being periodic, with period 2'jr 

The left-hand side of this equation must therefore be periodic, with period 
2-^. Hence 

Z,(| = (), c = 0, 

00 

and — o'= 2 

»-i 

Now the right-hand side of this equation converges uniformly, so we can 
multiply by cos nr or by sin 7 i.at and integrate. 

This process gives 

= - c' I co8?i®(ia! = 0, 

J — IT 

Trrr^bn » — c'J sm nxdx = 0 

* If It is zero throughout the range, F (as) is a hneai function of x 
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Therefore all the coeflBcients vanish, and therefore the two trigonometrical 

00 

senes whose difference is ilo -1- S Anipo) have corresponding coefficients equal 

«=i 

This is the result stated in § 9 63 

9 7. Fomiers representation of a function by an integial* 

It follows from § 943 that, if fisct) be continuous except at a finite 
number of discontinuities and if it have limited total fluctuation in the 
range (— oo , oo ), then, if oo be any internal point of the range (— a, y8), 

lim [ — — ^/(^)d^=lim j7r0“isin0{/(^4-2^)+/(i»-“20)} 

m-*-ooJ --a yt — X) 

Now let X be any real number, and choose the integer m so that 
X = 2m + 1 + 277 where 0 ^ 77 < 1 

Then f (sin X (< - — sin (2m + 1 ) (i — a?)} f (t) dt 

J -a 

= f 2 {cos (2m + 1 + 1}) (t — iv)} . {sm v(^~ *)) 

' —a 

—► 0 , 

as m— >00 by § 9 41(ii), since (t — x)'~^f(f) sin 7j(t--x) has limited total 
fluctuation 

Consequently, from the proof of the Riemann-Lebesgue lemma of § 9 41, 
it IS obvious that if [ |/(^) | dt and [ \f{t) [ dt converge, thenf 

JO ' -00 


lim 


"a 

a 

OP J - 


and so 


sin X (^ — a?) 


/«)d«=i7r{/(^ + 0)+/(ir-0)}, 


hm f if eoau(t — as)dulf(t)dt = i<7r{/(a! + 0)+/(a^0)} 

A-^oo J -00 U 0 } 

To obtain Fourier's result, we must reverse the order of integration in 
this repeated integral 

For any given value of X and any arbitrary value of e, there exists a 
number yS such that 

f"|/(^)|d«<4e/X, 

J/3 

* La Thione Analijtiqne de la CJuileiD^ Cli ix For recent work on Fouuer’s integral and 
the modem theory of ‘Fourier transforms,* see Titohmarsh, Proc Oamh Phil JSoc xxi (1923), 
pp 463-478 and Pioc London Math Sac* (*2)xxni (1924), pp 279-280. 

moans the double limit Urn If this limit exists, it is equal to lim 

J “00 p -► 00 , pr 00 J — p —p 



189 


97] 


FOURIER SERIES 


writing cos u{t-a) f(t) = f (t, u), we have* 

i L { ~ fo{ C 


i> {t, it) c?ii| dt + J I J (j>{t, u) (Zm| dt 

- I <f> {t. u) dt| tZit - I [J <f,(t,u) dt| du 
= I /J I <f> (t, u) £i«| dt - I j“4> (t, u) dij du 

< I Jo 1 “) I I I 

< 2xf"|/(f)|d«<e 

;/s 

Since this is true for all values of e, no matter how small, we infer that 
tk rk TOO r-oo fk rk r-oo 

ij. j.-j.j. 

Hence i7r(/(a? + 0) — 0)} = lim f [ oo^u(t — x)f(t)dtdu 

k-^oo J 0 J -00 


cos u (t — x)f{t) dt du. 

0 

This result is known as Fourier’s integral theorem.^. 

Example Verify Founer’s integral theorem directly (i) for the function 

(xi) for the function defined by the equations 

(-1<^<1), /(-»)oi0, ([47|>1) (Rayleigh) 
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which/ (a;) is oontmuous 
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Hobson, Functions of a Real VariahU^ §§ 402-498 The reader should observe that, although 

/ 00 Jo repeated integral J |j* ^ sm w (t - a?) duj- / (t) dt does not 
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Miscellaneous Examples 
1 Obtain the expansions 

{“) ■ , +r coag+r*oosa8+ , 

^ ' 1-2/ coss+f® 

(6) |log(l- 2 rcos 2 +«^)= — »"cos«-ir®oos2it-|r*cos3s— , 

1 1 

(c) arc tan - ^ ^ =r sin sm * » 

^ ' l-rcos^ 2 d 

(d) aic tan^^5^=rsin2;-t-| rSsmSz + gr® sm 5«+ , 


and shew that, when | r | < 1, they are convergent for all values of z in certain strips 
parallel to the real axis in the .s-plane 

2 Expand and a: in Fourier sine series valid when -ir<^<»r, and hence find 
the value of the sum of the series 

sin.r— ^sin 2^r+psm 3^-^sin4;r+. , 

for all values of (Jesus, 1902 ) 

oo 

3 Shew that the function of x lepresented by 2 7^“"^ sinTwysm^no, is constant 

nsl 

(0 < iP < 2a) and zero (2a < ^ < tt), and draw a graph of the function 

4 Find the cosine series representing /(»r) where 

y(^)s=sina.H-008^ (0<^^j7r), 

/(;r)=smd7~cos47 (•^^^<7r) 

5 Shew that 

sinSrro? sin5?rj? . mxliTX 


(Pembroke, 1907 ) 


(Peterhouse, 1906 ) 


sinira7+- 


+ ==i»r[47], 


3 5 7 

where [x] denotes 4-1 or 1 according as the integer next inferior to ^ is even or uneven, 
and IS zero if x is an integer (Tnnity, 1895.) 

6 Shew that the expansions 


and 


log 


-og 


2 cos ^ ^ 

^ 1 
2 sin Q ^ 
2 


■ COS 1 COS 2a? 4 cos 3a? 

2 d 

1 1 

= -COSO.* -“COS 2a-— g cos 30? . 


are valid for all real values of a?, except multiples of tt 

7 Obtain the expansion 

* ( cos TflX ( 1 \ 1 

2 ^ ^ 2) ” ^ ^2oosga7j + go? (sin 2a?4‘Sina?)- COSO?, 

and find the range of values of x for which it is applicable (Tnnity, 1898 ) 

8 Prove that, if 0 < a? < 2»r, then 


sm 0? 2 sin 20? 3 Bin 307 

a«4.1Ji'^ a2H-2* 


£ sinh a (ff - 0 ?) 
2 smEoir 


(Trmity, 1895 ) 
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9 Shew that between the values — n- and +ir of x the following expansions hold 

ir 2®— »i* ^ 3*— j»* 

TT \2m 22-m2 ^ *7* 


£ifnv _ ^—mir ' 


TT \2m 


m cos ^ 7)1 cos 2a? m cos 3a. \ 

2-i+«i2 "■ 32+^12 )• 


10 Let a? be a real variable between 0 and 1, and let 92 . be an odd number ^ 3 
Shew that 

(— l)«=sl 4 -- s — tan — cos 2wi»ra7, 
n TTtnaim n ’ 

if X 18 not a multiple of where « is the gi'eatest integer contained 111 na?, but 

0=- + ~ 2 - tan — cos2wi7ra?, 
n TTn^i m n ’ 

if X IS an integer multiple of l/n (Berger ) 

11 Shew that the sum of the senes ^ 

cc 

J+4ir“^ 2^ 992.-1 sin COS 297i9r4? 

18 1 when 0<^< J, and when |<^<1, and is -1 when i<ir< J (Trinity, 1901 ) 

12 If ae^ _ ^ a^Vn(x) 

shew that, when - 1 <; 2 ? < 1, 

^ 2*» ^ pir- + --=t ) 2n\ 


®*'‘^’^*+-2«rrr+-prn-+ 




l(«)- 


2k + 1 ' **'*•*' 

(Math Trip 18960 

13 If w IS an integer, shew that, for all real values of a?, 


2,4 6 29a (.2 ^ 


991 ^ 991^992 — 1^ 

^cos2^+^ ~;y^^_^^^) 0os4^ 

w (OT- l)( ffl-2) 

^(m+1) (»»+2)(»?+3) 


r. }, 


I 008 »»-' X I-- ? ■ A + 2?! - J cos 2^^(gw-I)(2w-3) I 

' w 1 .3.6. .(2m-I) l2^2w + l ^^(2»+l)(2«i+3)^®^^ '/ 


14, A point mo\es m a straight line with a velocity which is initially w, and which 
receives constant increments, each equal to % at equal intervals r. Prove that the velocity 
at any tune t after the beginning of the naotion is 


M 

2*^ T 


+ 


1 

- sm 


w «t«(i9a 


2m7r^ 


and that the distance traversed is 


2^ 


(^+r) + 


12 


jwr “ 1 

29r2,„a,j 55? 


cos 


2m9r^ 

r 


(Tnmty, 1894 ) 
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16 If 

nil ilhl J. ^ 


Sin 707 sin Hot \ 
— 7 “" 112 + ]■• 


sm 6 j 7 . sin 7x sin llo; 
■(sin 07 gj- +- 


shewthat /(+0)=»/(»r— 0)= -Jw, 

and /(i»r-^0)-/(V-0) /(Sir+0)-/(S.r-0)=|,r 

Observing that the last senes is 

6 “ sin \ (^n- 1) w sin x 

; ‘ {2 m- 1)2 - ' ’ 

draw the graph of /(*) Trip 1893 ) 

16 Shew that, when 0 < < tt, 

/(of)= (cos tr- g COB 6i?+icos 7o7- cos llof+ ^ 

■ssin 2o/+^ sin 4o7+^sin 8o?+g sin-10^+ 
where (0<o7<j7r), 

(%«■ <07<|n’), 

/( 07 ) — - \ir (§:«’ < 0 ? < tt) 

Find the sum of each senes when o,=»0, J»r, §rr, tr, and for all other values of x 

(Tnnity, 1908 ) 

17 Prove that the locus represented by 

CO 

S Js — Lj . — Bin no? Sin 7iy=0 

n-i 

IS two systems of lines at nght angles, dividing the coordinate plane into squares of 
^^3 (Math Tnp 1896) 


18 Shew that the equation 


« (-)*-isinwy COB no? 


n»l 


n® 


represents the lines y- ±mir, (m-0, 1, 2, ) together with a set of arcs of ellipses whose 

semi-axes are ir and .r/V3, the arcs being placed in squares of area 27r» Draw a diagram 
of the locus (Tnrnty.ma) 

19 Shew that, if the point («, y, *) hes inside the octahedron bounded by the planes 
+ a±v±*=»7r, then 

^ , smno7sinnysmn« 1^^^ 

(Hath Tnp 1904) 

20 Circles of radius a are drawn having their centres at the alternate angular points 
of a regular hexagon of side a Shew that the equation of the trefoil formed by the outer 
arcs of the ourales can be put in the form 

,-^ = S + S^500S3d-riwO0S6d + 54rr0O89d-. , 

6V3« 2^24 67 8 10 

the initial hne bemg taken to pass through the centre of one of the circles 

(Pembroke^ 19(K).) 
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21 Draw the graph represented by 


where m is an integer 


r , , 2m 
- = 1+ — sm 

a TT 


— -f-+ 2 ( ~)*'oos n 7 n 6 ) 

^ n-i 1 - {nmy J ’ 


(Jesus, 1908 ) 


22 With each vertex of a regular hexagon of side 2a as centre the arc of a circle of 
radius 2a lying within the hexagon is drawn Shew that the equation of the figure 
formed by the six arcs is ® 


” {(-)"-‘6+3V3) „ . 

^-6 3^+2^S^ (6i^ l)(6^+l) 


the prime vector bisecting a petal 
23 Shew that, if c> 0, 


/ ’ * 

«-“cota!8in(2«+l)«r <te= 5 n-tanh^C 5 r 
0 2 2 


24 Shew that 


(Trinity, 1905 ) 


(Trinity, 1894 ) 


hm f 
n-^co J ( 


Sin (2^ +1)^ cb 1 
0 sin:r 1 “ 2 ^ 


26 Shew that, when - 1 <^< 1 and a is real, 
sin (2?i4-l)^8m(l+^)^ 0 


(£ing»s, 1901 ) 


lim I 
n-^ec J 0 


sin^ 


1 sinh cue 

0^+^ 2^ sinha 


(Math Tnp* 1906 ) 

26 Assi^mg the possibility of expanding /(«) in a uniformly convergent senes of 
the form 2^»sinfc», where A is a root of the equation Aoosai+bsma>6=0 and the 

summation is extended to all positive roots of this equation, determine the constants 

(Math. Tnp 1898) 

+ («nOOS»M, + &„Sin»M?) 

18 a Founer senes, shew that, if/(ii) satisfies certain general conditions, 

jo /Woooniftanii!^*, 6 „-i Binntt&n^ej. 

(Beau ) 

• , prove that the highest maximum of Sn (r) iu the 


r»l 


interval (0, tt) is at and prove that, as n^oo 


Deduce that, as u -*. 00 , the shaiie of the curve y»iS„(.v) in the interval (0, «■) tends to 
approximate to the shape of the curve formed by the line (0 ^ tt) together with 

the line ^w»r, (0 where 

J 0 t 

known as Gihhs' phenomenon , see Nature^ Lxix (1899) 
p 606 The phenomenon is characteristic of a Founor senes in the neighbourhood of a 
point of ordinary discontinuity of the function which it represents For a full discussion 
of the phenomenon, which was discovered by Wilbraham, Oamh and Dublin Math Journal 
HI. (1848), pp 198-201, see Carslaw, Fourioi^s Seines and Integrals (1921), Oh ix 1 * 

w, M. A. » J 



CHAPTER X 

LINEAR DIFFERENTIAL EQUATIONS 


10 1 Linewr Differential Equations * Ordinary pomts and singular points 

In some of the later chapters of this work, we shall be concerned with the 
investigation of extensive and important classes of functions which satisfy 
linear differential equations of the second order Accordingly, it is desirable 
that we should now establish some general results concerning solutions of 
such differential equations 

The standard form of the hnear differential equation of the second order 
will be taken to be 

^+p(z)^+q{z)u = 0 (A). 

and it will be assumed that there is a domain S in which both p (e), q («) are 
analytic except at a fimte number of poles 

Any point of 8 at which p{z). q{z) are both analytic will be called an 
ordinary point of the equation , other points of 8 will be called singular 
•points 

102 Sohition’f of a differential equation valid in the vicnmty of an 
ordinary point 

Let h be an ordinary pomt of the differential equation, and let /Ss be the 
domain formed by a circle of radius rj, whose centre is b, and its mterior, the 
radius of the circle being such that every pomt of is a pomt of 8, and is 
an ordinary point of the equation 

Let X be a variable pomt of 

In the equation write « = v exp 2 /j becomes 

^^ + J{z)v^0 . .. (B), 

where = 

* The analyBw oontamed on this ohapWr is mainly theoretioal, it consists, for the most part, 
of theorems It is assumed that the reader has some knowledge of praotioal methods 

of solving difleiential einations, these methods aie given m works exclusively devoted to the 
subject, such as Forsyth, J. Treatise on Vijferential Eqwtums (19U) 

t This method is apidicable only to equatiops of the second order. For a method ^phcabte 
to equations of any order, see Forsyth, Theory o/DiffererUMl Equations, rv (1902), Ob. i. 
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10 1 , 10 2 ] 

It IS easily seen (§ 5 22) that an ordinary point of equation (A) is also 
an ordinary point of equation (B) 

Now consider the sequence of functions {z), analytic in 8b, defined by 
the equations 

Do {z) = a^ + ai{z- h), 

{K-z)J (0 ««-i (0 d?, (n = 1, 2, 3, .) 
where Oo, <h are arbitrary constants 

Let M, be the upper bounds of | J(a^)| and |do(^) 1 m thettomain 8b 
Then at all points of this domain 

I Vn (z) I fxM”' \z—b I) 

For this inequality is true when n = 0 , if it is true when u = 0, 1, . m - 1, 
we have, by taking the path of integration to be a straight hne, 

|l'm(^)| = |f {^-z)J{K)Vm-x(X)d^ 

\J h 

<—,u.M.'^\z-h'fX‘ 

m I I 

Therefore, by induction, the inequality holds for all values of rib 

aM^Vh^ oo 

Also, since 1 1 — when z is in Si, and t fiM^n^/(n\) con- 

^ * n«0 

00 

verges, it follows (§ 3 34) that v(z)= 2 d„ (z) is a senes of analytic functions 

«=s0 

uniformly convergent m 8b, while, from the definition of Vn(z), 

j^Vniz) — |V (Ovn-AOd^, (n== 1, 2, 3, .) 

cZ* 

^ iz) = -J (z) Vn-i (z) , 
hence it follows (§ 5 3) that 

d^{z)^d^o(z) 2 dh}n(z) 

dz^ ~ dz* "■‘'nti dz^ ' 

^~J{z)v(z) 

Therefore v(z) is a function of z, analytic in 8b, which saUsfies the 
differential equation 

'^r'-^d'{z)v{z) = Q, 

18—2 
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d 


and, from, the value obtained for evident that 


v{b)^ao, «'( 6 ) = 
where a^, Oi are arbitrary 




10 21, Uniqueness of the solution. 

If there were two analytic solutions of the equation for v, say (^) and (z) 
such that = w* (6) = Oo, v/ (6) = »a'(6) = «i. then, wntmg w (z) = v^, (z) - Vi{z), 
we should have 

^^ + J(z)wiz)=^0. 

Differentiating this equation n — 2 times and putting « = i, we get 
«,(») (6) + J{b) «;'>*-») (h) + „_aO, J'(6) (6) + + /'"-*> (6) w (6) » 0 

Putting n=2, 3, 4, . in succession, we see that all the differential coefficients 
of w (z) vanish at b , and so, by Taylor’s theorem, w(z) = 0 , that is to say the 
two solutions (z), (z) are identical. 

Writing u(z) = v (z) exp |~ § Jj P (5^) ' » 

we infer without difficulty that u (z) is the only analytic solution of (A) such 
that u(b) = Ao, u,'(b) = Ai, where 

Ao = ao, Ai=ai-^p(b)aa, 

Now that we know that a solution of (A) exists which is analytic in bj 
and such that u(b), u' {b) have the arbitrary values A,, Ai, the simplest 
method of obtaining the solution in the form of a Taylor’s senes is to assume 

u(z)= 2 Aniz — by^, substitute this series in the differential equation and 

n-0 

equate coeflSicients of successive powers of z^h to zero (§373) to determine 
in order the values of -4$, ... in terms of 4Lo, Ai 

[Notjj In piactice, in carrying out this process of substitution, the reader will find 
it much moie simple to have the equation ^cleai*ed of fractions^ rather than in the 
canonical form (A) of § 10 1 Thus the equations in examples 1 and 2 below should 
be treated in the form in which they stand , the factors (<f— 3) should not be 

divided out The same remark applies to the examples of §§ 10 3, 10 32 ] 

From the general theory of analytic continuation (§ 6 6) it follows that 
the solution obtained is analytic at all points of 8 except at singularities 
of the differential equation The solution however is noti in general, 
' analytic throughout S* (§6 2 cor. 2, footnote), except at these pomts, as it 
may not be one- valued, le it may not return to the same value when z 
describes a circuit surroundmg one or more singularities of the equation. 
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[The property that the solution of a linear differential equation is analytic 
except at singularities of the coefficients of the equation is common to linear 
equations of all orders ] 

When two particular solutions of an equation of the second order are not 
constant multiples of each other, they are said to form a fundamental system 

Example 1 Shew that the equation 

(l-0a)w"-22M'+f24=O 
has the fundamental system of solutions 

Determine the geneial coefficient in each senes, and shew that the radius of con- 
vergence of each series is 1 

Example 2 Discuss the equation 

(2!- 2) (2-3) 24" — (2:2-5) 24'-H2w = 0 
in a manner similar to that of example 1 

10 3 Points which are regular for a differential equation 

Suppose that a point c of is such that, although p (z) or q {z) or both 
have poles at c, the poles are of such orders that {z — o)p {z), (0 — c)® 3 (^) are 
analytic at c, Such a point is called a regular point* for the differential 
equation Any poles of p {z) or of q {z) which are not of this nature are called 
irregular points The reason for makmg the distinction will become apparent 
in the course of this section 

If c be a regular point, the equation may be writtenf 

(n-cy^. + iz-c) .P{z-o)^^+Q(z-o)u = 0, 

where P(z^ o), Q(z — o) are analytic at c , hence, by Taylor’s theorem, 
P(e-o)=pt+Pi(z-o) + Pi(z-oy‘+ , 
Q(z-o)^q,+qi{z-o) + q^ (z - c)* + , 

where Pn > •> 3o» ?i. •• constants, and these senes converge m the 
domain 8e formed by a circle of radius r (centre o) and its mtenor, where r is 
so small that o is the only singular point of the equation which is in Sb- 

Iiet us assume as a. formal solution of the equation 
U = (z-cy\l+ ’SiJOnin-C)”' , 

where a, Uj, a*, ,, are constants to be determined 

* The name 'regular point’ is due to Thom4, Journal fUr Math lxxv (1878), p* 268 
Fu<diB had previously used the phrase ' point of det^cminateness ’ 
t Frobenius calls this the normal form of the equation 
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Substituting in the dififerential equation (assuming that the term-by-term 
differentiations and multiplications of senes are legitimate) we get 

— c)* l^a (a — 1) -I- 2 a„ (a + n) (a + n — 1) (« — c)“J 

+ (z — cYP{z~c) Fa-t- i 0,1 (a - 1 - Ji) (^ - c)"l 
L n=l J 

+ («-c)*Q(4;-c) 1^1+ = 0 

Substituting the series for P (2 — c), Q{z — c), multiplying out and equating 
to zero the coefficients of successive powers of z — c, we obtain the following 
sequence of equations 

+ (Po - 1) o + ?o = 0, 
a, {(a 4- 1)* + (po - 1) (o + 1) + 9o} + oiJi + 3i = 0. 

a^{(a + 2y+(p,-l){a + 2) + q,} + a,{(a + l)p, + qi} + api + q2 = 0. 

On {(« + ny 4- (po - 1) (a + «) + 9o] 

4- ”2 an-m {(a 4^ n. - m)p,„ 4- ?«,} 4- «p„ 4- = 0 

m=l 

The first of these equations, called the %nd%oial equation determines two 
values (which may, however, be equal) for a The reader will easily convince 
himself that if c had been an irregular point, the indicial equation would have 
been (at most) of the first degree , and he will now appreciate the distinction 
made between regular and irregular singular points 

Let a = pi, cy = Pa be the rootsf of the indicial equation 

J?^(a) = + (po - 1) a -b ffo = 0 , 

then the succeeding equations (when a has been chosen) determine aj, Ua, 
m order, uniquely, provided that F(a +• n) does not vanish when = 1, 2, 3, , - . , 
that IS to say, if a = pi, that pa is not one of the numbers pi + 1, pi + 2, * , 

and, if a = Pa, that pi is not one of the numbers pa + 1, pa + 2, , 

Hence, if the difference of the exponents is not zero, or an integer, it is 
always possible to obtain two distinct senes which formally satisfy the 
equation 

Example Shew that, if m is not zero oi an integer, the equation 



IS formally satisfied by two senes whose leading terms are 

•*"K-5(rwj+ }• •*'”('+ie(rr;5+- }■ 

determine the coefficient of the general term in each senes, and shew that the senes 
converge for all values of z 

* The name is due to Cayley, Quarterly Journal^ xxi (1886), p 826 

t The roots pi, P 2 of the indicial equation are called the exponents of the difierential 
equation at the point o 
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1031 Convergence of the expansion of% 10 3 

If the exponents pi, pa are not equal, let be that one whose real part is 
not infenoi to the real pait of the other, and let pi — p 2 = ^ > then 

F{p^ + n) — n{s-\-n) 

Now, by § 6 23, we can find a positive number M such that 
\pn\< \qn\< Mr-^y 1 p^p^, + 1 < Mr^^, 

where M is independent of n , it is convenient to take M'^1 
Taking 0 L=^pi, we see that 


“i “ I rt/. . iM ^ 


M 


,M 

\ F(pi +1)1 ^ r I s + 1 1 " r ’ 

since I s + 1 1 ^ 1 

If now we assume | (in | < when w = 1, 2, m. — 1, we get 


am, — 


m-l 


Kft + m - Op, + „) + + 5. 


I F{pi + m) 

2Ja„^t| \PiPt + qt\ + \ptPm, + q»>,\+^^^{m -t)\an^t \ |pt| 




m I s + m I 

■>n-l 1 

,(»i _) 

m* 1 1 + am"* | 

Since 1 1 + sni“‘ | > 1, because B (s) is nob negative, we get 
, , m + 1 


2m 




and so, by induction, | | < for all values of n 

If the values of the coefficients corresponding to the exponent pj be 
o>i, (*s^ • we should obtain, by a similar induction, 

I I < 

where k is the upper bound of jl— sl~‘, jl — 
bound exists when s is not a positive integer 

We have thus obtained two formal senes 


, this 


Wi («) = (« — c)'’’ j^l + 2^ ctn (z - c)"j , 

Wj (z) s^(z — c)'‘“ I 1 + 2 ~ o)" 

L J 


The first, however, is a uniformly convergent series of analytic functions 
when \z-e\<rM~\ as is also the second when ]«- c] < provided 
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in each case that QLrg{z~*c) is restricted in such a way that the series are 
one- valued, consequently, the formal substitution of these series into the 
left-hand side of the differential equation is justified, and each of the senes is 
a solution of the equation , provided always that pi — pa is not a positive 
integer or zero* 

With this exception, we have therefore obtained a fundamental system of 
solutions valid in the vicinity of a regular singular point And by the theory 
of analytic continuation, we see that if all the singularities in 8 of the equation 
are regular points, each member of a pair of fundamental solutions is analytic 
at all points of 8 except at the singularities of the equation, which are branch- 
points of the solution 


1032 Derivation of a second solution in the case when the difference 
of the exponents is an integer or zero 

In the case when pi- p^—s is a positive integer or zero, the solution 
W 2 (z) found in § 10 31 may break downf or coincide with Wi (z) 

If we wnte u^Wi (z) the equation to determine ? is 

<* - »)’ S + ^ S - 

of which the general solution is 

= A + B j (z— (z) dz, 

•where A, B are arbitrary constants and g {z) is analytic throughout the 
interior of any circle whose centre is c, which does not contain any singu- 
larities oiP{z — o) or singulanties or zeros of (z — c)"*** Wi {z) , also g (c) “> 1. 

Let S' («) = 1 gn {z - c)" 

Then, if 


^=aA + B^ |h- {z - c )*! {z — dz 
= ^ -|r 5 - i (« - c)-* - ^ {z - cy*-* ■+■ g, log (z - o) 


* If Pi - P2 id a positive integer, k does not exist, if pi= Hhe two flolutions are the same 

t The ooeffioient a/ may he mdeterminate or it may be infinite, m the former case t0s(jei) 
will be a solution oontaimng two arbitrary constants oq and a/ , the series of which a/ is a 

factor will be a constant multiple of wi (z) 
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Therefore the general solution of the differential equation, which is 
Analytic at all points of C (c excepted), is 

Awj, (z) + B [gr.Wi {z) log iz-c)+w iz)], 
where, by § 2 53, w(z) = {z-c)!‘^\-- + 2K{z-c)’' 


the coefficients being constants 

When 5—0, the corresponding form of the solution is 

Awi(z) + B Wi{z)\og{j2;-c) + (z-c)f^ ^h^{z-c)A 

n-l J 

The statement made at the end of § 10 31 is now seen to hold m the 
exceptional case when s is zero or a positive integer 

In the special case when 5 ^« = 0, the second solution does not mvolve 
a logarithm 

The solutions obtained, which are valid in the vicimty of a regular point 
of the equation, are called regular integrals 

Integrals of an equation valid near a regular point c may be obtained 

practically by first obtaining Wi {z\ and then determining the coefficients in 
00 

a function to, {z) — Ibniz — by subst:|iuting Wj (z) log (z — c) + (z) in 

n-O 

the left-hand side of the equation and equating to zero the coefficients of the 
various powers of ^ — c in the resulting expression An alternative method 
due to Frobenius* is given by Forsyth, Treatise on Differential Equations^ 
pp. 243-258 

Bmmph 1 Shew that integrals of the equation 


regular near are 


and 


dhi I du 2 




Tenfy that these senes converge for all values of z 
ExcmpU % Shew that integrals of the equation 


regular near are 


/ 1 \ .1 * 


and 


» n 

— 1+ 2 (- 

n«l \ 


I -IV 


2 4 


)■ 


3 2«- 


IV/l 1.1 1\^ 

■/ V.1 2’^3~ ■ 


2 4 2n 

Verify that these senes converge when | j? | < 1 and obtain integrals regular near 
^ Journal fUr Math lxxvi (1874), pp 214-224 
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Example 3 Shew that the hypergeometric equation 

*(!-«) ^^+{e-(a+&+l)®}^-a6«=0 

13 satisfied by the hypergeometric series of § 2 38 

Obtain the complete solution of the equation when c^sl 

10 4 Solutions valid for large values of \z\ 

Let then a solution of the differential equation is said to be 

valid for ' large values of 1 2 ? | * if it is valid for sufficiently small values of 1 2 ^ 1 1 , 
and it IS said that ‘ the point at infinity is an ordinary (or regular or irregular) 
point of the equation' when the point ^i = 0 is an ordinary (or regular or 
irregular) point of the equation when it has been transformed so that Zj is 
the independent variable 

Since 


_+,(,)_ +j (.)„ = V sp + - ..-j, y 1 + S (_-) «, 


we see that the conditions that the point ^ = 00 should be ( 1 ) an ordinary 
point, ( 11 ) a regular point, are ( 1 ) that 2^ — i^“jp(^), z^q(z) should be analytic 
at infinity (§ 6 62) and ( 11 ) that zp (^), j!^q(z) should be analytic at infinity 


Example 1 Shew that every poin4i (including infinity) is either an ordinaiy point or 
a regular point for each of the equations 

^ ’53 4-{o— (a+6+1)^'} 


where a, &, c, n are constants 

Example 2 Shew that every point except infinity is either an ordinary point or a 
regular point for the equation 

dH , du . ^ ^ 

where w is a constant 


Example 3 Shew that the equation 

has the two solutions 

, 1 134134561 

* 3’ 2 7«*'^2 4 7 

the latter oonverguig when | s | > 1 


10 6 Irregular singidanties and confluence 

Neax a point which is not a regular point, an equation of the second order 
cannot have two regular integrals, for the indicial equation is at most of 
the first degree , there may be one regular integral oi there may be none 
We shall see later (e.g. § 163) what is the nature of the solution near 
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such points in some simple cases A general investigation of such solutions* 
IS beyond the scope of this book 

It frequently happens that a differential equation may be derived from 
another differential equation by making two or more singularities of the 
latter tend to coincidence Such a limiting process is called confluence^ 
and the former equation is called a confluent form of the latter It will be 
seen in § 10 6 that the singularities of the former equation may be of a more 
complicated nature than those of the latter 


10 6 The differential equations of mathematical physics 

The most general differential equation of the second order which has 
every point except ai, Oa, ctj, a 4 and oo as an ordmary point, these five points 
being regular points with exponents otr, at a,, (r = 1, 2, 3, 4) and exponents 
/^i, /xa at 00 , may be venfiedf to be 

d^u 


■4 l-Or-^rl du 1 

[ ^ ^ Ai^ H- iBz + 0 

.r=l Z-- Ur )dz'^^ 

Ui(^-ar)“ U{z-ar) ' 

r»l 


dz^ 

where A is such thatj /ai and /*a are the roots of 

and B, 0 are constants 


u = 0, 


2 (flty ^r) — 3 • + S OLr^r + A = 0, 

r»l y*al 


The remarkable theorem has been proved by Klem§ and 'B6cher|l that 
all the linear differential equations which occur in certain branches of 
Mathematical Physics are confluent forms of the special equation of this 
type in which the difference of the two exponents at each singularity is 
a brief investigation of these forms will now be given 


If we put H-i) (^ = 1* * § 2, 3, 4) and write f in place of z, the last 

written equation becomes 


— 

d^' 


(r-l b"" 


i - 2ar) du 






r»i 


(r- arj 


n (?- a.) 

r«i 


* Some elementary investigations are given m Forsyth’s Differential Equations (1914). 
Complete investigations are given in his Theory of Differential Equations, iv (1902) 

t The ooefiBloients of ^ and u must he rational or they would have an essential singularity 

4 4 

at some point, the denominators of p(«), q[e) must be II (^-a^), II respeotively , 

r**l r«»i 

putting p(«) and q (z) into partial ftraotions and remembering that p («)=5 0 («”^), g( 2 ) = 0 («" 2 ) 
as I r I 00 , we obtain the required result without difficulty 

4 

t It will be observed that mi , connected by the relation mi +/* 2 + S (a^-i-ft) 

r-»l 

§ Ueber Hmare Differentialgleichungen der zweiter Ordnung (1894), p 40, see also Vorlesung 
Uher Larn4*schen Eunktionen 

II Ueber die Reihenentwickelungen der Eotentialtheorie (1894), p 198. 
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where (on account of the condition - /h = 

( 4 \2 4 4 

2 (V) - 2 (v=-| 2ar + -^. 

This differential equation is called the generalised Lam6 equation 

It IS evident, on writing throughout the equation, that the 

confluence of the two singularities yields a singularity at which the 

exponents a, are given by the equations 

a + ^ = 2 (tti + Oa), («! + i) + Ofa (Oa + i) + D, 

where D = {Aa^ 4- 4- C')/{(ai - - a 4 )} 

Therefore the exponent-difference at the confluent singularity is not 
but it may have any assigned value by suitable choice of B and C In like 
manner, by the confluence of three or more singularities, we can obtain 
one irregular singularity 

By suitable confluences of the five singularities at our disposal, we can 
obtain SIX types of equations, which may be classified according to (a) the 
number of their singularities with exponent-difference i, (b) the number of 
their other regular singularities, (c) the number of their irregular singu- 
larities, by means of the following scheme, which is easily seen to be 
exhaustive* 



(a) 

(&) 

(e) 



3 

1 

0 

Lam<^ 

ill) 

2 

0 

1 

Mathieu 


1 

2 

0 

Legendre 

IV 

0 

1 

1 

Bessel 

ix) 

1 

0 

. 1 

Weber, Hermite 

(Vi) 

0 

0 

1 

Stokes t 


These equations aie usually known by the names of the mathematicians 
in the last column Speaking generally, the later an equation comes in 
this scheme, the more simple are the properties of its solution. The 
solutions of (II)-(VI) are discussed in Chapters xv-xix of this work, andj 
of (I) m Chapter xxiii The derivation of the standard forms of the equations 
from the generalised Lamd equation is indicated by the following examples 

* For inetance the arraugement (a) 8, (2>) 0, (c) 1 is madmissible as it would necessitate siix 
initial Bingulanties 

t The equation of this type was considered by Stokes in his researches on Diffraction, 
Oamb JPhil Trans, ix (1856), pp 168-182, it is, however, easily transformed into a particular 
case of Bessel’s equation (example 6, below). 

t For properties of equations of type (I), see the works of Klein and Forsyth cited at the 
end of this ohapter; also Todhunter, The Functions oj Laplace ^ Lam4 and Bessel (1875), 
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tCjMmpli t. Obtain I ttquiiiHtfi 
(wbi^rp A mni m wre cfnmUntii) by tnktng ^ * 

i)«4, 

and making c « 

St Obtain iha eqnaitmt 

^{* \C {-0 •iC 4f(f-l) ' 

(wbw* 0 Mid 9 MK I>.>H«U||U) by Uking *„d niAkiiig d.-a,^*. D«ive 

l{aihi«u'« fNt|iiai)iin Hi 1) 

{*1 + 1% gf } w «• 0 

by tba aiibautititmt 

K^mpi^ 21, Obtain thn at|nattnri 

+ ll ‘'•' + 1 ('»<"+ »5 w* i « 

®i***Hi“L ll|nn(■•1l^l■•0, at — );, 

Darlir* l4igWKir»'t eqiMUim ()|g ]A 1.% tA-A) 

by Iba milwtltMMoti (••i"** 

Sgampi^ 4 By taking making a|aict 4 '^a:i, obtain 

Iba aqitayim 

jJ+ Iff -«*)•* -®- 

Dtrimi Hiinra aqitalioti (| 17 1 1) 

tr'gjl +< 3jj+(«*-n*)ai»0 

by Ibo aubaiiUiliofi 

5 By taUiig ni^O, ai«»iii«»«i*O|«i0y and maiding fi«»ai«a 4 -«» 40 , obtain 

Um «(|iial4oii 

dhi du 

t)triv« Vtkm^ aquutkio (| IS 6) 

dtu 

Iqr ttw aubiiitutkia (oi* 

EmmpU 9. By tekini m,»0, luxl UMdOiig a,<« «e (r* 1, S, 8, 4), obtoin tbt tqufttion 


By taking 


^ > 1 .- 0 . 
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Example 7 Shew that the general form of the generalised Lam4 equation is un- 
altered (i) by any homographic change of independent variable such that oo is a singular 
point of the transformed equation, (ii) by any change of dependent variable of the type 

14 “ Ot,.) V 

Example 8 Deduce from example 7 that the various confluent forms of the 
generalised Lam4 equation may always be reduced to the forms given in examples 1-6 
[Note that a suitable homographio change of variable will transform any three distinct 
points into the points 0, 1, oo ] 

10 7 LinecbT diffBrentidl equations with three singularities 

Let £ + + = 


have three, and only three singularities*, a, b,c, let these points be regular 
points, the exponents thereat being a, 7> 7' 

Then p (z) is a rational function -with simple poles at a, 6, c, its residues at 
these poles being 1 — a — a', 1 — ^ 1 — 7 ~ 7% as z -- oo , p (z) — 2z 

18 0 («"*) Therefore 

^ ^ _ 1 -a-a' . l-^-y3' . 1 - 7 - 7 ' 

andf 

In a similar manner 


z—a z—b z—e 

o + a'+/8+/Q' + 7 + 7' = l 


XUL a» 

, , f(xa' (a -b)ia-c) , |S/3' (b -c)(b-a) , yy ' (c - a) {c - b) 
= i + JZb + ^-c 


z — b 
1 


and hence the differential equation is 
dz‘ 


{z — a)(z— b) {z — 


d'u (l -g-tt' 1 - 1 -y- y ') du 

z — oT z-b z-c 


z — a z — b z—c ] dz 

[aa' (a-b)(a-c) , (b-c)(b- a) . yy (c-a){ci-b) \ 

+ i J-a— j 

u 


' {z — a) (z--- b) {z - c) 




This equation was first given by Papperitzt 
To express the fact that u satisfies an equation of this type (which will be 
called Kaemann’s P-equation), Riemanng wrote 

fa b c 1 

u — P ia /3 7 z\ 


* The point at infinity is to be an ordinary pomt 
t This relation must be satisfied by the exponents 
X Math Ann xxv (1886), p 213 

§ Abh d k Oes d Wise zu QUtingen, vii (1857) It will be seen from this memoir that, 
although Riemann did not apparently construct the equation, he must have inferred its existence 
from the bypergeometrio equation 
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The singular points of the equation are placed in the first row with the 
corresponding exponents directly beneath them, and the independent variable 
IS placed in the fourth column. 

Example Shew that the hypergeometnc equation 

*(1-2) ^^+{c-(a+6+l)4^-a6!«=0 
IS defined by the scheme 

r 0 CX3 1 ^ 

-I 0 a 0 21 1 , 

[l-c h G-a-b J 


10 71. Transforntahons of RiemanrCs P~equation 

The two transformations which are typified by the equations 


(a h c \ (Oi ^ Cl 1 

(II) PJa ^ 7 z\ = p\a 0 y zX 

[«' i J U' /S' y' J 


' a b c 

a. +Z; ^ — k — l yjf-l 
a! + k y3'— k — I y' + I 



(where z-i, cii, bi, Ci are derived from z, ct, b, o by the same homographic 
transformation) are of great importance They may be derived by direct 
transformation of the' differential equation of Papperitz and 'R.iP,mn.TiT' by 
suitable changes in the dependent and independent variables respectively, 
but the truth of the results of the transformations may be seen intuitively 
when we consider that Riemann’s P- equation is determined uniquely by a 
knowledge of the three singularities and their exponents, and (I) that if 


fa 6 c "j 
M = p<a /S y z[, 

U' y' J 

then satisfies a differential equation of the second 

order with tho same three singular points and exponents - a + Ar, a'+k, 
ff — k~l,^' — k — l, y + 1, y + 1 , and that the sum of the exponents is 1 

Also (II) if we wnte z = ^ . the equation in Zi is a linear equation 

of the second order with singularities at the points denved from a, b, o by this 
homographic transformation, and exponents a, a' , /3, J3', y, y thereat 
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10 72 The connexion of Riemann's P-equation with the hypergeometric 
equation 

By means of the results of § 10 71 it follows that 



a 


' l^a— a^+a + 77 — 


0 


00 


,« 1 :“:^ 

(a - a /S + a + 7 


7 

1 

0 

7-7 


where 




{z — g) (c— 6) 


{z — 6) (c — g) 

Hence, by § 10 7 example, the solution of Riemann^s P-equation can 
always be obtained in terms of the solution of the hypergeometric equation 

^ — 6 ) 

whose elements a, b, c, x are a + + 7, a + ^ +7, 1 + a — a , __ 

respectively. 

10 8 Linear differential equations with two singularities 

If, in § 10 7, we make the point c an oidinaiy point, we must have 

> / , aa (g — 6) (g -- c) (6 — c) (6 — a) . , 

77' = 0 and ^ ^ — - + — must be 

divisible by — c, in order that p {z) and q {z) may be analytic at c 
Hence a 4- a' + /9 + /Q' = 0, aa' = and the equation is 

. f I , 1 + « 4- ^ «a^ (g — ^ 

dz^ I z— a z---b ) dz (^ — a)* (^ — 6)* ‘ ' 

of which the solution is 




that IS to say, the solution mvolves elementary functions only. 
When a = a', the solution is 


U’ 
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Miscellaneous Examples 

1 Sh6w tli&t two solutiOBs of the e<}ua<tion 

, 

■M 

*■^6 z— ^*4^- ^ 1 _ ^ a^ujj investigate the region of convergence of these senes 

2 Obtain integrals of the equation 


regular near z=0, in the form 






l+~-L - 1 — . 4 . 

^16^1024^ 


}. 


3 Shew that the equation 




has the solutions 


dhi / 1 1 A 

^ + (»+2-4*®j«‘=0 

1 - ^±1 ,2+1^±±L±3 ^ _ 

4 96 ^ > 

2 _? 2 ± 1 ^ j . 4 «®+ 4 ji +7 . 


and that these senes converge for all values of z 

4 Shew that the equation 

dH> 


where 


^'+|s . i 5 ^r/ 3 r_ , " i>, 1 - 

^ tr-l *-«, i tr-l(«- a,)* OrJ 
^S^(ar+/3r)=.«-2, ^2 i>,=0, I (avi)r+o^.^,)-0, 2 2a, «,/3,)=0, 


IS the most general equation for which all points (including « ), except a,, a,. .. a« are 
ordinary points, and the points a, are regular points with exponents a,, fir respectively 

6 Shew that, if /3+y+/3'+y'=J, then ^ 


ro 00 1 


f-i 00 1 


P-jO y y 2 ^ y J 

. y a/s' y J 


(Riemann ) 


\.i ff y . 

[The differential equation in each case is 

^ 2*(l-y-y)cfK C \ 4^ 

3? +-^1 — ^ ?ri “0 ] 

6 Shew that, if y+y-J and if <», ®» are the complex cube roots of unity, then 
fO 00 1 


P-^0 0 y 

U 4 y J 

[The difierential equation in each case is 
d^u du 


( 1 6) flO^ 

yyy 

y y y 


(Riemann,) 
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7 Shew that the equation 


(1 _ ^2) 1) 2 ~ + n (n+2a) 


IS defined by the scheme 


r 1 Qo 

i 0 -n 

-a n+2a 4 


4 , 


and that the equation 
may he obtained fiom it by taking a=»l and changing the independent variable 


(l+f («+2) «=0 


(Halm) 


8 Discuss the solutions of the equation 

% + («+ i +|’”') ^*=0 

valid near and those valid neai z=co (Cunningham ) 

9 Discuss the solutions of the equation 

dhi 2a du o t o / \ A 

-—^Jz ~ -2« ■y-+2{v-ix) w=0 
dz^ ^ z dz dz ^ 

valid near z=0 and those valid near is=qp 

Consider the following special oases 

(i) ( 11 ) (in) /x+i/=3 (Curzon) 

10 Piove that the equation 

.(l-*)g + i(l-2*)5 + (a»+6)«=0 

has two particular integials the product of which is a single-valued transcendental 
fimction Under what circumstances are these two particular integrals coincident? 
If their pioduct be i^(a), prov^e that the iDarticular integrals are 

where (7 is a determinate constant. (Lmdemann , see § 19*5 ) 

11 Prove that the general linear diffeiential equation of the third order, whose 
singularities are 0, 1, x , which has all its integrals regular near each singulaiity (the 
exponents at each singularity being 1, 1, -1), is 

du 
dz 


d^u 

[2 2 1 d'^u 

/I 3 ^ 

_j._i 

dz^'^' 

dz^ 

h 

r-l 

1 

1 

(*-!)*[ 

1 

\ 1 3 cos^ a 

3 sin^ a 1 ' 

|•«=0, 





where a may have any constant value 


(Math Trip 1912) 



CHAPTER XI 

INTEGRAL EQUATIONS 
11 1 Definition of an integral equation 

An integral equation is one which involves an unknown function undei 
the sign of integration , and the process of determining the unknown function 
is called solving the equation* 

introduction of integral equations into analysis is due to Laplace 
(1782) who considered the equations 

/(«) = ^ (f) dt, £r (a;) = ^ (t) dt 

(where in each qase <f> represents the unknown function), m connexion with 
the solution of differential equations The first integral equation of which 
a solution was obtained, was Fourier’s equation 

f(ai)=( cos (xt) (j) (t) dt, 

J -of 

of which, in certain circumstances, a solution is'j' 

2 f* 

^ (®) = - cos (uai ) /(«) dvi, 

f (x) being an even function of x, since cos {xt) is an even function 

^ter, AbelJ was led to an integral equation in connexion with a mechanical 
problem and obtained two solutions of it, after this, Liouville investigated an 
integral equation which arose in the course of his researches on differential 
equations and discovered an important method for solving integral equations 5 
which will be discussed in § 11 4 

In recent years, the subject of integral equations has become of some 
importance in vanous branches of Mathematics , such equations (m physical 
problems) frequently involve repeated integrals and the investigation of them 
naturally presents greater difficulties than do those elementary equations 
which will be treated in this chapter 

To render the analysis as easy as possible, we shall suppose throughout 
that the constants a, b and the vanables x, y, f are leal and further that 

* Except m the case ot Fourier’s integral ■(§ 9>7) we praotioally alwai/s need eontimioui 
Bomtions of integral equations 

of V? ^ substituted in the equation we obtain a result which is, effectively, that 

t Solution de qutl^uet prommes a Vaide d’lntggralet difinUt (1828) See Oeuvres, 1 , 4 ^ 11, 97 
nummoal computation of solutions of integral equations has been mvestigated recently 
by Whittaker, JPm Boyed Soc xoiv (A), (1918), pp 867-888 


14—2 
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f j also that the given function* * * § K (a?, y\ which occurs under the 
integral sign in the majority of equations considered, is a real function of 
X and y and either (i) it is a continuous function of both variables in the 
range (a a ^6), or (ii) it is a continuous function of both variables 

in the range a^y^x^h and K {x, y) = 0 when y>x, in the latter case 
K (x, y) has its discontmuities regularly distributed, and in either case it is 

easily proved that, if f(y) is continuous when a^y^b, f f{y) K {x, y) dy is a 

j a 

continuous function of x when a^x^b 


11 *11 An algebraical lemma 

The algebraical result which will now be obtained is of great importance in Fredholm's 
theory of integral equations 

Let (^1, yi, ^), (^2i y2, «2), (^3> ya, ^s) be three points at irnit distance from the origin 
The greatest (numencal) value of the volume of the parallelepiped, of which the lines 
joining the origin to these points are conterminous edges, is + 1, the edges then bemg 
perpendicular Therefore, if (r=l, 2, 3), the upper and lower bounds of 

the determinant 

y\ 

^2 y% H 

, ^3 yz H 

are +1 


A lemma due to Hadamardt generalises this result 


Let 


0521 > 


022, 




= A 


I ^ 1 > ^nii I 

n 

where is real and S l (m=l, 2, w.), let be the cofactor of in D and 

ral 

let L. be the determinant whose elements are Amr-, so that, by a well-known theorem}, 


A =!»»-' 


Since i) is a oontmuous function of its elements, and is obnoiisly bounded, the 
ordinary theory of maxima and minima is applicable, and if we consider variations in 

«ir(»’=l>2, m) only, Z) 18 stationary for such variations if S 8a„=»0, where 

r»l 0«ir ■ 

n 

are variations subject to the sole condition 2 , therefore! 

n 

but 2 Ori^A’^^D^ and so X2aV=-^ > therefore 

fss 1 


* B6dher in his important work on integral equations (Camh Math Tracts, No 10), always 
considers the more general case m which K(x, y) has discontinuities regularly distnhuted^ 
1 e the discontmuities are of the nature described in Chapter iv, example 11 The reader will 
see from that example that the results of this chapter can almost all be generalised m this 
way To make this chapter more simple we shall not consider such generalisations* 

+ JBulletin des Sci Math (2), xvn (1898), p 240 

t Burnside and Panton, Theory of Equations^ n p 40 

§ By the ordmary theory of undetermined multiphers 
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Considenng vanations in the other elements of B, we see that 1) is stationarv foi 
van^ions in all elements when (m=I, 2. n,r=l, 2, n) Consequently 

1> D, and so D" =Z)» i Hence the maximum and minimum values of i) are +1 

CoroUary If be real and subject only to the condition | I <M, since 
we easily see that the maximum value of | jD | is (n^ J/« 


112 Fredholm! s* equation and its tentative solution 

An important integral equation of a general type is 

(j> {x) ^f{x) +\ K(x, 4> (f) dl 

J a 

where /(«) is a given continuous function, \ is a parameter (in general 
complex) and K {x, f) is subject to the conditions f laid down in § 11 1 
(®) f) IS called the nucleus'^ of the ecjuation 

This integral equation is known as Fredholm’ a equation or the integral 
equation of the second hind (see § 11 3) It was observed by Volterra that an 
equation of this type could be regarded as a limiting form of a system 
of linear equations Fredholm’s investigation involved the tentative carrying 
out of a similar limiting process, and justifying it by the reasoning given 
below in § 1121 Hilbert (Chttmger Nash 1904, pp 49-91) justified the 
limiting process directly 

We now proceed to write down the system of linear equations in question, 
and shall then investigate Fredholm’s method of justifying the passage to 
the limit 


The integral equation is the limiting form (when 8-^0) of the equation 

<t> +X X,) (x^) 8, 

where 4:,-»,_i«=8, a;o*"a, i»„=b 

Since this equation is to be true when it is true when * takes the values 

*i)*si *n,andso 

W+^(*p)=/(Vj,) (y) = l, 2, «) 


^ * Fredholm’s first paper on the subject appeared ,,m the bfverngt af K. Vetemkapt-Akad 
J'SrftandZtnpar (Stockholm), nvii (1900), pp 89-46 His researohes are also given in 4 cta dfatb 
xxvn (1908), pp 865-890 

t The reader will observe that if K{ce, f)=0 (f >«). the equation may be written 
<P (®)=/(®)+X 0 <)> 

This IB OAllsd ftU Wlthl VCLTl&hlt UjppCT IVfllXt 

t Another term is kernel , French noyau^ German Kem 


I 
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This system of equations foi <#> (^p), (jc> = l, 2, n) has a unique solution if tho 
determinant formed by the coeificients of </> (^p) does not vanish This determinant is 

D,, (X) = ' 1 — XS A (^1 , -\hK (^1 , - \b K {xi , 

-XSA" (^2> ^i) 1 ^ 2 ) -X5A (^2j ^«) 


= 1-X S aA(;rp,^p)+^ 2 

p=l A l p, 


X3 n 
2 


3’ 


P, </• r=l 


— X5A(^^, ^i) — X5A ^ 2 ) 1— XSA 

X^ ” «.-> I (^p> ^p) 

Vp) 

K (Xpy Vp) K {Vp^ Xq) K{Xp^ Vy) 
iT ^p) A {Xq^ Xq) A (U/Q, 

A (^^.j a7p) A , Xq) A (aiy y Xf,) 

on e\panding* in powers of X 

Making S-^0, , and writing the summations as integrations, we are thus led to 

consider the senes 

D(^)^l-Xj^A(i„i,)d^,+-J^ jj 

Further, if Dnix^^^ x^) is the cofactor of the term m D^iX) which involves K (r^, 2 t^), 
the solution of the system of linear equations is 

./ s f{Xx)Dn{Xp,,Xi)Jrf{x^)Dy,{x^,X^+ ^n) 

<?) {Xp,) — 

Now it 18 easily seen that the appropriate limiting form to be considered in association 
with Dp, {Xfj^, Xp) is D (X) , also that, if 


Dtn {Xp ^ , X p) XS 


A(^’„, Xp)-'Xd S 

p-i 


J{{X^yXp) K{X^yXp) 
Kixp^Xp) Kixp.Xp) 


+ ^X2a2 2 

^ p, a=i 


A(57p,, Xp) A(j>p,, ^p) A {Xfi^ Xq) 
A {Xp , Vp) A {xp , *^?p) A (Xp , 

A , Xp) A , Xp) A 

So that the limiting form for d”^ D ( 47 ^, Xp) to be considered t is 




fl) 






K{x^,a!,) K{x^,ii) K{x^,^i) 

A' (I,, 5,) 

A(|2,^v) A(^„|,) A(&,^,) 




Consequently we aie led to consider the possibility of the equation 

giving the solution of the integral equation 


* The factorials appear because each determinant of s rows and columns occurs « I times as 
p, ( 7 , take all the values 1, n, whereas it appears only once in the original determinant 
for Z)n(X) 

t The law of formation of successive terms is obvious from those written down 
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Exampli 1 Shew that, m the case of the equation 

^{x)=x+\ j^xp<l>(p)(ih/, 

we have 

i)(X)=l-J\, D(x,y,\)^\xy 

and a solution is 

Bnample 2 Shew that, m the case of the equation 

(f) {x)=A + (ap+y‘) 4> (y) dp, 

we have 

X) =X (^^^2 -\vy- ]iy^+ iy), 

and obtain a solution of the equation 


11 21 Investigation of Fredholm/s solution 

So far the construction of the solution has been purely tentative , we now 
start ah initio and verify that we actually do get a solution of the equation , 
to do this we consider the two functions D (X), D(x,y, X) arrived at in § 11 2 

We write the series, by which D (X) was defined in § 11 2, in the form 

1 + I so that 







d^id^a 


din, 


K{in,i.) K{in,i.) Kiln, in) 


Since jST {x, y) is continuous and therefore bounded, we have \ K{x,y)\< M, 
where M » independent of x and y , since K {x, y) is real, we may employ 
Hadamard’s lemma (§ 11 11) and we see at once that 


(6 -a)" 

Write (b — a)" = n. 1 6^ j then 


since ^1+^^ -^e 


hm (bn+i/bn) = lim xf {( 1 = 0. 

n^oo n-*-oo (71,4-1)2 


nj J 


The series 2 ft^X" is therefore absolutely convergent for all values of X , 

n*l 

00 ^ 

and so (§ 2 34) the series 1+2 -^4- converges for all values of X and theie- 
fore (§ 6 64) represents an integral function of X 

Now write the series for I>(x, y;\)in the form 2 — 
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Then, by Hadamard’s lemma (§ 11 11), 


and hence 


y) 

n' 




< c„, where Cn is independent of x and y and 2 is 

91-0 


absolutely convergent 

Therefoie D{x,y,X) is an integral function of \ and the senes for 
D (a?, y , X) — XfiT (x, y) is a uniformly convergent (§ 3 84) senes of continuous* 
functions of x and y when a<x^b, a^y^b 

Now pick out the coefficient of K (a?, y) m Z) (a?, y , \) , and we get 
' D{x.y,\)^\L (X) K{x, y)+l . 

9»sil W 

where 


C£ I, 


0, K(x,^i), K(x,^^, 

K(^„y), K(^u^x). 


?») 






y). fO, f,). f») 


Expanding m minors of the first column, we get Qn (x, y) equal to the 
integral of the sum of « determinants, wnting fi, fs, (> tm, in-i 

in place of in the mth of them, we see that the integrals of all 

the determinants f are equal and so 


where 


Qn(‘o,y) = -n[ [ f K(x,y)Pnd^d^x 

' a J a J a 


P« = 


I), 


^ (®> ?i)> 

fx). 


Kix,^^.,) 


ir(f„-x,?x), ir(f„-x,f„-.) I . 

It follows at once that 

J) («, y , \) « XD (\) K (X, y) + xf^I) (x, f , X) J^d y) df 

J a 

Now take the equation 

<f> (f) =/(?) + ^ / ^(Mfy)4> iy) dy. 

J a 


multiply by D («, f , X) and integrate, and we get 

l'/dl)(x,t,\)d^ 

J ^ 

= /%(?) ^,X)d^-xf'f'jD(x. ^,\)S:(ly)4,(y)dydi, 
the integrations in the repeated integral being in either order 


* It 10 easy to verify that evezy term (eicoept possibly the first) of the series for D («, p ; X) 
IS a contmnoas funotion under eithei hypothesis (i) or hypothesis (ii) of § 11 1 
t The order of mtegration is immaterial (§ 4*S). 
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That IS to say 

J a 

~Ia^ f J (-D (®, y j ^) — ^-D (A') K {x, y)] <f> (y) dy 

= XD (\) f K {x, y) <f) {y) dy 

J a 

= 2) (\){,^ («,)-/(«,)}. 

in virtue of the given equation 

Therefore if D (\) 0 and if Fredholm s equation has a solution it can be 

none other than 

and, by actual substitution of this value of <f>{x) in the integral equation, 
we see that it actually is a solution 

This is, therefore, the unique continuous solution of the equation if 

J3(X) + 0 

Corollary If we put/(^)sO, the ‘homogeneous’ equation 

J (t 

has no continuous solution except </> (^)»0 unless 2)(X) »=0 

Example 1 By expanding the determinant involved in §„ (x, y) in minors of its first 
row, shew that 

^(^,2/r X)^\I)(K)E(x,y)+\ r K(x, {)/)({, y, X)c^f 

J a 

Example 2 By using the formulae 

i)(x)«i+ s x)=xi)(x)ir(^,y)+ 1 

nwl ft n 1 

shew that f * •£> (5, ^ X) = - X 

J a »X 

Examples If K(x,y)^l (y^x), K{x,y)^0 (y>x), 

shew that /> (X) =, p {_(/,_ „) x} 

Example 4 Shew that, if K (x, y) =/, (a) /« (y), and if 

I fi(f^)fa('v)clx=mA, 
then * 

D (X) »» 1 - AX, E(x,y,\)= X/i (a)/, (y), 

and the solution of the corresponding integral equation is 
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Esoamj^ 6 Show that, if 

S' (*. y) =/i (^) ffi (y) +/2 M ffs (y). 

then Z) (X) and D{x,y, X) aM quadratic m X , and, more generally, if 

K{ai,y)= S 
1»=1 

then B (X) and B (a, y, X) are polynomials of degree w. in X 
11 22 reciprocal functions. 

T^o functions iT (a?, y), k{x,y^ X) are said to be reciprocal if they are 
bounded in the ranges a^x, y ^b,i£ any discontinuities they may have are 
regularly distributed (§ 11 1, footnote), and if 

K {a, y) +k(x, y ,\) = \ i k(x,^,\)K (f , y) df 

J a 

We observe that, since the nght-hand side is continuous*, the sum of two leciprocal 
functions is continuous 

Also, a function K (d?, y) can only have one reciprocal if 2> (X) 0 , for if there wei'e two, 

their difference ki ( 47 , y) would be a continuous solution of the homogeneous equation 

(«. y . X) =5^ J* (», f . X) X (^, y) df, 

(where a; is to be regarded as a parameter), and by § 11 21 corollary, the only continuous 
solution of this equation is zero 

By the use of reciprocal functions, Volterra has obtained an elegant 
reciprocal relation between pairs of equations of Fredholm's type 

We first observe, from the relation 

D(m, y ,X) = 'K]){'K) K{x, y) + X f J>{x, y)d^, 

J a 

proved m § 11 21, that the value of k{x, y,X)iB 

-D{x,y,X)l{xD{\)}, 

and from § 11 21 example 1, the equation 

k(x, y,X) + K(x, y)-X f K(x, k (^, y ,X) 

J a 

IS evidently true 

Then, if we take the integral equation 

<f>(x)=/(x) + xrir(x,i)<f>($)di, 

J a 

when a aj ^ 6, we have, on multiplying the equation 

* By example 11 at the end of Chapter iv 
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by h{x, f , X) and integrating, 

J a 

= f'k(!c,^,X)f(^)d^ + \n’'k ^,X)K (f, fO i> (?0 d^,d^ 

•f a J a J a 

Reversing the order of integration* in the repeated integral and making 
use of the relation defining reciprocal functions, we get 

f Ic(co,^,X)(f>(^)d^ 

J a 

J a J a 

and so x('h ix, | , X)/(|) df X f 'z {x, ^x) 4> (fx) d^x 

J a J a 

^-^(x)+f(x) 

Hence f(x) = <f) (x) + xl k (x, f , X)/(f) d|, 

' a 

similarly, from this equation we can derive the equation 

</>(x)^/(x) + xrK(x,^i>(S)di. 

J a 

so that either of these equations with reciprocal nuclei may be regarded as 
the solution of the other 

11 23 Homogeneous integral equations 

The equation <f>(a!)^X f K (w, f ) <}> (f ) is called a homogeneous integral 

•/ a 

equation We have seen (§ 11 21 corollary) that the only continuous solution 
of the homogeneous equation, when D (X) 4= 0, is <;[> («?) = 0 

The roots of the equation jD (X) =s 0 are therefore of considerable 
importance in the theory of the integral equation They are called the 
characteristxo numbers "f of the nucleus. 

It will now be shewn that, when D (X) « 0, a solution which is not 
identically zero can be obtained 

Letf X s= Xo be a root m times repeated of the equation i) (X) — 0 

Since D (X) is an integral function, we may expand it into the convergent 
series 

i)(X)-c^(X^Xo)^ + c^+,(X-Xo)«^+^ + , . (m>0, c^ + 0) 

* The reader will have no difficulty in extending the result of § 4 8 to the integral under 
consideration 

t French vaUvrs caracUrisUques, German Eig&nwerthe 

X It will be proved m § 11 51 that, if ^ (p, \f)mK{y, a?), the equation JD (X)=aO has at least one 
root. 
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Similarly, since D {x, y , X) is an integral function of X, there exists 
a Taylor senes of the form 


D(x.y,X)= (X - X„y+1 + (l^O.gi^O), 


by § 3 34 it IS easily verified that the senes defining gn y\ == il, Z + 1, ) 

converges absolutely and uniformly when a^so^hy a^y and thence that 
the senes for D {Xy y ^ \) converges absolutely and uniformly in the same 
domain of values of x and y 


But, by § 11 21 example 2, 


J a 


X 


dD {X) 


now the nght-hand side has a zero of order m — 1 at while the left-hand 
side has a zero of order at least and so we have m — 1 ^ Z. 

Substituting the series just given for D (\) and D {x^y j X) m the result of 
§ 11 21 example 1, viz 

BiXyyyX)^ XL (X) K(Xyy) + xr£: (x, D (I y, X) dl 

J a 

dividing by {X — X^y and making X-^Xq, we get 

gi (Xy y)=-Xof K {x, |) gi (f, y) d^ 

J a 

Hence if y have any constant value, gi {x, y) satisfies the homogeneous 
integral equation, and any linear combination of such solutions, obtained by 
giving y various values, is a solution 


Corollary The equation 

<^W=/W+Xo 

has no solution or an infinite number For, if <l>{x) is a solution, so is (j) (x)+2Gygt y), 
where may be any function of y ^ 

Example 1 Shew that solutions of 

<l){x)^X C08’» (X -$)<!> (i) di 


are <!> (x)^ cos {n~~2r) x, and 0 (^)“Sin(7i-2r)a? , where » assumes all positive integral 
values (zero included) not exceeding -Jn 

«R 

Example 2 Shew that 

(j>(x)^\ j oos"(^+f)d>(f)df 

has the same solutions as those given in example 1, and shew that the corresponding 
values of X give all the roots of i> (X) =0 
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^13 lutBQTctl Bqudtwiis of the fivst and SBcoud hinds 

Fredholm s equation is sometimes called an integral equation of the second 
hind, while the equation 

= d^ 

J a 

IS called the integral equation of the first kind 

la the case when K{x, li f > x, we may write the equations of the 

first and second kinds in the respective forms 

J a 

<f> (^) =/(«!) + X rn: (x, <j> (f) d^ 

J a 

These are described as equations with variable upper limits 
11 31 Volterra’s equation 

The equation of the first kind with vanable upper limit is frequently 
known as Volterra’s equation The problem of solvmg it has been reduced 
by that writer to the solution of Fredholm’s equation 

Assuming that K {m, is a continuous function of both variables when 
^^x,yve have 

/(^) = xrjiC(x.i)<f>(^)d^ 

J a 

coefficient (§4 2 example 1) if 

exists and is continuous, and so 

/' (®) = XA" (®, a;) ^ (ar) + X J” ^ (f) 

This IS an equation of Fredholm’s type If we denote its solution by 
<l> («), we get on integrating fiom a to x, 

J a 

and so the solution of the Fredholm equation gives a solution of Volterra’s 
equation if f(a) = 0. 

The solution of the equation of the first kind with constant upper limit 
can frequently be obtained in the form of a senes * 

11 4f !rhe Znouville-Neumann method of successive suhstibufions^ 

A method of solvmg the equation 

<f> (w) =/(«) + X f iT (x, f) if> (^) d^, 

J a 

which IS of historical importance, is due to Liouville* 

* Bee example 7, p 281 , a solution valid under fewer restrictions is given by Bdcber 
t Journal de Math ti (1887), in (1888) K Neumann's investigations were later (1870) , 
see his Untersuchungen Uher das loganthmische und Newton^sehe PotmtiaL 
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It consists in continually substituting the value of <f>(a!) given by the 
nght-hand side in the expression <f) (^) which occurs on the right-hand side 

This procedure gives the series 

+ K(x, r K(a>, f) f‘ . fa) 

J a m—% J cb JO, 

j a 

Since 1 K (o), y) | and \ f(x) | are bounded, let tbeir upper bounds be ilf, M\ 
Then the modulus of the general term of the senes does not exceed 

The series for S {x) therefore converges uniformly when 

I X I < (6 — a)"S 

and, by actual substitution, it satisfies the integral equation 

If K(x^ when y>A, wo find by induction that the modulus of the general 

term in the series for S (x) does not exceed 

X I w ifw Jfef' - ay^l(m t) < 1 X M' (6 - ay^/m ‘ , 

and so the senes converges umfoimly for all values of X , and we infer that m this case 
Fredholm’s solution is an integral function of X 

It 18 obvious from the form of the solution that when | X | < if“^ (6 — a)"S 
the reciprocal function * (a?, f , X) may be written m the form 

k{a!,^,X) = -K{x,^)-l f K{x, f,) f jr(f„ f,) 

w=$ Ja Ja 

f ^ ••• 

J a 

for with this definition of h(a,,^, X), we see that 

5 {X) =f{x) - \ f * A (a;, f , \)/(f) dl 

J a 

SO that k{x, f jX) is a reciprocal function, and by § 11*22 there is only one 
lecipiocal function if D{X)^0, 

Wnte 

K{w, ^) = K^ix, f), r K{x, r)Knir, f), 

J a 

and then we have 

— A; (^, f , X) = 2 Kfjn^i (x, f), 
while y (x, f ') ir„ (f , I) df ' = 

f)) 

Ja 

as may he seen at once on wnting each side as an (m + n — l)-tuple integral. 
The functions {x, f) are called %terated functions 
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11 5, 11-51] 

11 5. Symmetric nuclei 

Let Ki(x, y) = {y, x), then the nucleus K (x, y) is said to he symmetric 

The iterated functions of such a nucleus are also symmetric, le 
(®> y) = Kn {y, x) for all values of n , for, if jr„ (x, y) is symmetric, then 

{X, y)=. I K, (x, I) Z„ (f, y) K, (f, x) (y, f) df 

Ob J Cb 

=/' Kn (y, I) K, X) di (y. X). 

J Cb 

and the required result follows by induction 

Also, none of the iterated functions are identically zero, for, if possible, let 
(x, y) = 0 , let ij. be chosen so that 2«-» ^ 2", and, since Kp (x, y) = 0, it 

follows that (x, y) = 0, from the recurrence formula. 

But then 0 = K,„ (x, x) = f (x, f) (f, x) df 

J a 

= f {-£,«-! (s!, ^)}* df, 

J a 

and so ?) = 0, continuing this aigument, we find ultimately that 

(^1 y) = 0, and the integral equation is trivial 


1151 Schmtdts^ theoTetn thcLt, if the nucleus %s symmetric, the equation 
2) (X) == 0 has at least one root 

To prove this theorem, let 


rb 

Vn= Kn(x,x)dx, 

J Cb 

so that, when | X | < if-> (6 - a)-\ we have, by § H 21 example 2 and § 11 4, 

1 dD(X) 




Howsmoe f f f) + ir».,(«, 

J Ob'* Cb 

foir all real values of /i, we have 


^sn+9 + 2^ iJsn + I7sn_j ^ 0, 

and so > 0 

Therefore Ug, U^, . are all positive, and if Ut/Ut^v, it follows, by in- 
duction from the inequality > U^\ that > „« 

Therefore when |X,»|>v-S the terms of 2 17nX»-‘ do not tend to zero: 

n«l ’ 

and so, by § 6 4, the function has a singularity inside or on the 

^ The proof given is due to Kneser, Palermo Pendiconti, X 3 cn, (1906), p. 236 
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circle I X I = ^ , but since D (X) is an integral function, the only possible 

singularities of zeros of D (X) , therefore D (X) has a zero 

inside or on the circle | X [ = 

[Note By § 11 21, i> (X) is either an integral function or else a mere polynomial , m 
tlie latter case, it has a zero by § 6 31 example 1 , the point of the theorem is that in 
the former case D (X) cannot be such a function as which has no zeros ] 


11 6 Orthogonal functions 

The real continuous functions (^i ^2 (^)» 

and normal* for the range (a, h) if 

fZ> f=0 

(^) <f>n (00) ^ 1 


are said to be orthogonal 
(m = 7i) 


If we are given n real continuous linearly independent functions 
Ui (ai), U 2 (^), Un {oc\ we can form n linear combinations of them which 
are orthogonal 

For suppose we can construct m — l orthogonal functions <f>i, such 

that 0JP IS a linear combination of u^, % (where p = 1, 2, m—l), 

we shall now shew how to construct the function such that <f>i, <j[>a, 
are all normal and orthogonal 

Let i^m (^) ^ (^) “b ^^ 2 ,m 4^2 (^) "h • 4* Cm—i (a;) + »,«,(«). 

so that IS a function of ttm 


Then, multiplyuig by <f>p and integrating, 

f" I<f>m (aj) <t>p (p) dx = Cp,m +[ Mm (a?) <f>p («) dx 
J a •'a 

r& 

Hence I i<t>m (^) <t>p (^) dx = 0 

J a 

rh 

if I (^) 4^p (^) dco , 

J a 


{p < 7n) 


a function (a?), orthogonal to 4>i (^)> {^)> is therefore con- 

structed 

fb 

Now choose a so that a* I {j<f>m (a?)}® (ia? === 1 , 

J a 

and take <f)m (a?) = « x^m (*)• 

Then ^ £ <^>m (a?) <l>p («) d® J ^ ™ j’ 

We can thus obtain the functions <f>i, (f> 2 , in order 


* They are said to be orthogonal if the first equation only is satisfied , the systematio study 
of sujh functions is due to Murphy, Camb JPhil Trans, iv. (188S), pp $63-408, and v* (1885), 
pp 118-148, 816-894, 
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The members of a finite set of orthogonal functions are linearly inde- 
pendent For, if ^ 

(®) + (®) + . + an4>n (®) = 0 , 

we shodd get, on multiplymg by <f>p(a!) and integrating, ap = 0, therefore all 
the coefficients Op vamsh and the relation is nugatory 

It 18 obvious that w “ i cos »■ - i am form a set of normal orthogonal functions 

tor the range ( - »r, »r) 

£^mple 1 From the functions 1, a;, construct the foUowmg set of functions 

which are orthogonal (but not normal) for the range ( — 1, 1) 

1, a, + 

sample 2 From the functions I, *, construct a set of functions 

/«W./i(«)> /s(a), 

which are orthogonal (but not normal) for the range (a, 6) , where 
[A similar investigation is given in § 16 14 ] 

11 61 Th£ connemon of orthogonal functions tmth homogeneous mtearal 
equations ^ 

Consider the homogeneous equation 

' Qt 

where X, is a reai* characteristic number for f), we have already seen how 
solutions of It may he constructed , let » linearly independent solutions be taken 
and construct from them n orthogonal and normal functions ... 

Then, since the functions are orthogonal and normal, 

L =1 [M) jyCco, 

^^it IS easily seen that the expression on the right may be written m the 
on performing the integration with regard to ; and this is the same as 

AL ^ ^ 

Therefore, if we wnte K for K (x, y) and A for 

It wm be seen immediately that the chamctenstio numbers of a symmetno nnolsus are M 


W. H A, 


16 
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we have 

and so 

Theiefore 
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I A.Hy- f KAdy, 

J a •fa 

f A^dy = [ K^dy — f {K — A)“ dy 
J a J a •fa 

p j I r {K(w, y)}^dy, 

J a Ut=l ^0 J <J a 


and so \o~“ 2: {(f>m («)}* € f {if (x, y)Y dy 

t« = 1 J a 

Integrating, we get 

11 ^ V f f {-ST (as, y)Ydydx 

J aJ a 

This formula gives an upper limit to the number, n, of orthogonal functions 
corresponding to any characteristic number X© 

These n orthogonal functions are called charactei'%st%c fu7iction8 (or auto- 
functions) corresponding to Xo 

Now let (a?), </><!) (a') be characteristic functions corresponding to 
difiereut characteristic numbers Xq, \ 

Then (x) (x) = K (x, f) (x) (|) df, 

J a 

and so 

f" ,i«>' (ic) <^<» (x)dx = \ f" f K{x, («) . .(1), 

J a ’ a J a 

and similarly 

J* i/)*"' («) <;>'*’ (a?) dx = \oj j £ (®, (?) <#»<*’ (®) df 

^X.n" K (?, aj) <^'»» (a!) (?)d®d? (2). 

J a J a 

on interchanging x and ? 

We infer from (1) and (2) that it a«d %f K (x, ?) = ^ <?, a), 

f (x) (x) dx‘=0, 

J a 

and so the functions (x), (x) are mutually orthogonal 

If therefore the nucleus be symmetno and if, corresponding to each 
characteristic number, we construct the complete system of orthogonal 
functions, all the functions so obtained will be orthogonal 

Further, if the nucleus be symmetric all the charactenshe numbers are 
real , for if Xo> be conjugate complex roots and if* %(x) = v (») + ttv (®) be 


* V (a) and w (u;) being real 
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a solution for the charactenstic number X,, then Ux(x) — v{x) — %w{x) is 
a solution for the charactenstic number replacing («), AW (x) in the 
equation 

f (a?) (a?) cZa? = 0 

•/ a 

by V (a?) 4- zw (a?), v (a?) — iw (a?), (which is obviously permissible), we get 

f [{® (®)}* + {w («)}»] d® = 0, 

J a 

which implies v(x)sw (®) = 0, so that the mtegral equation has no solution 
except zero corresponding to the characteristic numbers Xo, Xi, this is 
contrary to § 1123, hence, if the nucleus be symmetnc, the charactenstic 
numbers are real 


11 7 The development* of a symmetnc rmoleus. 

Let <f>i{w), ^s(®), 4>»(x), ... be a complete set of orthogonal functions 
satisfymg the homogeneous integral equation with symmetnc nucleus 

J a 

the corresponding charactenstic numbers beingf Xj, X,, X,, 

Now supposel that the senes 2^ is umformly convergent 

when a^x^b, a ^y%b. Then %t will be shewn that 


n«l 

For consider the symmetnc nucleus 


^ (®i y) “ ■2' (®, y) - 2 

nmi 

If this nucleus is not identically zero, it will possess (§ 11 51) at least oue 
charactenstic number /t. 

Let V^(®) be any solution of the equation 


J CL 

which does not vanish identically. 

Multiply by <f>n (®) and mtegrate and we get 

f ir (x) <f>„ (®) dx = pf r Je {oo, f) - i 

® J CL J a (, mai J 




* This investigation is due to Schmidt, the result to Hilbert 

t These numbers are not all dilterent ii there is more than one orthogonal function to each 
oharaotenstio number 

t The supposition is, of course, a matter for venfioation with any particular equation 

16—2 
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Since the senes converges uniformly, we may integrate term by term and get 

J -yjr («) <f>n («) da = ^ (i) (?) ~ 

= 0 


Therefore (a) is orthogonal to (f>i (^)> <f >2 (^), 
equation 


we have 


^ a 


, and so taking the 


Therefore /x is a characteristic number of K {co, y\ and so {so) must be 
a linear combination of the (finite number of) functions {so) corresponding 
to this number , let 

'yfr (a?) = S Clfn(f>m (^) 


Multiply by (pm (^) and integrate , then since yjr (oo) is orthogonal to all the 
functions <^n (^), we see that = 0, so, contrary to hypothesis, (oo) = 0, 

The contradiction implies that the nucleus H (oo, y) must be identically 
zero , that is to say, K {pOy y) can be expanded in the given senes, if it is 
umformly convergent 


Example Shew that, if Xq be a charaotenstio number, the equation 

0 (^) =/W+^o ^ (^> f) ^ (f) 

ceitainly has no solution when the nucleus is symmetric, unless f{jic) is orthogonal to all 
the chaiacteristic functions conesponding to Xo 


11 71 The solution of Fredholm's equation by a semes, 

Retammg the notation of § 11 7, consider the mtegral equation 

J a 

where K (x, f ) is symmetric 

If we assume that can he expanded into a umformly oonveigent 

oo 

senes 2 an<l>n (f)> we have 

n—l 

2 an<t>n (oo) {oo) H- 2 ~ (^), 

n-l n»l 

so that /(a?) can be expanded in the series 


»=1 


Hence if the function f {oo) can he expanded into the convergent eeriee 
00 00 

thm the senes ^ (^), if it converges umformig in 

the range (a, b), is the solution of FredJtolm’s equation 
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To determine the coefficients bn we observe that S bn<f)n (^) converges uni- 
formly by § 3 36*, then, multiplying by (m) and integrating, we get 

<l>n(x)f(a,)di 
J a 

11*8, Solution of AheVa integral equation 
Thi« eqixation w of the form 










/ <1 (^ — 

where/' (a») i8 continuous and we proceed to find a continuous solution w(,r) 


Let <f> (a?) m> 1^ u (0 and take the formula t 


TT 

Hin fXTT 


da 


multiply by w(^) and integrate, and wo get, on using Dinohlet’s formula (§ 4 61 corollary), 

{<(> f'di r 


sm i 


-/, 


.f)»* 


■' /ix)dx 


Sinoe the original expression has a continuous derivate, so has the final one ; therefoi-e the 
continuous solution, if it exist, can be none other than 

f’ - 

It 3f j , ’ 

and it can be verified by substitution J that thi« function actually ie a solution 
11*81. SioKl^fnUoKa% int^rral equation, 

Xer /(^) ham a ooeffkimt whsn - w < w Th»n the equation 

/(ar)*® <p(s$m^)dA 

has one solution toith a continuous diferential ooeffioient uhm nomely 

<j^(a?)w/(0)+4i? j^f'(ao&in 6)d6 
From § 4*8 it foUpws that 

f (a*) ~ f wn ^<l>' {w sin 0) d& 

^ J 0 

(so that have (0)«-/(0), (0)), 


^ Sinoe the numbers are all real we may arrange them in two sets, one negative the 
other positive, the member# in eaeh set being in order of magnitude; then, when |Xn| > X, it is 
evident that - X) is a monotonio sequence in the oaee of either set. 
t This follows ftom g 6*24 example 1, by writing (s - «)/(« - {) in piaoe of 
t F<w the details we refer to Bdeher^s traot* 

I ZtiUohHft Math, tmd Phps, n (1867). The reader will easily see that this is reduolble 
to a caiie of Yolterra^s equation with a discontinuous nudeus. 
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Wnte ^sin ylr for and we have on multiplying by ^ and integrating 

^ ^j^8m6<l>' (^sin^sinV^)(fd| c?i/r 

Change the order of mtegration in the repeated integral (§ 4 3) and take a new variable x 
in place of yjr, defined by the equation sin x= sin d sin yjr 

Then ^ I* /'(^sm^)rf^=- 

Changing the order of integration again (§ 4 61), 


But 
and so 


rhr 
J X 


Sin 6 dB 


r /cosdNlJ’r , 

r = -arc sin ( ) •■in-, 

) L Voosx/Jy 


V(OOS®X-COS® ff) 
a J^/' (a am ■^fr) dijf=a 4>' (x am x) ooa)^dx 


=(#) (af)-<jl> (0) 


Smce 0(O)»/(O), we must have 

<^(^)=/(0)+a? f (Of sm dyj^ , 

J 0 

and it can be verified by substitution that this function actually is a solution. 
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Miscellaneous Examples 

1 Shew that if the time of descent of a particle down a smooth curve to its lowest 
point IS independent of the starting-point (the particle starting firom rest) the curve is a 
cycloid (Abel) 

* The reader will find a more complete bibliography m this Report than it ii possible to give 


here 
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2 Shew that, if f {x) is continuous, the solution of 

/ oo 

cos {2xs) (l> (s) ds 

/(^)■h\ f /(s)coa(2xs)ds 

IS = ’Ll 

l-iX^TT 

assuming the legitimacy of a certain change of order of integiatioii 
3 Shew that the Weber- Hermite functions 

satisfy <^ (*) = X J” e4“® <f> (*) tfe 

for the characteristic values of X Milue ) 

4 Shew that even periodic solutions (with period 27 r) of the differential equation 


-}- (aH ^ cos^ v) <j}(x)^0 


satisfy the integral equation 


4> (x) =X (S»'0« ^ (») ds (Whittaker , see § 19 21 ) 
5 Shew that the characteristic functions of the equation 
<#» (,x)-\ |i tt-i (iP-y)* - 


0 (x ) » cos sm mXy 


where X««m* and m is any integer 
6. Shew that < 




has the discontinuous solution <l> (Bficher.) 

7* Shew that a solution of the integral equation with a symmetric nucleus 




18 ^(»)= S OnK^Pn (/«),' 

nml 

provided that this senes converges uniformly, where X», (x) are the oharaotenstio 

00 

numbers and functions of K (^r, f) and 2 (^) i» the expansion of /(^) 

»«i ' 

8 Shew that, if [ A | < 1, the oharaotenstic functions of the equation 

l-2Aooe(f-x)+A» ^ ^ 

are 1, cosmaf, sin the corresponding oharaotenstic numbers being 1, 1/A’”, 1/A’”, whei’e 
m takes all positive integral values 
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THE GAMMA FUNCTION 


12 1 Definitions oj^ the Gammafiunction, The Weierstrassian product 

Historically, the Gamma-function* r(-8^) was first defined by Euler as the 
limit of a product (§ 12 11) from which can be derived the infinite integral 

I m developing the theory of the function, it is more con- 

J 0 


venient to define it by means of an infinite product of Weierstrass* canonical 
form 


Consider the product ze^^ 11 |^1 -h , 


where 


7 *= lim 
w- 


(1 . 1 
{l+2 


+ + log m 

m ” 


= 06772167 


[The constant y is known as Euler’s or Mascheroni’s constant , to prove that it 
exists we observe that, if 

Jon{n+t) n ^ n ^ 
ri 1 « 

IS positive and less than / -a = --a , therefore 2 % converges, and 

/O ^ ^ rt«l 

n 1 1 1 f «* mA-W 

1*“ iT + 5 + +--logm[« lim 4 S «»+log-— [= S «„ 

The value of y has been calculated by J 0 Adams to 260 places of decimals ] 

The product under consideration represents an analytic function of z, for 
all values of z , for, if N be an integer such that | z \ iV, we havef, if n > A", 




1 

■2n»'''3n» 


1^* 


^ + 
n» ^ 


} 


Since the senes S [N*l(2v?)} converges, it follows that, when | « | ^ J A, 

n*iV+l 


* The notation r (*) was introduced by Legendre in 1814t 
t Taking the principal value of log (l+«/n) 
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S ■" absolutely and uniformly convergent senes 

of analytic functions, and so it is an analytic function (§ 5 3), con- 
sequently its exponential 11 ' ^ analytic function, and 

so n 1^1 -h e w| IS an analytic function when |^1 ^ where N is 
any integer , that is to say, the product is analytic for all finite values of z 
The Gamma-function was defined by Weierstrass* by the equation 


from this equation is apparent that V {z) is analytic except at the points 
= 0, — 1, — 2, , where it has simple poles 

Proofs have been published by Holder f, Moore f, and Barnes § of a theorem known to 
Weierstrass that the Gamma-function does not satisfy any differential equation with 
rational coefl6.cients 


Eonavivple 1 Prove that 




where y is Euler’s constant 

[Justify differentiating logarithmically the equation 




by § 4 7, and put z^l after the differentiations have been performed ] 
Example 2 Shew that 

^+2 + 3+ +«=io — * 


and hence that Euler’s constant y is given by|| 




Example 3 Shew that 


»“ t\ *+V j r(*-a7+l) 


^ Jowmal far Math ni (1856) This formula for P (z) had been obtained from Euler’s formula 
(§ 12 11) in 1848 by P W Newman, Cambridge and IMlin Math. Jou,malf in, (1848), p, 60. 
t Math Ann xxvin (1887), pp H3 
t Math Arm xnvni (1897), pp, 70-74 
§ Messenger of Math xxix (1900), pp 122-128 

II The reader will see later (§ 12*2 example 4) that this limit may be wntten 
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12 11 , 12 12 ] 

12 ;i Euler^ s formula for the Oamma-f unction 
By the definition of an infinite product we have 


= z lim 

[_»»-► oo 

( 1 +- 5 + +~-logm'\ 0 l r 

’ " ^j[. 

II 

r + +~-log;/A^r m 

eV 2 m ; n- 

L «=i 

— z hm 


— z lim 

m-^oo 

"w-1 / 1\“* W' / i?\“I 

u(l + ^) ll(n-i) 
_n»:l V nj n-1 \ 

^z lim 

Wf*-00 



1 r hm n 


Hence 




This formula is due to Euler*, it is valid except when £r==0, 
Example Prove that 

r(ii)« hm - r" ~ r r n* 



- 1 ,- 2 , 

(Euler) 


12*12 The difference equation satisfied hy the Gamma-function 
We shall now shew that the function r(^) satisfies the difference equation 

r(^ + l)«^r(^). 

For, by Euler's formula, if x is not a negative integer, ^ 


r(.+i)/rw=^-^ 


/, i\*+n 



« n) 

hm TT ^ 


1 ™ v'*'») 

i,w. n \ 

m-i^oo J j 


^ w-^oo n»l ^ 

n 


n ^ 


^ + z + n + l ) 


= 0 lira 


m + 1 
z + m+1 


e 


This IS one of the most important properties of the Gamma-function 
Since r (1) s= 1, it follows that, if « is a positive integer, T (a) =»(«-!)! 


* It was gma in 1729 In a letter to Goldbaoh, printed in Fuss’ Oorrtts Math 
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Example Prove that 

1, 11 , + I 

r(a+i)‘^r(;s+ 2 )’^r(;?-i- 3 )’*" r(ii)U i^z+i 2*2+2 j 
[Consider the expression 

1.1 


Z ’^«(«+l) '^ 2(2 + 1)(2 + 2 ) 


+ + 


2 ( 2 + 1 ) (2+Wl) 

ni a 

It can be expressed m partial fractions in the form where 

(-)^ C 1 1 I !(-)’*( “ 11 

{^+r'+2^+ 

Noting that S —,<7 rTVt> prove that 2 Vr rz:; 1 ^ ..rtf"*"® 

r=m-«+ir' (m-W + I)'’ «=0 *+n lr=»-M+l J 

?n-*-oo when 2 is not a negative int^r ] 


12 13 The eoaliiation of a general class of infinite products 
By means of the Gaipma-function, it is possible to evaluate the general 
class of infinite products of the form 

00 

n Ufi, 

»-i 


where Un is any rational function of the index n 

For, resolving Un into its factors, we can write the product in the form 
{A (n - Oi) (n - Ua) (n - (tfe)) 


n 

nasi 


(n — 6 i)., (n — bi) 


and it IS supposed that no factor in the denominator vanishes 

In order that this product may converge, the number of factors in the 
numerator must clearly be the same as the number of factors in the 
denommator, and also J. = 1 , for, otherwise, the general factor of the product 
would not tend to the value unity as n tends to infinity 

We have therefore *= J, and, denoting the product by P, we may write 


P = 


(n - ai) 

(n - aji)' 

(» - 61 ) 

(n - 6 *)J 


The general term in this product can be written 

('-5) 

— 1 — * 4- Ufc — “"bk ^ 

where An is 0 (n"’*) when n is large 

In order that the infinite product may be absolutely convergent, it is 
therefore necessary further (§2 7) that 

o&i 4“ “h 
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We can theiefore introduce the factor 

exp {n-i (oi + + aj — ii - . . - bn)] 

into the geneial factoi of the product, without altering its value, and thus 
we have 


p== n 

nssl 


But it IS obvious fiom the Weierstrassian definition of the Gamma- 
function that 





02 



le" 

fl-"- 

(i 


|e« 

fl 


V nj 

V 

nJ 


\ 

n) 

1 (- 

nJ 

e" 


nJ 

h 



n 

M =1 




p_b^-b,)hT(-b,) 6*r(-6*)_ * r(i-u 

^ ~ a,r(-a.) air(-a*) " , ra^^) ’ 

a formula which expresses the general infinite product F in terms of the 
Gamma-function 

Emmph 1 Prove that 


n 


g(a4-6+g) r(a + l)r(6 + l) 

(ot-f®) (6+^) r(a+6+i) 

Example 1 Show that, if asacos (2flr/?0+i sm then 

={-r(-t»)r(-arS) ..r 

1214 Connemoro between the Oamma-function and the circular function 6 

We now proceed to establish another most important property of the 
Gamma-function, expressed by the equation 

TT 


r(^)r(l-^) = 


sm Tz 


We have, by the definition of Weierstrass (§ 121), 


r(^)r(-^)=-in 

<5 n»l 
— TT 





(1 + -] 

le “f n ] 

nJ 

j M = 1 1 ' 

. n/ J 


z sm Tz 

by § 7 5 example 1 Since, by § 12 12, 

r(l — zT {-~z) 


we have the result stated 
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Oorottary 1 If we aeaign to * the value 4, this formula gives {r(i)}*-w , since, by 
the formula of Weierstrass, r (4) is positive, we have 

r( 4 )-iri 

OonMaiy 2 If ^(*)=r'(«)/r(«), then f ( 1 -*)— +•(*)- vootir* 

12 16 The mvtiiifltcation-lheorem of Gauss* and Legendre 

We sbaQ next obtam the result 

r (e) r (^ + ^) r (^ + J) r (s + rM 

n«‘r(s)r(s + i) r(«+^) 

For let <f> (s) „r(n«) 

Then we have, by Euler’s formula (§ 12 11 example), 


n"* n bm 

r-iO 


12 (m- 1 ) m**'/’* 


^(x) = 




! 1 2 ..(nm- 1 ) (nm)^ 

^ + 1 ) . (rwf + Tim— 1 ) 


bm 


(wm— 1 )* 

It IS evident firom this last equation that ( jb ^) is independent of 0 
Thus <f> (js) is equal to the value which it has when 

♦W-rOrg).. r(!^) 

Tkerefcre {♦ (»))• - u’ { V g) T (l " ;)} 


( 27 r)"-‘ 


TT StT 

sm - Bin — sm 
n n II 


) w 


Thus, since ^(n“*) is positive, 

^(s)-( 27 r)*^""^^B"*, 

le. r(if)r^x + ^^ r^<r + (2ir)*^""^^r(«*). 

CorcUcary Taking n«?, we have 

2 «— ir (s) r (»+ 4 )-n-* r ( 2 *) 

This IB called the du^watwin, formvlaH 

* Werhe^ m p 149 The case in which n=2 was glyen by Legendre 
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shew that 


THE ftAMMA FUNCTION 
BCp 


241 


B(np, nq)=n~'*^ 


B{p,q)£{p+\,^ b(p+~,^ 

£ii>q)^im,q) £{<in-l)q,ql 


12 16 ExpanBWTis for the logarithmic denvates of the Qamma-fwrictiwi 

We have {r (*+l)}~>=«^*n + < 


Differentiating logarithmically (§4 7), this gives 
dlogr(r+l)_ 

S ■y+T 


] ■ 


I («-I-1)"*'2(;2+2) ■^3(^ + 3)“^ 
Therefore, since logr (2+l):=log24-r(a), we have 

^logr(r)=-y-l+.J^^^ 
Differentiating again, £logr(.+ l)=| J 


(2+1)2 ■^(*+2)5 

These expansions are occasionally used in appbcations of the theory 

12 2. Euler’s expression of F (z) as an infinite integral 

The infinite integral J e~^V‘~Ht represents an analytic function of z when* 

the real part of z is positive (§ 5 32), it is called the Eulenan Integral of the 
Second Kind^ It will now be shewn that, when R {z) > 0, the integral is 
equal to r ( 2 ') Denoting the real part of 2 by ar, we have a; > 0 Now, if J 


we have 


n (jS, n) ^ [ (1 — 

Jo 


if we write t^nr^ it is easily shewn by repeated integrations by parts that, 
when ^ > 0 and ms a positive integer, 

- T)“T*"*dT « T*(l — + J (1 — T)’*-VtiT 


n (w — 1) 


and so 


n ( 2 , n) = 


2(2 + 1).. (2 
1 2. 


-JL- r 

+ n - l)Jo 




2^ (2r + 1) 

Hence, by the example of § 12 11, 11 ( 2 , n) 


■ w. 


(2 + ») 
-r( 2 ) as n- 


■ 00 


^ If the real part of z is not positive the integral does not oonverge on account of the smgu- 
lanty of the integrand at tsO* 

t The name was given by Legendre , see § 12 4 for the Eulenan Integral of the First Kind, 
t The many- valued function is made precise by the equation logf being 

purely real 


W. M A 


16 
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Consequently F (z) - hm f f 1 — 

And so, if Ti (2r) = f 

J 0 

r.(.)- r(.)= to (i 


we have 


since f converges. 

Jo 


hm f e'^t^“‘^dtss:0, 

n-^doJ » 


To shew that zero is the limit of the first of the two integrals in the 
formula for Fi (z) - F (z) we observe that 


[To establish these inequalities, we proceed as follows when 0 < 1, 

from the series for e» and (1 -y)"^ Writing ijn for y, we have 

and SO (1-;^) 

Now, if 0So$l, (l-a)*^l-«o by mduotion when Ma<l and obviously when 
»a > 1 , and, writing for a, we get 

and SO* 

which 18 the required result ] 

From the inequalities, it follows at once that 

U” fe-‘ - f 1 - -X\ r-^dt\ % 


and so* 


<n-^[ 

Jo 


as ?i -► 00 , since the last integral converges. 


♦ This analysis is a modification of that given by SohlSmiloh, OompeaiArum der hdher^n 
AnalysiSy xi p 243 A simple method of obtaining a less precise inequality (which is suftloient 
for the object required) is given by Bromwich, Infinite Stnee^ p 469 
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Consequently Fj (z) = F (z) when the integral, by which Fj (z) is defined, 
converges, that is to say that, when the real part of ^ is positive, 


F(^) = re- 

Jo 


■H=^dt 


And so, when the real part of « is positive, F {z) may be defined either by 
this integral or by the Weierstrassian product 
Example 1 Prove that, when R (z) is positive. 


r(*). 




Example 2 Prove that, if R{z)>0 and R (s) > 0, 

Jo ^ 

Prove that, if A («) > 0 and R (s) > 1, 


Example \ 


(*+l)*^ («+2)*^ (*+3)*^ 






e*-l 


Example 4 From § 12 1 example 2, by using the inequality 


deduce that 


■/« 




12 * 21 . Extension of the mfinite integral to the case in which the argument of the 
Oamma^fumtion u negative 

The formula of the last article is no longer applicable when the real part of z is 
negative Cauchy* and Saalsohutzt have shewn, however, that, for negative arguments, 
an analogous theorem exists Thm can be obtained in the following way 
Consider the function 

where k is the integer so chosen that ~-k>x> x being the real part of z 

By partial integration we have, when «<-*!, 

r.(.)-[f(.-.-l+.-i+. +(-).*. f_)]- 

The integrated i>art tends to zeio at each limit, since is negative and .r-f / -|-1 is 
positive . so we have 

The same proof applies when x lies between 0 and —1, and leads to the result 

r(«+l)»*ra(r) (0>:t;>-l) 

The last equation shews that, between the values 0 and — 1 of a?, 

Vi{z)^r{z) 


* Exercices de UatK ii (1827)i pp. 91-92* 
t Zeitschnft/Ur MatJuund JPhya xxxu, (1887), xxxni (1888)* 


16—2 
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The preceding equation then shews that Ti(,z) is the same as T{z) for all negative 
values of R («) less than - 1 Thus, for all negative values of R («), we have the result of 
Cauchy and Saalschutz 

where k is the integer next less than - E (z) 

Example If a function F (/i) be such that for positive values of fi we have 

J 0 

and if for negative values of p we define Pi (jx) by the equation 

JV-* (e-*-l+x- 

where Jh is the integer next less than — shew that 

12 22 HankeVs expi mion of r(z) as a contour integral. 

The integrals obtained for r( 0 ) in §§ 12 2, 12 21 are members of a large 
class of defimte mtegrals by which the Gamma-function can be defined 
The most general integral of the class in question is due to Hankel*, this 
integral will now be investigated. 

Let D be a contour which starts firom a point p on the real axis, encircles 
the origin once counter-clockwise and returns to p 

Consider [ when the real part of z is positive and z is not 

J D 

an integer 

The many-valued function is to be made definite by the convention 

that (— t)*"* = and log C— t) is purely real when t is on the negative 

part of the real axis, so that, on D, — it $ arg (— % ir 

The integrand iS' not analytic inside D, but, by § 5 2 corollary 1, the path 
of integratioinnay be deformed (without affecting the value of the integral) 
into the path of integration which starts firom p, proceeds along the real axis 
to h, describes a circle of radius B counter-clockwise round the ongin and 
returns to p along the real axis. 

On the real axis in the first part of this new path we have arg (- 1) = - t, 
so that (-«)*’-' (where logf is purely real), and on the last 
part of the new path (- ty~^ = e*" 

On the circle we write - f = then we get 

f (- ty-ie-*dt = +[’ 

Jd h 

= - 2^ sin (tt^) e-*dt + 

Zeitschrift fUr Math^ und Fhy$ ix (1864), p 7 
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12 22 ] 

This IS true for all positive values of now make S-^0, then S^-^0 

and J 0 tz$+s(coBe+i 8 m$)^ff since the integrand tends to its limit 

uniformly 

We consequently infer that 

tY''^e~~^dt= - 2^ sin (ttz) J t^^^e^^dt 

This 18 true for all positive values of p , make p oo , and let 0 be the 
limit of the contour D 


Then 

Therefore 



Now, since the contour G does not pass through the point ^ = 0, there 
18 no need longer to stipulate that the real part of e is positive, and 

I (— IS a one-valued analytic function of s for all values of ;e 
J c 

Hence^ § 5 6, the equation^ just proved when the real part of z is positivsy 
persists for all values of z with the ecoception of the values 0, ± 1, ± 2, . 

Consequently, for all except integer values of z, 

1 


r(^)— . 


■f 

' J 0 


2 i sin VIS J 

This IS Hankel’s formula, if we write 1 — « for ^ and make use of § 12 14, 
we get the further result that 

rio-h) r 

We shall write I for I , meaning thereby that the path of inte- 
J 00 ^ 0 

gration starts at ‘infinity’ on the real axis, encircles the origin in the positive 
direction and returns to the starting point 

EmmpU 1. Shew that, if the real part of * be positive and if « be any positive 
constant, tends-to aero as p-^oo, when the path of integration is either of 

the quadrants of circles of radius p +» with centres at - o, the end points of one quadrant 
being p and — »+»(p+»), and of the other p and — a— i(p+a). 
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Deduce that 
and hence, by writing — a - shew that 
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lincf 

p-^x 


jL==-i r 

r {£) 2n- J -« 


gtt+tw {a+iuY*du 


[This formula was given by Laplace, TMoth Analytique det Probabthtdt (1812), p 134, 
and It IS substantially equivalent to Hankel’s formula involving a contour integral ] 

Example 2 By taking a= 1, and putting t l+i tan d in example 1, shew that 

—1— =s — f cos (tan 8 - e6) cos’" * 6d6 
T{Z) TT ! Q 

Exam'pU 3 By taking as contour of integration a parabola whose focus is the ongin, 
shew that, if a> 0, then 

r f * (1 + cos {2at + (2^ - 1) arc tan t} dt 

sin irz J 0 (Bourguet, Acta Math i ) 

Example 4 Investigate the values of x for which the integral 

-I 
ir J 0 

converges, for such values of express it in terms of Gamma-functions, and thence shew 
that it is equal to 

‘-’■.j, (0 - s) ”*■’)/“.{(' + ra) 

(St John’s, 1902 ) 

Example 6 Prove that j " (log r)™ cfi converges when m>0, and, by means 
of example 4, evaluate it when m«=l and when t»-2 (St John’s, 1902 ) 

12 3 Gauss’ expression for the loganthmio denvate of the Qamma-funotion 
as an vnfimte integral’'^ 

We shall now express the function ^ log T {z) = as an infinite 

integral when the real part of ir is positive, the function in question is 
frequently written ^ (ar). We first need a new formula for 7 . 

Take the formula (§ 12 2 example 4) 

8 


. fidi 

where A= 1 - «“•, since j ^ 7' 


rlog: 


~0 as 8-*-0 


"Writing <=!-«“* in the first of these integrals and then replacing w by t we have 

(l^‘ 

This IS the formula for y which was required. 


Werke^ ni p 159. 
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To get Gauss’ formula, take the equation (§12 16) 

r(^) ^ z n-«n.=lVw « + my 

and write = f dt , 

z + m Jo 

this IS permissible when m = 0, 1, 2, if the real part of z is positive 
It follows that 

r'(^) 
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= _ 7 - f " e-=^dt + hm f" 2 (e-™* - 
T (z) Jo »-»00 Jo m=l 

r» g-t _ 0 -’^ - a-(«+i)‘ + g-0+«+i)« 

= -7+lim j-— t dt 

tt-^00 / 0 i — e 

. /•OO *1 

dt 


f" _ -1^,') dt- hm r 
Jo 1—6 / n“*»ooJo 1 ^ 


Now, when 0<« <1, 
and when ^ > 1, 


l-6-« 


IS a bounded function of t whose limit as is finite , 


,1+U“ 


I 


Therefore we can fin<l a number K independent of t such that, on the path of integration, 

1 1-6-* 


^nd SO 1 o(n+l)t dt\<K 

\Jy 1 jo 

We have thus proved the formula 

which IS Gauss’ expression of '^(z) as an infinite integral. It may be 
remarked that this is the first integral which we have encountered connected 
with the Gamma-function in which the integrand is a single- valued function 

Writing t—log(l+a;) in Gauss’ result, we get, if A-e*- 1, 

* (/» V " /a aIi^} 

A , 

« t ' 


6*-l 


Since 

Hence 


90 that 

an equation due to Dinchlet* 




-0 as d-*~0. 


mrhe.t p. 276 
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E^amiple 1 Prove that, if the real part of * is positive, 

Ex<mple% Shew that y^lj(l+t)-^-e-V-^dt (Dir.chlet) 

12 31. Biruit’s first expression f<yr log T (z) m terms of an infinite integral 

Bmet* has given two expressions for logr(sr) which are of gr^t 
importance as shewing the way in which logTC^) behaves as 1«| — oo. To 
obtain the first of these expressions, we observe that, when the real part ot 

,»pos..,e, r'(. + l) r-fd-ilih,, 

writing « H- 1 for z in § 12 8. 

Now, by § 6 222 example 6, we have 

logir = J^ 1 ’ 

and so, since “ Jo 2®"**^*’ 

we have 




The integrand in the last integral is continuous as t-0; and since 
I ^ la hounded as f --oo, it follows without difficulty that the 

Legral converges uniformly when the real part of ^ is ^ 

consequently mtegrate from 1 to ^ under the sign of integration (§ 4 44) and 

we get'f' ^ ^ ^ (11 1 ) e ~^ ~ j 

logr(.s + l) = (^ + |)log^--® + l + J„ ■“« 

Since ^ i is continuous as < -* 0 by § 7 2, and since 


we have 


log r + 1) = log + log r {z), 


i\ r" (1 1 1 1 

iogr(«)=(«'-2)iog^-.«+i+J^ 

_r | 1 _ 1 + 

Jo 12 f + t “ 

* JTotimol de VEccU EolyUchmque, xyi (1889), pp. 138-148 ^ 

t Logr(«+l) means the sum of the principal values of the loganthms m the factors of 

the Weierstrassian product 
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To evaluate the second of these integrals, let* 

so that, taking 2 ;=^ in the last expression for logT («), we get 

log / 

/■« /I 2 1 \ 

Also, since /= / { r - 7 + -r; — 1 dt^ we have 

yo \2 t e*®— 1 / t 

r r r“ /I \ e~^dt 

J_\ 

t ~^-i) t 
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And so 


■/: {' 








■i+ilogi 

Consequently ilog(2ir) 

We therefore have Binet’s result that, when the real part of z is positive. 

log r (tr) = (sr - log s - ^ + 1 log (2w) + /^ (I - 7 + V 

If « «■ <0 + ty, we see that, if the upper bound of | (| “ J + ^nTi) J 
values of t is K, then 

log r W - ( ^ - 1) log ^ - 1 log (^’t) I < IT e-** di 

so that, when a is large, the terms - 1) log^ - ■« + 1 log (2w) furnish an 

approximate expression for log F («) 

Example 1. Prove that, when B ( 2 ) > 0, 

logrW“|^ +(s-l)e-j j 

JSwampU 2 Prove that, when R (z) >0, 

logrW-|^ {(*-'i)«"‘+^^’*’?og(i+j)' ^ “} T 


(Malmstdn ) 

(F^aux.) 


This artifice is due to Pnagsheim, Math Ann xxxi (1888), p 478 
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Exam/j^ 3 Fiom the formula of ^ 12 14, shew that, if 0 <x < 1, 


21ogr(a:)-log)r+log8injr^= - (1 " y 

(Kummei ) 

Example 4 By expanding sinh(^— and 1—2^ in Fourier sine senes, shew from 
example 3 that, if 0 < a < 1, 

log r (^)=ilog TT -ilogsin vx+St 2 a„ sm ^nvx, 


where 

Deduce fiom example 2 of § 12 3 that 


^nir ^ 


^ + 47l*7r2 2mrj t 


a»= 2 ^ (y+log 2>r+log n) 

(KnmmQT^ Journal f dr Math xxxv (1847), p 1) 

12 32 Binet^s second eccpression for log F (z) in terms of an infinite 
integral 

Consider the application of example 7 of Chapter vn (p 146) to the 
equation (§ 12 16) 

The conditions there stated as sufficient for the transformation of a 
senes into integrals are obviously satisfied by the function ^ (f ) = > 

if the real part of z be positive , and we have 

^ - /: 

where 

Since |g'(i, 8r + n)| is easily seen to be less than Kitjn, where Ki is inde- 
pendent of t and H, it follows that the limit of the last integral is zero 


Heooe Pegr(r).± + i+l 


4itz 


dt 


Since 


2z 


Z*-|- 1 


lo 

does not exceed K (where K depends only on S) when the 

real part of z exceeds S, the integral converges uniformly and we may 
integrate under the integral sign (§ 4-44) from 1 to z 

We get 


|^i.grw=-i+iog. + o-ii[ 

where C is a constant Integrating again, 


tdt 


log r (^) = (z - log r -KC - 1) ^ + c- + 2 dt, 


where C is a constant 
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dt 


12 32,12-33] 

N ow, if z 18 real, 0 < arc tan t/z $ tj z, 

and so 

logr(^)-(A-i)logZ-(0-l)A-C"|<?/^ 

But it has been shewn in § 12 31 that 

logr(«)-^«-|)loga + ^-|log(27r) ^0, 

as -e 00 thiough real values Comparing these results we see that (7=0, 
0' = |log(2,r) 

Hence for all values of z whose real part is positive, 

/ 1\ In ^ ^ f“arc tan(^/ 2 f) j. 

log r (a) = (^ - 2 ) logir - « + 2 log (27r) + 2 

where arc tan it is defined by the equation 

r 

arc tan “ ® TTI’ ’ 

m which the path of integration is a straight line 
This IS Binet’s second expression for logT (z) 

Example Justify differentiating with regard to e under the sign of integration, so as 
to get the equation 


'' (*) 1 1 o r 


tdt 


12 33. The asymptotic expansion op the logarithm of the Gamma- 
function (Stirling’s series) 

We can now obtain an expansion which represents the function log F (^r) 
asymptotically (§ 8 2) for large values of \z\, and which is used in the 
calculation of the Gamma-function 

Let us assume that, if z = as + iy, then « > S > 0 , and we have, by Binet s 
second formula, ^ 

log r (.s) = (« - I) log « - .e + I log (27r) + <^ {z), 


where 

Now 


„ Parc tan (f/«). 


t It* It" (-)»-i (-)" r* u^du 

arctan(f/^)=--g^+ g-,- •• o«* + 2* 

Substituting and remembering (| 7-2) that 

' t»»->dt Bn 


I 


0 1 4fl ’ 
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wheife jBi, St, ar© Bernoulli’s numbers, we have 

i (-r‘£r . 

^ ~ r=i 2r- (2r - 1) 2®*-Mo (Jo w» + W 


Let the upper bound* of 
Then 

* M** du ) dt 


u’‘ + sl‘ 


/:{! 


0 + z^) - 1 


for positive values of u be Kz 

dt 


^Kz\z 


■/: ii: 


du 


Hence 


-Bn+1 

^4(ft + l) (2n + l)l^p 


2 (-)« 




u^du\ dt 
0 - 1 


H^zBn+i 

^ 2(n + l)(2n+l)l«r+^’ 


and it 18 obvious that this tends to zero uniformly as | a | -»- oo if ) arg ^ | tt A, 

where Jtt > A > 0, so that Kz < cosec 2 A 

Also it IS clear that if | arg | < Jw- (so that Kz = 1) the error in taking the 
first n terms of the senes 

5 1 

rti 2r {2r-l)z^-^ 

as an approximation to <f> {z) is numerically less than the (n -h l)th term 
. Since, if larg-8^|<‘i^7r — A, 

•Bn+l 1 ^ I~s 






< coseo* 2A 


2(11 + 1) (2ra + l)' 


■0, 


as z 00 , it IS clear that 


Sx 


St 


Bt 


1 2 z 3.4 6 ' 

IS the asymptotic expansion f (§ 8 2) of ^(^). 

We see therefore that the senes 

.r - i) log ^ - ^ + 2 log (2^) + 2r(2r-ir^^' 

IS the asymptotic expansion of log F {z) when ] arg z j < ^tt — A, 

* X,-* is the lower bound of {«* + “ oonsequently equal to 

f The development is asymptotic , for if it converged when | | ^ p, by § 2 6 we could find JST, 
such that B^x(2n^l)2nKp^ , and then the senes 2^ ’ integral 

function , this is contrary to § 7 2 
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12 - 4 ] i n rj ^^XJUlTAA JU' J.w.*.'* 

This 18 generally known as Stirhng’s senes. In § 13 ‘6 it will he estab- 
lished over the extended range ] arg | < t — A. 

In particular when z is positive (= oo), we have 


0<2 


Jo Jo + 


cZmI dt 


B. 


•tl+l 


. j Q^irt — 1 ^ 2 (w + 1) (2n + 1) ^ ' 

Hence, when a!>0, the value of <f>Qx!\ always lies between the sum of 
n terms and the sum of n + 1 terms of the senes for all values of n 

JD ff 

In paiticular 0<<f)(jx/)< ^ * 12a 0 < 5 < 1. 

Hence r(a) = (27r)^ 

Also, taking the exponential of Stirling’s senes, we get 

, , , , f 1 1 139 571 f, AN) 

r(a) = e" X ^(2'n-r |l-l-Y^+2^-5;^g4Q^ 24883200*'^ ^ Wj ’ 

This IS an asymptotic formula for the Qammafunctwn In conjunction 
with the formula T (a + 1) = aT (a), it is very useful for the purpose of com- 
puting the numerical value of the function for real values of x 

Tables of the function logi«r (a), correct to 12 decimal places, for values of V betwe^ 
1 and 2, were constructed in this way by Legendre, and published m his JExercioet de 
Calctd XvAigral, ii p 86, in 1817, and his Tratti des fowstwns elhptiqvsa (1826), p 489 
It may be observed that r(a) has one minimum for positive values of a, when 
1=1 4616321 , the value of logio T (f) then being 1 9472391 * . 

Example Obtain the expansion, convergent when R (*) > 0, 

log, r (*) = (* - i) log, * - s+i log, (2>r) +«/■ (*), 

where 


m which 
and generally 


+ 2 (s+i?(s +25 + 3 (i-t-'i) (*+*'2) (*+8)‘^"”} ’ 
0,=J, Os-J, 

o„=J*(»+l)(a+2) . (a+n-l)(2a-l)a<i» 


(Bmet.) 


12 4. The Eulerian Integral of the First Kind, 

The name Eulerian Integral of the First Kind was given by Legendre to 
the integral ^ 

B (p, q) - (1 - «)«-> dx, 

which was first studied by Euler and Legendre* In this integral, the real 
parts of p and q are supposed to be positive, and xf-\ {l-xf"^ are to be 
understood to mean those values of cCj>-i)ios» and e{«-Oio»(i-«) which correspond 
to the real determinations of the logarithms. 


♦ Euler, Rov, Comm Petrop.vn (1772), Legendre, Exmeieet, i p. 221. 
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With these stipulations, it is easily seen that B {p, j) exists, as a (possibly 
improper) integral (§ 4*5 example 2). 

We have, on writing (1 — x) for a?, 

q)=^B{q, p) 

Also, integrating by parts,, 


so that ■B(p, 3 + 1) =s^J5(jp+ 1, g) 


Example 1 

Shew that 


JJ(p, g')=jff(p+l, 3 + 1 ) 

Example 2 

Deduce from example 1 that 


■8(P. 

Example 3 

Prove that if ti is a positive integer, 


T>f .IN 1 2 w 

^"“pCp+i). (p+») 

Example 4 

Prove that 

rao SB— 1 


(l+5p-v‘*«- 

Example 5 

Prove that 


r (z) sa hm 71' B (Zf n) 


nHNoo 


1241. Expression of the Eulenan Integral of the First Kind in terms of 
the Gfamma-f unction 

We shall now establish the important theorem that 


First let the real parts of m and n exceed J , then 

^OO ^00 

r (m) r (w) » j s”* dx X j dy. 


On writing for and y® for y, this gives 

rM rJt 

r (?n) r (n) = 4 lim ) e"^* dx x I dy 

JR-^-oo Jo Jo 

™41ini f f 

22-^ 00 Jo Jo 


Now, for the values of m and n under consideration, the integrand is 
continuous over the range of integration, and so the integral may be con- 
sidered as a double integral taken over a square Sr. Calling the integrand 
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/ (co, y), and calling Qs the quadrant with centre at the ongin and radius R, 
we have, if Ts be the part of outside Qb, 


I / ~II<i 

^l/Zr 

< //y^ 1*^^®’ y)\^^y 

< //s, y)\^dy-^^^Jf(a!,y)dxdy\ 

-*“0 as jR-^oo, 

since 1 1 [/(«, y) \ dxdy converges to a limit, namely 

Jj JSr 

fi<30 ^00 

2 I tr^\a?”^^\dxy. 2 e-v \ y“-> |dy 

io JO 


Therefore 


hm If f ico, y) dxdy ^ hm [[ fix, y) dxdy 

R^fnJJSH M^ooJJQr 

aging to polar* coordmates (<» = r cos d,y = r sin 6), we have 

/ /q* ^ J (r sm dy^^rdrdd 

» 

r" ri’^ 

r (m) r (n) = 4 j dr j cos”"^* sin**“* ffdff 

■« 2r (m +«) J < 


Hence 


C08*”~* R sin®"“* 0d0 


Wnting cos* ^ « we at once get 

r (m) r (n) =« r (m + n) B (m, n). 

This has only been proved when the real parts of m and n exceed ; but 
it can obviously be deduced when these are less than J by § 12 4 example 2. 

This result, discovered by Euler, connects the Eulenan Integral of the 
First Kmd with the Qamma-function. 

1 Shew that 

(1 +^)0-* (1 -*)«-! 


* It IS easily proved by the methods of § 4 11 that the areas ^ of § 4 8 need hot be rect- 
angles provided only that their greatest diameters oan be made arbitrarily small by taking the 
number of areas sufficiently large; so the areas may be taken to be the regions bouuded 
by radii veotores and circular arcs. 
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Example 2 Shew that, if 

1 1 ^(y-1) 1 ■v(y-i)(y-^.) -L..i. 

/(a.y)=T-3'^+ gT- ^ 3' r+s 


then 


/(i^,y)=/(y+i. *-!)> 

where a; and y have such values that ilje senes are convergent 
Example 3 Prove that 


(Jesus, 1901 ) 


f Math Trio ' 


1242. Evaluation of trigonometrical integrals in terms of the Gamma- 
fimction . 

We can now evaluate the integral where m and n 

axe not restricted to be integers, but have their real parts positive 
For, writing cosmic = t, we have, as in § 12 41, 


f 


^ .. , ir(im)r(i»t) 

cos^-'fl! 8in“->a5 d® = ^ f (im + W 

The well-known elementary formulae for the cases in which m and w are 
integers can be at once derived from this result. 

Example Prove that, when | ^ | < 1, 


ri<T co B^flsin^ddd _ r(iwt+^)r(ib»t+^) p" oos”**^(fd 
Jo (i_Asin»d)i r(i»i+i»+i)V’r /( '■ ’ 


0 (l-isin*d)^ 

(Trinity, 1898 ) 

1243. Poohhammer’s* extension of ihe Eulenan Integral of the First 
Kind 

We have seen in § 12 22 that it is possible to replace the second Eulenan 
integral for r(^) by a contour integral which converges for all values of e. 
A similar process has been earned out by Pochhammer for Eulenan integrals 
of the first kind 

Let P be any pomt on the real axis between 0 and 1, consider the 
mtegral 


g-wi(a+p) 


/: 


(l+,0+, l-,0-) 


p-^{l-ty-^dt^e{tt, /3). 


The notation employed is that introduced at the end of § 12‘22 and 
means that the path of mtegration starts from P, encircles the point 1 in the 
positive (counter-clockwise) direction and returns to P, then encircles the 
origin in the positive direction and returns to P, and so on. 

* Math. Ann xxxv (1890), p 495 The use of the doable oiroml integmls of this Motion 
fc^rpa to be due to Jordan, Court d’ Analyte, in (1887). 
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12 42, 12-43] 

At the starting-point the arguments of t and 1 — i are both zero, after 
the circuit (1 +) they are 0 and 27r , after the circuit (0 +) they are iir and 
27 r , after the circuit (1 — ) they are 2ir and 0 and after the circuit (0 — ) they 
are both zero, so that the final value of the mtegrand is the same as the 
initial value 

It IS easily seen that, since the path of integration may be deformed in 
any way so long as it does not pass over the branch points 0, 1 of the 
integrand, the path may be taken to be that shewn in the figure, wherein 
the four parallel lines are supposed to coincide with the real axis 



If the real parte of a and yS are positive the integrals round the circles 
tend to zero as the radii of the circles tend to zero* , the integrands on the 
paths marked a, b, o, d are 

(1 _ (1 _ 

gSrri («-l) _ hy-\ ^(S- 1 )^ ^-1 gsm(a-l) ^ 

respectivelyj the arguments of t and 1 — t now being zero in each case 

Hence we may write e (a, yS) as the sum of four (possibly improper) 
integrals, thus* 

« (o, y9) - (1 - ty-^dt + jV-i (1 - dt 

+ [ * <“-» (1 - ty-' dt + (1 - ty-^e^ dtl 

Hence “ ‘ ^ 

6 («, yS) * (1 - e^^) (1 - e^) ^ ' (1 - t)«-i dt 

J 0 

- - 4 sin (utt) sin (/Stt) 

— 47r^ 

“r(i-a)r(i-yti)r(a + /3) 

Now e («, 0) and this last expression are analytic functions of a and of 0 
for all values of a and 0. So, by the theory of analytic continuation, this 
equality, proved when the real parts of « and 0 are positive, holds for all 
values of « and 0. Hence fw all values of a and 0 we have proved that 

* “ r(l-a)r(l-yc^)r(a + y«) 


W. M* A* 


The reader ought to have no difidoulty in proving this. 


17 
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12 6 Ihnchlet’a integral* 

We shall uow shew how the repeated integral 

J-JI + - din 

may be reduced to a simple integral, where/is contmuous, ^ > 0 (r -1. 2, n) 
Td the mtegratxon is extended over all positive values of the variables such 

that ^1 + ^ 2 +- + ^ ^ 

(where we here wntteo 1, T, $ for «. “4 h fcr «. + h + - + <•). 

put t = r (1 — «)/« I integral becomes (if Xi‘0) 

r /<>■ + 2*/®) (1 - 

Jo Jr/d-A) 

Changing the order of mtegration (§ 4*61), the integral becomes 
p ^ (1 _ V— 1 T^+o-^dTdv. 

Jo Jo 

Putting r=VT*, the integral becomes 


fi ri- 

r (« + p) Jo 

Hence 

r r(ai)r(ai>) ff [ f (t» + 1, + . + «n) T, . • tn**"' <^Tsrf<. . . . d«n, 

the integration being extended over all positive values of the variables such 

that TB + t» + - . + tn<l 

Continually reducing in this way we get 

r _ r(«i) r(aj)_ r(a^ I K,. ar, 

r(ax+as+. +a„)Jo‘' 
which IS Dinchlet’s result. 

( 1 Reduce 


„ a «»pfe mt.gr.1, th. »»«« «f ■»“«»“«« '»”« »™ *" 

of the variables such that 

© +(9 He) 

It being assumed that «, 6, « ^ 7 > P. 2. poa‘tiva 

« WerJee, i pp 376, 891 


(Diriohlet.) 
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12 5] 

Example 2 Evalxiate J j dxdy^ 

m and n being positive and 

r > 0, > 0, ^ 1 (Pembroke, 1907 ) 

Example 3 Shew that the moment of inertia of a homogeneous ellipsoid of unit 
density, taken about the axis of z, is 

^ {a^ 4- b^) irabcy 

where a, 6, c are the semi-axes 

Example 4 Shew that the area of the epicycloid is 


REFERENCES 

N Nielsen, IlatidlnM der Theorie da Oamma-funktion^ (boipi'ig, 1006) 
0 SCHLOMILCH, Compendium da hvhereu Analysis^ ii (Brunswick, 1874) 
E L Lindelof, Lc C<xlad des lidnidiiSy Vh iv (Pans, IJKir) ) 

A Prinoshecm, A^in xxxt (1888), ^ip 455-481 
U,T Mkllin, Ann Lxvni (1910), pp 305-337 


Miscellaneous Exampi.es 


1 Shew that 


(l-.)(l+|)(l-!)(l+0 - 


2 Sliew that 

3 Prove that 

4 Shew that 


r(i+i*)r(i-i*) 


hm r7~ i-TT" m- • — ^i' »*=r(«?+l) 
r'(i) r'(i) „ 

{r(|)}‘ 3* 5 «-l 7» 9»-l 11» 

■i67r« “3»-i oa ' 7^ ‘ 9*" H»-r 


(Trinity, 1897 ) 
(Trinity, 1886 ) 

(Jesus, 1903.) 
(Trinity, 1891.) 


6 Shew that 

(Trinity, 1906 ) 

6 Shew that n r (^) - (^)’ (Petei house, 1906 ) 

7 Show that, if 2 whore f is real, then 


8 When r is positive, shew thatt 


r(x)rii) y 


TTr+l) r + n 


(Trinity, 1904 ) 

(Math Trip, 1897) 


* This work contains a complete hihliogi-aphy 

t This and some other examples arc most easily proved by the result of § 14 11 


17-^2 
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9 If a IS positive, shew that 

r (g)r(a+lj ; -L 

r(r+ — °nlo 

10 IfjoOand 

i>(a;)= e-U^-^dt, 

shew that 111 11 1 ^ 

= 1 ^4-1 "^2^ ^4^ 3 ’ jy+S"*" ’ 

P(x+l)=a;F(x)-e-‘ 

11 Shew that it X> 0, «> 0, - Jw <a <Jw, then 

j" pe-l g-xtcosa COS (Xt sm a) dt=X"*r(^) cos OA, 

1 g- cos a sin (Xt sin a) c? ^ *= X*“® r (^) 


/. 


(Eulei ) 


12 Prove that, if 6 > 0, then, when 0 < z < 2, 

[" dA-^irTf-i cosec (iwz)/r (z), 
lo ^ 

and, when 0 < 2? < 1, 


(Euler ) 


f sec (iwz)/r (z) 

Jo ^ 

13 If 0 < n < 1, prove that 

[ (1 +*)"“' cos » r (n) |cos " T(»8 + 1) r( 7 i+ 3 ) ” *’} 

•' ® (Peterhouse, 1898 ) 

14 By taking as contour of integration a parabola with its vertex at the origin, derive 

from the formula , . 

* 2i sina7rJ«. ' 

the result 

j, /^\ ^ / «-** a!»-» (1 + [3 

2smawJo +sin{»+(a-2)arooot(-x>)}]«te, 

the aic cot denoting an obtuse angle (Bonrguet, Aota Math i. p 367.) 

16 Shew that, if the real part of a„ is positive l/o** is convergent, then 




d* 

18 convergent when «i > 2, where (z) = gj; log T (z). 

16’ ' Prove that 

(iz Jo l-«-‘ 

-/H'iT*- 


(Math.Tnp 1907.) 


(Legendre.) 
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17 Prove that, when R (?) > 0, 

18 Prove that, for all values of z except negative real values, 

log r (^) «! (« - -J) log 3 - 2 + J log (Stt) 

f 1 « _1 “ 1 “1 \ 

jo r=i (2+r)2 ‘•‘n (a+lf''' r~E rh («+/)*■*■ j 

19 Prove that, when R ( 2 ) > 0, 

|iog r ^*)-iog.- ^-£^^{i_^+iog 4 

20 Prove that, when R (z) > 0, 

£5iogrW=j^ - . 


(Bihet ) 


21 If 
shew that 


fM+l 

j log r (^) dt = w, 


du , 


and deduce from § 12 33 that, for all values of z except negative real values, 

w » 2 log 2 - 2 ^ log (Stt) 

(Raabe, Journal fllr Math xxv ) 
22 Prove that, for all values of z except negative real values, 

n^lj 0 wT* n/rr 

23. Prove that 


p) fl(pH.P+i) = 25^ 


p 


(Bourguet* ) 
(Bmet ) 


) du 


24. Prove that, when ^t<r<t, 

oui ^ \ 1 /■* cosh (2n«) £ 

25 Prove that, when q>\^ 

q) + B(p + l, q) + B(p+% q)-^ ^B{p, q-V) 

26 Prove that, when p - a > 0, 


B{.p-a,q) , , Jt? , g (a+l)g(g + l) . 

^(p, q) p+j 1 2 (p+?)(p+j+i) 


27. Prove that 
28 Shew that 


B {p, q) B (.p^q, r)mJB (y, r) B (^4-r, p) 
dx V{a)V{h) 1 


(Euler ) 


if a > 0, 5 > 0, ;p > 0 (Trinity, 1908 ) 

^ This result is attributed to Bourguet Stieltjes, Journal de Math (4), v p 432 
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29 Shew that, if > 0, 0, then 

n a +x)^-^ (1 

j-i r(?w.+») 

and deduce that, when a is real and not an integer multiple of ^jr, 


rhr /coa^+8m^\c<»2® ir_ 

J -iir \cos 6 - sm B] 2 sin (tt cos* a) 


(St John’s, 1904) 


30 Shew that, if a > 0, j8 > 0, 


dt == 4^1^ (i + 4a) - H (4<*)> 

^ 1 ^- 1 , ^fl -1 , , r (4+4^) r (4 ^) (Km 

jo (i+0iog« ^ ^r(4a)r(4+4^) 

31 Shew that, if a > 0, a + 6 > 0, 


(Kummer ) 


Deduce that, if in addition a+c>0, aH-6+oO, 

,.- r(«)r(tt+6+ o) 

Jo (l-x)(-logii;) “ ®r(a+6)r(a+c) 

32 Shew that, if a, 6, c be such that the integral convei-ges, 

/•i(l-a;»)(l-a;*)(l-a') j r(6+e+l) r(c+a+l)r(«+6+l) 

Jo (i-A-)(-iogj7) °*r(a+i)r(6+i)r(c+i)r(a+6+c+T) 

33 By the substitution cos = 1 - 2 tan ^ij>, shew that 

f' = ilip? (St John’s, 1896.) 

Jo (.3-008^)3 

/■ “* Sin** 4? . , « 

34 Evaluate in terms of Gamma-functions the integral / — cm?, when p is 

Jo * 

fraction greater than unity whose numerator and denominator are both odd integers* 
[Shew that the integral is i Ox.] 


35* Shew that 


(Clare, 1898*) 




36 Prove that 


log£(p, j)=log (^) + dt (Euler.) 


37 Prove that, if ^9 > 0, ^ 4- ^ > 0, then 

J?(P,P+0-“ 27^ \^ + 2(2jo+l)^2 4 (2pTiyr2?>4-!^)^**7 

38 The curve r»**=2»*‘’“^a*^cos m$ is composed of m equal closed loops. Shew that 
the length of the arc of half of one of the loops is 

a (4 cos jf)** ^ dxy 

and hence that the total perimeter of the curve is 

•Ki)rA© 
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39 Draw the straight line joining the points ±i, and the semicircle of 1 2 1=1 which 
lies on the right of this line Let C be the contour formed by indenting this figure at 

-i, 0, i By considering («+«ri)p+«- 2 ^^^ shew that, if 1, 2<1, 

cosP 6 cos (p — q')B dB — • 

Prove that the result is true for all values of and q such that p+q>l 

(Cauchy ) 


40 If « IS positive (not necessarily integral), and -^tt < i? ^ Jtt, shew that 


cos* J?o 


1 r(«+i) 

'2*-i{f(i«+l)}2 




. ^ «(«-2) 


cos4^+ 


and draw graphs of the series and of the function cos* v 


41 Obtain the expansion 

cpp.-- “ rfjll^r ■ - I 1 

and find the values of x foi which it is applicable (Cauchy ) 


42 Prove that, if 

22»>-i r o^i ( 12 12 32 %-|i 

{1+^(2^-+^ + 2 4 (22>+3)(2p+6)''' }J 

(Binet ) 

43 Shew that, if 4 ? < 0, > 0, then 



(- ^)(l-4;) , (2-^) 1 

*(!+*) *(!+») ( 2 +«) ^ J 


x+*--l 


dt^ 


and deduce that, when 0, 


d , r (^+0?) 
r» 


z{z+l){z+Z) 


44 Using the result of example 43, prove that 
log r (s + a) — log r (*) + a log z - 

t(l-0(2-0 

JO 

(»+l)*(s+l;(s+2) . (s+«) 



(n - 1) dt 


investigating the region of convergence of the senes 

(Binet, Journal dt VJ^olepolytechmque^ xvi (1839), p 256 ) 


45, Prove that, if ^ > 0, > 0, then 
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('tS-i ““ ““ {f^)} ' 


and p^=p^-{‘q^+pq 

46. If F=2l*/r(J-ia;), 

and if the function F(x) be defined by the equation 




$hew (1) that F{a:) satisfies the equation 

F(v+ \)=a;Fix)+ -^ , 

(2) that, for all positive integral values of a, 

F(3,) ==rix), 

(3) that J'(a) is analytic for all finite values of x, 

, 1 d * V 2 ; 


(4) that 


'’»-rTrrF)E'«- 




47 Expand 

{r («)}-! 

as a senes of ascending powers of a 

(Vanous evaluations of the coefficients in this expansion have been given by Bourguet, 
Butt des Sm Math v (1881), p 43 , Bourguet, Aeta Math n (1883), p, 261 , SohlOmiloh, 
ZeiUoknftfur Maih md Phyt xxv (1880), pp 36, 361 ) 

48 Prove that the (y-function, defined by the equation 

is an integral function which satisfies the relations 
Q{z^\)^V{z)G{z\ 

(n !)«/(? (^ 1 + 1 ) = V 2* 3» a . (Alexeiewsky,) 

(The most important properties of the (^-function are discussed in Barnes’ memoir, 
Quarterly Jomwdj xxxi ) 


49 Shew that 


and deduce that 


50 Shew that 


f|±})=ilog(2w)+i-a+a5g, 

Jlog ^ ^ j rrzdz^z log (2;r) 


j log r + 1) dt=^\z log (27r) — Js ( 2 + 1) log T («+ 1) log ^ (« + 1) 


CHAPTER XIII 

THE ZETA FUNCTION OF RIEMANN 


13 1 Bejimtxon of the Zeta-fwnchon 

Let 5= <r where <r and ^ aie real*, then, if 3 > 0, the series 



IS a uniformly convergent series of analytic functions (§§ 2 33, 3 34) in any 
domain in which <r > 1 + 8, and consequently the series is an analytic function 
of $ in such a domain The function is called the Zeta-function , although 
It was known to Eulerf, its most remarkable properties were not discovered 
before RiemannJ who discussed it in his memoir on prime numbers , it has 
since proved to be of fundamental importance, not only in the Theory of 
Prime Numbers, but also m the higher theory of the Gamma-function and 
allied functions 


1311 The generalised Zeta-fwiction^ 

Many of the properties possessed by the Zeta-function are particular cases 
of properties possessed by a moie general function defined, when o->l + 8. 


by the equation 




where o is a constant. For simplicity, we shall suppose |1 that 0 < 1, and 
then we take arg (a + «) « 0 It is evident that ? (s, 1) = ? («) 


13 12 . The empresnon of ^ (a, a) as an infinite integral 
Since (a + w)“* r (a ) ■» J “d®, when arg® = 0 and <r>0 (and 

a fortiori when cr > 1 + S), we have, when <r > 1 + S, 

r(«)f(s, a)- lim I d® 

JV-^oo n«0 0 



^“1 


d® — 


f“ -f!lL e-(J^+>+»'»d®^ 

Jo l-«~® 


* The letters <r, t will be used lu this sense throughout the chapter 
t Comtntntatiorun Acad Sci Imp PetropohtanaCf ix (1737), pp 160-188 
% Btrlimr MonaUMchte, 1859, pp. 671-680 Ges Werke (1876), pp 136-144 
9 The definition of this function appears to be due to Hurwitz, Zeitsehnft filr Math und 
Pkyt xxvm (1882), pp. 86-101. 

11 When a has this range of values, the properties of the function are, m general, much 
simpler them the corresponding properties for other values of a The results of § 18 14 are true 
for all values of a (negative integer values ejpoepted), and the results of §§ 13 12, 13 18, 13 2 are 
true when R (a) >0. 
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Now, when + «, and so the modulus of the second of these 

integrals does not exceed 

f (ic/^er^^*“^‘‘dx=‘(N + ay~*T (<r — 1), 

Jo 

which (when a- > 1 + S) tends to 0 as JT . 


Hence, when «r > 1 + 8 and arg a; = 0, 


^(s,a) = 


1 r 

r(s)io 


1-e-* 


da, 


this formula corresponds m some respects to Euler’s integral for the Gamma- 
function. 


13 13 The ea^esston* o/^(s, a) as a contour integral 
When <r > 1 8, consider 

f(o+) 

i 

the contour of mtegration being of Hankel’s type (§ 12*22) and not containing 
the points ± 2n7ri (n = 1, 2, 3, ) which are poles of the integrand , it is 

supposed (as m § 12 22) that | arg (— 2 ) | < tt 

It IS legitimate to modify the contour, precisely as in | 12*22, whenf 
<r ^ 1 + 8 , and we get 


Therefore 


a) 


r(i--s) 

27ri J „ 1 — 


Now this last integral is a one-valued analytic function of s for all values 
of s. Hence the only possible singularities of ^ (s, a) are at the singularities 
of r(l — «), ie at the points 1, 2, S, and, with the exception of these 
points, the integral affords a representation of f (s, a) valid over the whole 
plane. The result obtained corresponds to Hankel’s integral for the Qamma- 
function Also, we have seen that a) is analytic when + and 
so the only singularity of ^(a, a) is at the point a » 1 Writing a « 1 m the 
integral, we get 

1 f(0+) 

27rti^ 

which is the residue at a = 0 of the integrand, and this residue iS 1 


Hence 


lim 


f(a, a) 

r(l-a) 


-1 


* GiTen by Biemann for the ordinary Zeta-fanotion 
If (T < 1, the integral taken along any Btrai|^t line up to the origin does not eonverge. 
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Since r (1 — «) has a single pole at s = 1 with residue — 1, it follows that 
the only singularity of f («, a) is a simple pole with residue + 1 at « "• 1- 


Example 1 

Shew that, when R («) > 0, 


(1 -2>-) f (*)=.! -i-nl-i-b. 


1 r ^’1 - 

-mh ?+T‘^ 

Example 2 

Shew that, when R («)> 1, 



Example 3 

2* , 

“r(«)jo ^ 

Shew that 

‘W 2fft(2i-*-l) j, «*+l 


where the contour does not include any of the points ±7rt, ±37ri, ±67ri, .. 


13 14 Values of f (s, a) for special values of s 

In the special case when s is an mteger (positive or negative), — 

IS a one-valued function of z We may consequently apply Cauchy’s theorem, 
80 that — r*— dz is the residue of the integrand at ar ■« O, that 

2iTr% ' gp 1 6 

18 to say, it IS the coefficient of z~‘ in ^ . 


To obtain this coefficient we differentiate the expansion (§ 7*2) 

n' 

term-by-term with regard to a, where ^n(a) denotes the Bemoulliaa poly- 
nomial 

(This IS obviously legitimate, by § 4-7, when |*|<2,r, since p^zrj; <»n bo expwodod 
into a power series in * uniformly convergent with respect to a ) 


Then 


S"* - 1 “ 1 n ! 


Therefore tfsta zero or a negoMve integer (■« — m), m have 
f (- m, o) - - (a)/{(m + 1) («t -b 2)}. 

In the special case when o == 1, if s = — ni, then f (*) i® 'I'be oooffioiaxtt 
of in the expansion of • 
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Hentie, by § 7 2, 

?(-2m) = 0. ?(l-2m) = (-)"‘5„/(2m) (w = 1, 2, 3, ), 

?(0) = -| 

These equations give the value of ^(s) when s is a negative integer on zeio 


13 16 The formula* of Hurwitz for f ( 5 , a) when cr < 0 

Consider — | - \ taken round a contour 0 consisting of 

a (large) circle of radius (2J\r 4* 1) tt, {N an integer), starting at the point 
(2-2^ + l)7r and encircling the origin in the positive direction, arg (— z) being 
zero at 2 ^ = — (2JV' + 1) tt 


In the region between G and the contour (2JV"7r h-tt, 0 +), of which the 
contour of § 13 13 is the limiting form, (- (1 — e~‘^Y^ is analytic and 

one-valued except at the simple poles ± 27ri, ± 4im, . , ± 2JSfm 

Hence 


%tnj 0 1 — e 27nJ(,jV4.i), 1 — e* 

where Bn, Bn are the-residues of the integrand at 2n7n, — 2nrra respectively 
At the point at which — « = 2n7re “ i”, the residue is 

(2n7r)* - 1 c - (* - 1) e - 

and hence i2„ + B„' = (2nw)*“* 2 sin stt -f 27ron^ 

Hence 


_l_r(o+) 

2mJ(2y+i),r 1 — e“* 

_ 2 sin Js-TT ^ cos (27ran) 
~ (27r)^- nZi n‘-' 

f 

2’mJo l-er» 


, 2cosi«7r $ 
^ (27r)>-» 

dz. 


sin (2wan) 


Now, since 0 < a < 1, it is easy to see that we can find a number K 
independent of N" such that | «“** (1 — | < K when is on 0 

Hence 


[ 1 r {r-z y-^e-^ 
1 2 m j c 1 — e~* 


dz 


<^Kjj{i2N + l)^Ye>»\de 

<iC{(2N + l)7r}'e-l*l 
-*>■0 asjy-*-oo if<r<0 


Zeitschnft fUr Math, x5tyw. (I860), p- 06 
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Making oo , we obtain the result of Hurwitz that, if <r < 0, 
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y/c 2r(l— s)( /I N “ cos(27ra«.) /I \ 2 
? “) = f n ^2 j 2^ ■ + cos awj £ 


2 sin(27roMi)'| 




each of these series being convergent 


13 161. Riemanris relation between f {s) and f (1 — 5 ) 

If we write a = 1 in the formula of Hurwitz given in § 13 15, and employ 
§ 12 14, we get the remarkable result, due to Eiemann, that 

r ( 5 ) ? {$) cos ^ 57r j = TT* f (1 - 5 ) 

Since both sides of this equation are analytic functions of s, save for isolated 
values of s at which they have poles, this equation, proved when 0 * < 0, 
persists (by § 6 5) for all values of s save those isolated values 

Example 1 If 7/1 be a positive integer, shew that 

f (2w) = 1 t 

Example 2 Shew that r (i«) f («) is unaltered by replacing « by 1 - « 

(Riemann ) 

Example 3 Deduce from Rieinann’s relation that the zeros of f {e) at -2,-4, - 6, 
are zeros of the tirst order 


132. Hermite'a* fo) mula for f (a, a) 

Let us apply Pinna’s theorem (example 7, p 145) to the function 
<j[) (^z) * (a + zY\ where arg (a -f z) has its principal value 

Define the function q { 00 , y) by the equation 


? («> y) - {(a + « + %y)- - (a + a; - %y)->} 

- - {(a + «)* + y*} " sin |s arc tan 


Since f 
have 


arc tan — ^ 
a + a 


does not exceed the smaller of -^Tr and , we 


x+ a 


1 2 («. y) k {(“ + + 3'’}*"*“' I I ft I « I 


Using the first result when |y|>a and the second when ly|<a it is 


• Annali di Matmatiea, (8),’v <1901), pp 67-72 
+ Hj>0,arotani= andarotanH j^^dt 
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evident that, if <r>0, f q (x, y) - 1)“* dy is convergent when « > 0 and 
J 0 

tends to 0 as a? 00 , also [ (a + ooy^dx converges if cr > 1 


^0 


Hence, if <r > 1, it is legitimate to make ^^2 oo in the result contained in 
the example cited , and we have 


{:(«,a) = §a-+|^ {a + x)-^dx + 2j^ (a»+y*)-i*|8in(«aictan|)|^5;|^ 
So 

? («, o) = ga- + ^ + 2 (a» + y*) -i* jsin {s arc tan |)j- 

This IS Hermite’s formula using the results that, i/ y > 0, 

arctany/a^y/a {y<\<^T ^7 arc tan y/a < g tt ^y>|a7r^, 

we see that the integral involved in the formula converges for all values of s 
Further, the integral defines an analytic function of ^ for all values of s 

To prove this, it is sufficient (§ 5 31) to shew that the integral obtained by differentiating 
under the sign of integration couveiges uniformly, that is to say we ha\e to prove that 


i log («« + y2) (a2 -f-yS) - sm arc tan J 


dy 




h j arc tan - cos (a arc tan J - 


converges umformly with re«^ot to i in any domain of values of s Now when | | < A, 
where A is any positive numljei, we have 

j (a® -l-y®) “ arc tan ^ cos arc tan j < (a® ^ cosh (i»r A) , 

converges, the second integral converges uniformly by ^ 4 431 (I) 

By dividing the path of integration of the first integral into two parts (0, ijTra), 
(Jira, 00 ) and using the results 


sin 


{a arc tan ^ 


<smh^, 
a ^ 


sin 


^8 arc tan 


< sinh ^ttA 


in the respective parts, we can similarly shew that the first integral converges unifornily 

Consequently Hermite’s formula is valid (§ 5 5) for all values of s, and 
It IS legitimate to differentiate under the sign of integration, and the 
differentiated integial is a continuous function of s 


The corresponding formula when «=! had been previously given by Jensen 



THE ZETA FUNCTION OF BIBMANN 


271 


13-21, 13-3] 

1321. Deductions from fferimte’s formula 
Writing s = 0 m Hermite’s formula, we see that 

?(0, o) = g-a 

Making 5-^1, from the uniformity of convergence of the integral involved 
in Hermite’s formula we see that 

lim a) ^ • = lim - — ^ -f i + 2 [ 

^-*•1 I 5 — Ij s — 1 2ci J Q (a® + y^) (6^ — 1) 

Hence, by the example of § 12 32, we have 

Further, differentiating* the formula for f (s, a) and then makmg s 0, 
we get 

0,-0 »-*oL 2 * «-l 

+ 2|^ I — jlog(a*+y’) ((t* + j/*)~i*8in^«arctan^^ 

+ (a*+ arc tan | cos arc tan | j 


Hence, by § 12 82, 


^ ? («. = log r (a) •- 5 log (2ir) 


These results had previously been obtained in a different manner by 
Lerchf 

Corollary. lim (a) - J - y, f ' (0) - - g log (2w). 

133 Euler's prodmt for f(s) 

Let <r > 1 + 3 , and let 2, 3, 5, . . p, . be the prime numbers in order 
Then, subtracting the series for 2“* f (a) from the senes for ^(f), we get 

t(a).(l-2-*) = p + ^, + p+ ^ + .. , 


This was justified m § 18 2, 

t The formula for j'(s, a) from which Leroh deriyed these results is given m a memoir 
published by the Academy of Sciences of Prague A summary of his memoir is contained m 
the Jahrhuch ilber die Fortschntte der Math 1898-1894, p 484, 
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all the terms of for which is a multiple of 2 being omitted , then in 
like manner 

all the terms for which n- is a multiple of 2 or 3 being omitted , and so on , 
so that 

f ( 5 ) (1 - 2-0 (1 “ 3“0 (1 = 1 + S 

the * denoting that only those values of n (greater than p) which are prime 
to 2, 3, p occur m the summation 

Now * I I $ i n-^-^ -^0 as jp oo 

»=jj+i 

Therefore i/ o- > 1 + S, the product ?(s) EL (1 -p-‘) converges to 1, where 

P 

the number p assumes the prime values 2, 3, 5, only 

But the product n (1 - p~‘) converges wUen <7 > 1 + 8, for it consists of 

P 

00 

some of the factors of the absolutely convergent product 11 (1 - n-‘). 

n»2 

Consequently we infer that ^(s) has no zeros at whtch <r>l + 8, for it 
it had any such zeros, 11 (1 —p~‘) would not converge at them 

p 

Therefore, if o- > 1 + 8, 



This IS Euler’s result 

13 31 Riemann’s hypothesis concerning the zeros of ^(s) 

It has just been proved that ^ (s) has no zeros at which <r>l 
From the formula (§ 13 161) 

? (s) = 2‘-> {r («)}-> sec sir'j f (1 - fi) 

it IS now apparent that the only zeros of f («) for which <r < 0 are the zeros 

of |r(s)l-‘ sec (I , 1 e the points s = - 2, - 4, . . 

Hence all the zeros of ^(s) except those at — 2, — 4, .. lie in that strip of 
the domain of the complex vai iahle s which 1 $ defined 0 < <t < 1. 

It was conjectured by Riemann, but it has not yet been proved, that all 
the zeros of f (s) in this strip lie on the line cr =» g ; while it has quite recently 
been proved by Hardy f that an infinity of zeros of ^ («) actually lie on <r >■ g 

It 18 highly probable that Riemann’s conjecture is correct, and the proof of 
it would havf far-reachmg consequences in the theory of Prime N umbers. 

Th.e first term of starts with the pnme next greater than p 
t CoTtvptei BenduBf clviii. (1914),. p, 1019 j see p 980, 
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134. Rumann’s integral for^ {$) 
It IS easy to see that, if o- > 0, 

Hence, when <r > 0, 


?(s)r (is)7r-4»= hm f X da 

^ • N-^qoJq n=l 

Now, if tsr (a!)= X^e~‘^^‘^ , since, by example 17 of Chapter vi (p 124), 
1 + 2«r (a;) = a!-i {1 + 2® (1/a,)}, we have hm aji «■ (a;) = 1 , and hence 
I «r(a?)a!4*“^ da converges when <r > 1 

J 0 

Consequently^ %f <t>% 

S’(^) f hm Tf •sr(a!)a;i®-^dai- f 1 x^‘-'^da'\ 

\ / Jo »»JV+1 J 

Now, as in § 13 12, the modulus of the last integral does not exceed 

[■j f 

Jo ltt»jyr+l j /O l-.6-‘(^+l)’*’a? 

' 0 

= {tt (J 7+l)}-‘ {(iV^»+ 2N) w} 1 - 4^ r (i <r - 1^ 
0 as i7 00 , since <r > 2 

Hence, when or > 2, 


?(s) r ff-4* = IJw («) «4*-i dfi 

= |-2 + 5 «"^ + a»~4 w(l/a!)| asi*-! dai + j vr da 

Consequently 

? (s) r s) TT - 4* - (®4 (1 - ») + ® 4‘) a) - 1 « (a;) da 

Now the integral on the right represents an analytic function of s for all 
values of s, by § 6'32, since on the path of integration 

w (a?) < e~"* 2 e-™”-* ^ e~’^ (1 — e-"’)-> 

ft«0 

Consequently, by § 6 5, the above equation, proved when <r> 2, persists for 
all values of s 


W M A, 


18 
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If now we put 

s = i + it, 5 s(s - 1) ?(s) r 0s) 7r-i* = |(t), 

we have 

x-^rs{x) cos 0 tlogasj dm 

Since j (*) {s 0 * * + 5 

satisfies the test of § 4 44 corollary, we may differentiate any number ^ times 
under the sign of integration, and then put < = 0. Hefiee, by laylors 
theorem, we have for all values* of t 

f(t)= t 

«=o 

by considenng the last integral Osn is obviously real 
This result is fundamental in Riemann’s researches. 


13 5. Inequalities satisfied hy f (s, a) whesi <r>0 

We now investigate the behaviour of f (s, a) a,Bi— ± 00 , for given values of <r 
When <r> 1, it is easy to see that, if JV be any integei, 

ilT 1 

C(s, «)= w. 

where 




f 1 

A_ 1 .1 

■S 1,(«+1 +«)•“* 


•"+1 w-n 


(M+a)'+> 


rn+1 



— du 

1 !/■"+’ 

du 




Therefore the series i M>) is a uniformly convergent series of analytic functions 

n=X 

when cr>0 so that 2 L{s) is an analytic function when o*> 0, and consequently, by 

' ns=JV 

§ 5 5, the function f («, a) may be defined when <r > 0 by the senes 

f (*, («+«)-•- (1 W 

Now let [t] be the greatest integer m | « 1 , and take ^=.[<]. Then 


S i(«+n)-l+l{(l-«)-‘(W+«)‘-*}l + J.J* !(«+«) 

nnsO ” 1 ■' 

<-!' (a+an+|tl-‘([«]+a)‘~’’+l»l S (n+an"' 

nssO n5s[ti 

* In this particular piece of analysis it la convenient to regard t as a complex variable, 
defined by the equation , and then ^ («) is an integral function of t 
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Using the Maclaunn-Cauchy sum formula (§ 4 43), we get 

/*W r* 

\C(s, a)l<a-^+ + / (u;+ar‘^^ da; 

Jo J [t]-i 

Now when 5 ^ o* ^ 1 - d where 3 > 0, we have 

1 tC*, a) 1 <a-"-+(i_o.)-i {(a+[i])‘-'_a^-»}+| i |-i (W+a)*-"+| « lo-'i ([<]-! +<*)“' 

Eence f (», a) = 0 ( | < p“'), the constant implied in the symbol 0 being independent of s 

Buty when 1 — d^tr^l + d, have 

I f (5, I ~ 0 ( I i 1^ + J {a +,37)"”®^ da; 

< 0 (I < |‘-') + {a>-'+(a+i:)i-»'} (a+^) - 1 cte, 

since (a +■>?)“"■ (a +«:)-> when <r>l, and (a+x)“'< («+[«])'-" (a+a!)-i when 

<r^l, and 90 

f(»,a)=0{|«|'-'log|l!|} 

When (r>l+S, 

I f («, «) I < «-’•+ s («+»)-»-*= 0 ( 1 ) 

»asl 

13-51 Ineqiiahtiea satisfied by f (^, a) when <r < 0 

We next obtain inequalities of a similar nature whqn <r^d In the case of the 
function f (tf) we use Riemann’s isolation 

f (5)«2*7r«“^r (1 -a)f (l-a)sin.(|«7r) 

Now, when <r < 1 - d, we have, by § 12 33, 

r(l 

and so 

f («) «. C? [exp { Jtt I < I + ( J - <r - li) log 1 1 - j 1 + z aro tan ^/( 1 ~ o-)}] f (1 - a) 

Since arc tan ^/(l -<r)*» ± Jw+O according as ^ is positive or negative, we see, from 
the lesults already obtained for f (a, a), that 

In the case of the fiinction f (a, a), we have to use the formula of Hurwitz (§ 13 16) 
to obtain the generalisation of this result , we have, when <r < 0, 

f (»,«)- -» (2>r)-‘ r (1 -«) le^‘ Cs (1 - ^) - C-« (1 - »)], 

t» .2nrr%a 

wtor. 

N 

Hence (l-e^’^^®)f<»(l S 

«w 2 

+ {s-l) 2 ^neiaf'* u>-‘du, 

»*JV+I J n-^l 

Since the series on the right is a uniformly convergent senes of analytic functions 
whenever <r<l-d, this equation gives the continuation of C«(l-^) over the range 
O^or^l -3 , so that, whenevei <r -3, we have 

sm»rffi’,(i-*)|<l+ 2 {w«~-‘+(n-l)'^»}+lj-l| 2 r iT-^du 

W"8 n'-iV+l J n— 1 


18—2 
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And obviOTisly 


Taking we obtain, as in § 13 6, 

= 0(| «riog|« I) (-fi<<r<*) 

- Consequently, whether a is unity or not, we have the results 

= 0(ltl^ (8<ir<l-8) 

= 0(1« |*logl<l) (-8<(r<6) 

We may combine these results and those of § 13 6, into the single formula 

f(i,a)-0(Ur''’log|«|), 

where* 

(a=gO), rWc=J, (0<<r<i), r(<r) = l- 0 -, (^<^<1). r(<r)=0, (<r>l), 
and the log 1 1 1 may be suppressed except when - 8 < <r < « or when l-d«cr$l + 8 


13 6 The asymptotio eaipanmn of log T (zr + a) 

From § 12 1 example 3, it follows that 

Now, the principal values of the logarithms being taken, 


_ I 

[Vn {a + »)/ 


itIV— X 


» y 




^ f!: 

„.1 mT o”*‘ 


If I ^ 1 < a, the double senes is absolutely convergent since 

? r -Vi i^i 1^1 

„tiU(a + n) a-t-”/ ®+”- 


converges 


Consequently 

, e-^‘ r (a) z 


2 


n“i 


az 
n (cH- 


00 {^\vnr-\ 

+ 2 

m-2 


Now consider f a)ds, the contour of integration being 

J c ^ sin *rr$ 

similar to that of § 12 22 enclosing the points s = 2, 3, 4, ... but not the 
points 1, 0, — 1, 2, . , the residue of the integrand at a « w (m > 2) is 

g'(m, a), and since, as cr -► x (where a = <r + %t\ ^ (a, a) « 0 (1), the 
m 

integral converges if j z j < 1 

* It can be proved that t (v) may be taken to be 4(l-<r) whenO<<r<l See Landau, Prto- 
raftZen, § 287 
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Consequently 
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I 1 r 

V (z + a) a r? (g -f- n) ! < 


TT^ 

5 sin 7r5 


f (5, g) (^5 


Hence 


}rxfr ^ W _ ^'(g) 1 f TTZ^ . . - 

Now let i) be a semicircle of (large) radius N with centre at 5 = the 
semicircle lying on the right of the line <r = f On this semicircle 
f ( 5 , a)-0 (1), 1^1 = 1^ |<r g-i5arga^ integrand is* 0 {| ^ |<rg-7rli5|-jfarg«l 

Hence if | | < 1 and — tt + S < arg ^ tt — fi, where S is positive, the integrand 
IS 0 and hence 


L 


TTZ* 

8 Sin Trs 


§■(«, a)ds -*~0 


as F -i-oo It follows at once that, if I arg 2 : 1 ^tt — S and 1^1 < 1 , 

— -^^^(s,a)ds 

O Om wrr-O ^ ^ ^ ' 


loe i'W-=.-,r:( 2 > + _ 

r(i;4-a) r («) 2m j j_5gjasin7rs 


But this integral defines an analytic function of ^ for all values of | ^ 1 if 

I arg 2 r I TT — S 

Hence, by § 6’5, the above equation, proved when | ^ | < 1, persists for all 
values of I a;| when | arga^j <7r— 8 

rf At JRt 

Now consider I — - — f (s, a) ds, where n is a fixed integer and 

•/ -n-J±E<*Sin7ra 6 

R is going to tend to infinity By § 13 51, the integrand is 0 JS’-W}, 

where — Ji-g^<r<g, and hence if the upper signs be taken, or if the lower 
signs be taken, the integral tends to zero as iJ-*- oo . 

Therefore, by Cauch/s theorem, 


log. 


r(a) 


r (o) 2m' 


1 r-n-4+oof 
’rt'i _w_4 -ooi 


irt^ 


’r(A + o) t (o; zm; _„_4 ^sinwa 

where Rm. w the residue of the integrand at a = — wi. 
Now, on the new path of integration 


^is,a)d8+ 2 Bm, 

m«a -1 


7r2^ 


s sm ITS 


f («. 0 ) 




where K is independent of z and t, and T(<r) is the function defined in 
§1361. 


^ The oonstanto implied in the symbol 0 are independent of t and z throughout 
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Consequently, since J°° converges, we have 

log^> 2 J2„+0(^-"-i). 

®r(2 + a) r(a) ,»=-! 

when U I IS large 

a) , 

Now, when m is a positive integer, itm = 

by §1314, ^here «^,„'(a) denotes the denvate of 

Bernoulli’s polynomial 

Also Rq is the residue at 5 = 0 of 

^(^1+^^+ )(l+slog^+ . ) j|-a + s?'(0, «)+• 
and so JJo = log z + ^' (0, a) 

= (I - a) log ^ + log r («) - I log (Stt). 

by §13 21 

And, using § 13 21, Jt-i is the residue* at iS= 0 of 

-la-s+sf- )(i+^'+ )*(i+siog»+ )(5.-T.{r) + - ) 


T. . r' (a) , 

i2_i = -2logi:+« r(a)'^^ 


Hence 

Consequently, finally, if | arg | < tt — 8 and j ^ 1 is large. 


log r (« + a) = 


+ a — log z — z + l^og (27r) 

m (»t + lj~(m + 2) 


+ 0(2 


" “ 4). 


In the special case when a = 1, this reduces to the formula tounil 
pieviously in §12 33 for a more restricted range of values of arg«. 

The asymptotic expansion just obtained is valid when a is not restricted 
by the inequality 0< 1, but the investigation of it involves the rather 

more elaborate methods which are necessary foi obtaining inequalities satisfied 
by t(«. ■when a does not satisfy the inequality 0<a^ 1 But if, m the 
formula just obtained, we write a = 1 and then put z + a for z, it is easily 
seen that, when j arg (^ + o) ] < ir — 8, we have 


log r (« + a + 1) = + Cl + 2 ) log (z + a)-z-a + log (27r) + 0 (3 ), 


* Writing jf=siS’+ 1 
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subtracting log (s + a) from each side, we easily see that when both 
larg( 2 r + a)|<7r — S and |arg 2 r|^^— S, 
we have the as 3 nnptotic formula 

log r (i? + a) = + a - log ^ i log ( 27r) + 0 (1), 

where the expression which is o(l) tends to zero as j x|— >ao 

REFERENCES 

G F B Ribmann, Oes JVerJbej pp 145-165 
E G H Landau, Eandhuah der Pi xmzahlm (Leipzig, 1909 ) 

E L LindblOf, 1a Calcul dea lUaidua, Ch iv (Paris, 1906 ) 

E W Meaaeiiger of Matheimixcai XXIX (1899), pp 64-128 

O H Hardy and J E Littlbwood, Acta Eat^iemcOicay XLi (1917), pp 119-196 


Miscellaneous Examples 

1 Shew that 

(2*-l) f (*)=|^*+2 1" (i+y*r**ffln («arctan 

(Jensen, DInterm.^diuire dea Math (1896), p 346 ) 

2 Show that 

{ W-f 1 1* “ (1 +/)-4» sin (» aw tany) 

(Jensen ) 


3 Discuss the asymptotic oxiHinsion of log 0 («4-«), (Chapter xii example 48) by 

aid of the generalised Zeta-function (Barnes ) 

4 Shew that, if cr>l, 

logf(»)-s ii, 

the summation extending o\er the prime numbers jt>w2, 3, 5, 

(Dmchlet, Journal de Math iv (1839), p 407 ) 

6 Shew that, if (r> 1, 

f {a) jt«i) W-* ’ 

whore A (»)«0 when n is not a power of a prune, and A (w)"»logjo when n is a power of a 
pnmo p 


6 Piove that 


( 


e'^^dx t ri f 
- f (i<) j 0 


(Leroh, KroktAx n ) 


* See the Jahrhuch iiher die Fortaehntte der Math 1898-1894, p 482 
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7. If 


00 

0(s,a;)= S 

n-1 w 


wheie 1 ^ 1 <1, and the real part of s is positive, shew that 

<#>(«. jo e‘-x 

and, if « < 1, , , ,, , 

lim (1 <#> («, a) =r (1 - s) 

(Appell, Ownptet Rmdus, lxxxvii ) 
8 If a;, a, and s be real, and 0 < a < 1, and «> 1, and if 

00 g2»ir»ar 

shew that ^ 

and 


’«-«*«•-! Cfe 

^2»naf — js 




rwf e'^<^-^^<f>{-a,a,s) \ 


(Lerch, Acia Math xi ) 

9 By evaluating the residues at the poles on the left of the straight line taken as 
contour, shew that, if /? > 0, and j arg y | < Jttj 

1 fk-^oai 

and deduce that, if ^ > i, 

1 /*A!+ooi 

■5— r(M) (i7a;)-»f(2«)<f!t-n!-(a;), 

and thence that, if a is an acute angle, 

r <f<=»rcosia-i7re*’“{l+2w(e»»)) 

“ (Hardy ) 


10 By differentiating 2» times under the integral sign in the last result of example 9, 
and then making o Jtt, deduce from example 17 on p 124 that 

By t.«,lnng n large, deduce that there is no number «o such that ( (t) is of fixed sign 
when t > to, and thence that f (») has an infinity of zeros on the line (r=J 

(Hardy) 


[Hardy and Littlewood, Proo Zoiidon Math Soc. xix (1920), have shewn that the 
number of zeros on the line <r=i for which 0 < < < T is at least 0(2’) as T -*- « , if the 

P iAm ann hypothesis IS true, the number is ^ 2* log 2’- 2*+ 0 (log 2’); see 

Laiidau,^ frintnahl^n^ i p 370 ] 



CHAPTER XIV 

THE HYPERGEOMETRIC FUNCTION 


14 1 The hypergeometne senes 


We have already 2 38) considered the hypergeoTfietrio senes* 


1 


, a (c^ + l)6 (6 + l) „ , a(a + l)Ca + 2)i(h + l)(6 + 2) . , 

^1 0 ^ 1.2 0(0+1)'^-^ ~T"2'3 c(c + 1)(c + 2)“^ + 


from the point of view of its convergence It follows from § 2 38 and § 5 3 
that the series defines a function which is analytic when | ^ | < 1 


It will appear later (§ 14 53) that this function has a branch point at = 1 
and that if a cutf (i e. an impassable barrier) is made from + 1 to + oo along 
the real axis, the function is analytic and one-valued throughout the cut 
plane The function will be denoted hy F {a, h ,o, z) 


Many important functions employed in Analysis can be expressed by 
means of hypergeometne function^ Thusf 


(1 +^)»‘ = J'(-n, 0,^;-z), 


log(l + «) = zFQ., 1 , 2 , - ar), 
e^^\imF{l,l3,l,z/$) 

Example Shew that 


^E(af b, c, F(a+1, 6-1-1 , o-i-l , z) 


14 11. The valuel of Fia^b^ c,l) token JS (c — a — 6) > 0. 

The reader will easily verify, by considering the coeflBcients of co'^ in the 

* The name was given by Walhs in 15($5 to the eenes whose nth term is 
a {rt-l-6} + ‘ {rt + (n-l)6} 

Buler used the term hypergeometrio in this sense, the modern use of the term being apparently 
due to Kummer, Journal fUr Math xv. (1886). 

t The plane of the variable z is said to be cut along a curve when it is oonvenient to consider 
only such variations in z which do not involve a passage aoross the curve m question , so that 
the out may be regarded as an impassable barrier 

t It will be a good exercise for the reader to construct a rigorous proof of the third of these 
results, 

g This analysis is due to Gauss A, method more easy to remember but more di£&oult 
to justify is given in g U^6 example 2 
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various senes, that if 0 < ^ < 1> then 

c{c-l-{2c-a-b-l)ai}F(a,b,c,«;) + (c~a)io~b)xF(a,b,c + l,iio) 

= c(c-l)(l-a!)J’(a, b, c-l,x) 

= C (c ■“ 1) 'll ^ i > 

where is the coefficient of a?" in J* (a, 6 , c — 1 , ^) 

Now make x-*l By § 3-71, the nght-hand side tends to zero if 
1+2 (w» — «n-i) converges to zero, le if w„— >0, which is the case when 

»S5l 

R(c — a-b)>0. 

Also, by § 2-38 and § 3 71, the left-hand side tends to 

c(a + b-c)Fia,b,c,l)+{e-a) {c-b)F{a,b,c + l,l) 

under the same condition , and therefore 

Repeating this process, we see that 


I, <»-^(c — a + n)(o-b + n) 

= i hm n rz-7-zrrrrzrjnrir::^ 


lim F(a, b, c + m, 1), 


‘ u“ - «=0 (C + n) (c - a - 6 + n)j 
if these two limits exist 

But (§ 12 13) the former limit is r(cl ® ^ 

integer ; and, if tin (<*> b, c) be the coefficient of as” in F(a, b, o , a), and 
m > 1 c 1 , we have 

\F{a,b,c + m,l)-l\^ 2 1 m„ ( a, 6, c + m)] 

00 

< 2 ItnClol, 1^1. W-|C|) 

< ' I -- . j£. «»(!«! + 1, 161 + 1> + 1 — l^l) 

W — |cl„.o 

Now the last series converges, when m > Icl + !«! + l^l — 1. and is a positive 
dect easing function of m, therefore, since {m — Icl) *— >0, we have 

hm F(a, 6, c + m, 1) = 1, 


. r(c)r(c-a-6) 

F(,a,b,c, 1)- r(c-a)r(c-6) 


and therefore, finally. 
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14 2, 14-3] 

14 2 The differential equation satisfied by F (a, b,o, z) 

The reader will verify without diflSculty, by the methods of § 10 3, that 
the hypergeometric series is an integral valid near — 0 of the hypergeometnc 
equation * 

z{l-z)-^ + {c-(a + b + l)z}^- ahu = 0 , 

fiom § 10 3 It IS apparent that every point is an ‘ordinary point’ of this 
ecpiation, with the exception of 0, 1, oo , and that these are ‘ regular points ’ 

Eiainple Shev^ that an integral of the equation 

" (4+^*) (* (4*- “) (* 

15 

h-^-ay a — z) 


143 Solutions of Riemanris P-equation by hypergeometnc functions 
In § 10 72 it was observed that Riemann’s diffeiential equationf 


-I- P 'ZJLZff: 4. ^ ^ 7 ^ Y 

dz^ ( 2’ — a z—b z^o , 


dll 

dz 


(aa' (u - h) (a - c) ^^' {h — c) (b — a ) ^ yy(o — a) (c-h) 
1 z~a z—b z-c 


u 


{z — a) {z — b) {z - c) 


= 0, 


by H suitable change of variables, could be reduced to a hypergeometnc 
wjuation , and, cairying out the change, we see that a solution of Riemann’s 
equation is 



a + /3 + 7, a + yS' + y, l+a — 


{z — a) ( c — b )' 
{f - 6) (c - a). 


provided that a — a' is not a negative integer, for simplicity, we shall, 
thioughoiit this section, suppose that no one of the exponent differences 
0 — /9 — /S', y — y' 18 zero or an integer, as (§ 10 32) in this exceptional 
case the general solution of the differential equation may involve logarithmic 
terms , the formulae in the exceptional case will be found in a memoirj by 
Lindelof, to which the reader is referroil. 


Now if « br* interchanged with or y with 7', in this expression, it must 
still satisfy Rieiiiann’s equation, since the latter is unaffected by this change 


** This equation was given by Gauss 

t The constants are subject to the condition a+a'4')84j8' + 7 + 7 * = l 
X Acta Soc ScietU Fmnicae, xix* (189B) See also Klein's lithographed Lectures, Uehe7 die 
hypergeometnsche Funktion (Leipzig, 1894)* 
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We thus obtain altogether four expressions, namely, 


+ ^ + « + /3' + 7, l + 

^=(jz|y (S7 + ^ + «' + /9' + 'y« ! + «'-«> (c_a)i-6)}’ 

(rrir ■^’ {« + + 7'. a + ^ + y', 1 + a-a', • 

+ ^ + «' + /3' + 7'. l+a'-a, > 

which are all solutions of the differential equation 

Moreover, the differential equation is unaltered if the triads (a, o', a), 
(/3, j8', b), (7, 7', c) are interchanged in any manner If therefore we make 
such changes m the above solutions, they will still be solutions of the 
differential equation 

There are five such changes possible, for we may write 
{6, c, a}, {c, a, 6}, {a, c, 6}, [c, h, a}, [b, a, c] 

in turn in place of {cl, b, c}, with corresponding changes of a, a , /9 , 7, 7 

We thus obtain 4 x 5 == 20 new expressions, which with the original four 
make altogether twenty-four particular solutions of Riemann’s equation, in 
terms of h3rpergeometric series 

The twenty new solutions may be written down as follows 






Uj 


■2^{/3'+7+«./3'+'y'+“> 

^’{7+“+^. 7 +«'+/ 3 , 1+7-7', (Lo)(y*-u)}’ 


(^y ^{7 + « + /9',7 + «' + ^, 1 + 7-7, (6-0)(r-a), 

«>»“(sy (^y J'^f'+«+^»'y'+«'+^> 1+7'-75 
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■p’|«+7+a «+7'+^, 1 +«-«', 

^ 1+“'-“’ 

«« = |a + 7 + /3'. « + 7 '+ /3M + a - a', ’ 

““ = (^) (^)" {“'+ •y + ^'’ 'y'+ 1 + «'- « . ’ 

'-=(sr(sr S^w}' 

“« = (1 ^) J'’ {7 + ^ + «', 7 + /5'+ oM + Y - y, ^^_r^--|j-zF)} > 
(Inl) ^[ y +^+< 7 +^'+«'. 1 +7-7= (a_c) (Afc)} ' 


\,=.(iz_^y(iziy, 

\z — aJ \z — aj 
(z — 6\^' /'if — c\i' 


J’-^ + a + 'y, ^ + ii'+7, 1 + ^-^, pr ■ • 


“”“(h:s)' (S)” ■f’(«'+»+r.^’+«'+7. 1 +^-^, |:rSy^)}. 


- OjJ \z 


By writing 0 , 1 — 0, A, B, 0 , 0— .4 — S, a> for a, a', 7 , 7 ', 

~ respectively, we obtain 24 solutions of the hypergeometnc 

{z — 6 ) (c — a) 

equation satisfied hy F (A, B , C , a) 

The existence of these 24 solutions was first shewn by Kuinmer* 


14*4 Relations between particular solutions of tfie hypergeometrxc equation. 

It has just been shown that 24 expressions involving hypergeometric 
senes are solutions of the hypergeometnc equation , and, from the general 
theory of linear differential equations of the second order, it follows that, if 
any three have a common domain of existence, there must be a linear relation 
with constant coefficients connecting those three solutions 

If we simplify Ux, «a, «>, w> 7 , “m, m»i, “« m the manner indicated at 

• Journal ftlr Math xv. (1886), pp 80-88, 127-172. They are obtained m a different manner 
m Forsythes Tt eatUs on Dtffinntial EquatnonSi Obap vi. 
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the end of § 14 3 , we obtain the following solutions of the hypergeometnc 
equation with elements A, £, C, as 
y, =^(4, B, C,w), 

y, =(-xy-°F(A-C+l,B-C+l,2-C,as), 

y, ^{l-xf-^-^FiC-B, G-A, G,as) 

y, = (- - xf-^-^ Fa-B,l-A,2-C,x), 

y„^F{A,B, J. + B-0+l,l-«X 

y^ = (;].-xf-^-^ F{C-B,G-A, G-A-B^\, 1-®). 

y,^ = {-x)-^F{A, A-G+l>A-B + \, 0 .-% 

y^ = {-!»^)-^F{B,B-G-\-l,B-A + \, x-^) 

If I arg(l — a!) 1 < TT, it is easy to see from § 2 53 that, when j a | < 1, the 
relations connecting y^, y^, ys, y* must be yi = y*, 3 / 2 = J/*, ^7 considering the 
form of the expansions near a; = 0 of the senes involved 

In this manner we can group the functions w,, itgt into six sets of four*, 

VIZ Ml, Ms. W18. “1». “2, M4, Wi4, Mie, «», M7. «ai. “a*. ««> “aa* “»«. “'i. “'a> 

Mio. Ilia, Mia. Mso. such that members of the same set are constant multiples ot 
one another throughout a suitably chosen domain 

In particular, we observe that «i, Mj, Mu, «« are constant multiples of a 
function which (by ^ 6 4, 2 53) can be expanded m the form 

(z-tt)“-[l + 2 e„(z-a)’*- 

when lz-a| is sufficiently small, when arg(z-a) is so restricted that 
(z - ay is one-valued, this solution of Eiemann’s equation is usually written 
pw AndP'*'*, P'^'^ , P‘^’ nre defined in a similar manner when 

|z-a|,lz-l>l,lz-c| respectively are sufficiently small 

To obtain the relations which connect three members of separate sets 
of solutions IS much more difficult The relations have been obtained by 
elaborate transformations of the double circuit integrals which will be obtained 
later in § 14 61 , but a more simple and singularly elegant method has recently 
been discovered by Barnes , of his mvestigation we shall give a brief account 

146 Barnes' contour integrals for the hypergeometric funcUonj; 


Consider 


1 r* r ( a +s)r{b +s)ri -_s) , 

r(c+s) ^ ^ 


where larg(-z) 1 <‘ 7 r, and the path of integration is curved (if necessary) to 
ensurethatthepolesofr(a-l-s)r(J+s), VIZ. « = — « — «, —b^n(n<^0, 1, 2, . .), 


* The special formula 

F(4,1,C,») = ~P(C-A 1, 0. 

which IS derivable from the relation connecting ui with was discovered in 17$0 by Stirling, 
Methodus DiffeieiitiahStV^op vn 

t Proc London Math Soe (2), vi. (1908), pp 141-177. Beferences to previous ^ork on similar 
topics by Pincherle, Mellm and Barnes are theie given 
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he on the left of the path and the poles of T (- s), viz « = 0, 1, 2, , he on 

the right of the path* 

From § 136 it follows that the integrand is 

Oils !“+»-«-> exp {- arg (- z) / (s) - tt 1 1 (a) \ }] 

as s — >00 on the contour, and hence it is easily seen (§ 6 32) that the integrand 
IS an analytic function of z throughout the domain defined by the inequality 
I fl^rg ^ I ^ or — S, where S is any positive number 

Now, taking note of the relation F (— s) F (1 + a) = — or cosec sir, consider 

1 f r(a + s)r(b + s ) ir(-z y 
2in J 0 r (c + a) r(l + a) Bin sir ’ 

where C is the semicircle of radius N" + i on the right of the imaginary ana 
with centre at the origin, and iV is an integer 
Now, by § 13 6, we have 


F (tt + a) F (fc + a) TT (- a)* ^ ^ (-si)* 

F (c + a) F (1 + a) sin aor '■ ■' sin sir 

ss N-*k> , the constant implied in the symbol 0 being independent of arg a 

when a is on the semicircle , and, if « “ + 2 ) 1 a | < 1 , we have 

(- zy cosec aor •= 0 j^exp cos ^ log | a | - sin 6 arg (- z) 

- (-^ + §) ’T I sin 5 1|] 

- 0 l^exp + 5) cos 0 log I a I - (iT + l) S| sm ^ || j 

o|^exp-2-4^i\r + 5)logla||J 

0[exp{-2“i3(ir + ^)|] 

Hence a/ log|a| ta negative (le. |a|< 1), the integrand tends to zero 
sufficiently rapidly (for all values of 0 under consideration) to ensure that 

L 


— >0 as N—^oo . 


Now r - 1 +r \. 

J-ni (J Jo J 


by Cauchy's theorem, is equal to minus 27 ri times the sum of the residues 
of the integrand at the points a=«0, 1, 2, . .JSf. Make N-*co , and the last 


* It ia assamed that a and b are each that the contoar can he drawn, i e that a and b 
are not negative integete (in whioh case the hypergeometiio aenee is merely a jpolynotnial). 
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three integrals tend to zero when | arg (— ^) | ^ tt — S, and \ z\ < 1, and so, in 
these circumstances, 


J_ f”’ r(a + g)r(6 + s)r(-g) 

27 ^^j_oo^ r (c “h 5) JV-*-oo 


S r* (g + n) r (6 + h) 
,to r{c + n) 


the general term in this summation being the residue of the integrand at 


s = » 


Thus an analytic function {namely the integral wider consideration) exists 
throughout the domain defined by the inequality | arg ^ | < ■ir, and, when | ^^ | < 1, 
this analytic function may he represented by the series 

« r(a + re)r(6 + « ).„ 

„=« T(c + n) Hi 


The symbol F{a,b,c,z) will, in future, be used to denote this function 
divided by F (a) F {b)jr (c) 


14 61 The continuation of the hypergeometric sei les 

To obtain a representation of the function F(a,b,c,z) m the form of 
senes convergent when | if | > 1, we shall employ the integral obtained in 
§145 If D be the semicircle of radius p on the left of the imaginary axis 
with centre at the ongin, it may be shewn* by the methods of § 14 5 that 

_L f r(a+a)r(6+3)r(-_g} , 

27n J j) F (c + s) 

as p-^oo , provided th«Ct | arg (— if) | < w, j if | > 1 and p-^co in such a way 
that the lower bound of the distance of D from poles of the integrand is 
a positive number (not zero) 

Hence it can be proved (as in the corresponding work of § 14 5) that, when 
I arg (- 2 ) I < w and li| > 1, 

1 /' F(o + a)F(5 + s)F(-s) , 

2niJ F (c + «) 

_ ^ r(o + H)F(l-c + a + n) sin(c- a-n ) 

r(14-n)F(l-6+a+H) cosH7rsm(6 -a- w) w 

« r(5 + «)F(l-c + i!> + «.) sin(o- 6-ra)7r 

r(l + Ji)r(l-o + t + »i) cosH7rsin(a-6-H)7r'‘ ' 

the expressions in these summations being the residues of the integrand at 
the points s = -a-n, s = -b -n respectively. 

It then follows at once on simphfymg these senes that the analytic 

* In oonBidermg the asymptotic expansion of the integrand when | s | is large on the contour 
or on D, it is simplest to transform r (o+s), T {h+$), T[e+>) by the relation of § 12 14 



289 


1451, 145 2] THE HYPEEGEOMETBIC FUNCTION 


continuation of the senes, by which the hypergeometnc function was onginally 
defined, is given by the equation 


r(a)r(5) 

r(c) 


F(a,b, c,z) = 


r(a)T(a-b) 

r (a — c) 


(— z)~“ F (a, b-— c + a,l — 5 + a, 


wheie |arg(— ir)| < tt' 


r(b)r(b-a) 

r{b-c) 


(-z)-^F(b, l-o + b,l-a + b, sr^), 


It is readily seen that each of the three terms m this equation is a solution 
of the hypergeometnc equation (see § 14 4). 

This result has to be modified when a — & is an integer or zeio, as some of the poles of 
r(a+*)r(6+e) are double poles, and the right-hand side then may involve logarithmic 
terms, in accordance with § 1 4 3 

Cmollaiy Putting J=t, wo see that, if | arg ( -«) |< ir, 

r (a) ( 1 - ^ r (« - 1 - a) r ( - «) ( - .-)• d», 

where (1 as and ho the value of | arg (1 -2) | which m less than tt always 

has to he taken in this equation, in virtue of the cut (see i? 14 1) from 0 to -fcao caused 
by the inequality | arg ( - «) | < n- 


14 52 Bat lemvia t/iat, if the path of tniegt atioii ts ou? oed bo that the poles of 
V{y'-s)V{h^B) he on the right of the path and the poles 0/ r (o+«)r 0-|-«) he on the left* 
then ’ 

Wnte / for the expression on the left 

If 0 he defined to be the semicircle of radius f> on the light of the imaginary axis with 
centre at the origin, and if p-^00 in such a way that the lower bound of the distance of 
0 from the poles of r (7 - «) r (d- s) is positive (not zero), it is readily seen that 

r (a+») r r (y - «) r (8 - cosec (y - ^ coseo (8 ^ 


. 0 exp {- 2w I /(») |}J, 
as I a |-^ 00 on the imaginary axis or on C 


Hence the original integral converges , and 


h 


-Oasjt 


00, \vhen/;i(a+/3+7+d-l)<0 


Thus, as m § 14 5, the integral involved in i is - M times the sum of the residues of the 
integrand at the poles of r( 7 ‘-a) r (5“«) , evaluating these residues we gett 


r- S r(a+y+n)rO-hy +;0 tt ; T (a+d-b T (3 + 5+^) tt 

«•(» r (^4* i)r“(i+7-5+7t) Sr(a-7)7r r { 71 ^ i) r (i y +n) siyr(y-.d) tt 


* It 18 supposed that a, y, S are suoh that no pole of the first set coincides with any pole 
of the second set 

t These two senes converge (§ 2 88)* 

W. M A 


19 
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And so, using the result of § 12 14 freely, by § 14 11 


J^(o+fi,^+8, 1— y+8, 1) 

1 - 847 , d} 

7rr(l-o-(3-y-8) f r(a 48 )r 0348 ) r (a4y) 

“ sm(y-8W tr(i-«-7)r (1-^-7) r(i-a-8)r(i-^-8)J 


T- ff p(a 48 )r(i 34 8 ) 
sin (7 - 8) w t r (1 — 7 48) 


r(a47)r047)r(a + 8 )r() 348 ) 
r (a+|3+748) sin (o4/34748) w sin (7- 


— {sin (047) «■ sin (1347) f 

TT 

- sin (a 4 8) TT sin 0 4 8) n-j 


Rut 2 sin (a 47) ^ sin (^47) ^ ^ (<*48) ir sin 048 ) ir 

=008 (a-jS) TT - cos (043 + 27) jr- cos (a- 3 ) ir 40os (a43428) »r 

=2 sin (7- 8) »r sin (a 43 474 8) tt 

r (047) r (3 47) r (c^ 8) r 8) 

Therefore I f (-+,3+^4. 8) 

which IS the lequired result , it has, however, only been proved when 

lS(a 4347 + 8 -l)< 0 . 

but, by the theory of analytic continuation, it is true throughout the domain through 
which both sides of the equation are analytic functions of, say, a, and hence it is true loi 
all values of a, 3, 7, 8 for which none of the poles of r (o+») r ( 3 +s), function of s, 
coincide with any of the poles of r (7 — «) r (8 — s) 

OwoUa/ry Writing « 4 ifc, 3 “*, 7 +*, »+* “> ^ 

the result is still true when the hmits of integration are - *±® i, where + is any real 

constant 


14'53 The connexion between kypet geometric functions of z and ofl-z 


We have seen that, if 1 arg (-a) | <«•, 

rwr(6)p,„8 , JL r* r(a+s)r(b+s^(::^^_^y^ 

—FCc) 2wtJ-i r(c 4 ») 

,= i_ [“*''^"*r(a40r(64<)r(«-«)r(c-a-6-0(^4 

27 ri J _oo i l^Trl J -ji-x 1 J 


^r(c-< 3 r)r(c- 6 ) * 


by Barnes’ lemnia 

If k be so chosen that the lower bound of the distance between the s contour and the 
t contour is positive (not zero), it may be shewn that the oider of the integrations* 
may be intei changed 

Carrying Out the mterohange, v e see that if arg (1 - z) be given its principal i alue, 
r{o-a)Tic-h)T{a)T(b)F{a,b, c, s)/r(c) 

r{a+t)T{b+t)T{e-a-b-t)i^~ j T (»- «) r (-■») 

= f”*’^"*r(a40r(64«)r(e-a-6-<)r(-«) (!-*)* (f* 

2 TnJ -fc-oe< 


* Methods similar to those of § 4 61 may be used, or it may be proved without much difficulty 
that conditions established by Bromwich, Injinxte Seiies, § 177, are satisfied 
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Now, when ( argd-.) | <2„and \l-z \ < 1, this last integral may be evaluated by the 
methods of Barnes lemma (§ 14 62) , and so we deduce that 

r(c-a!)r(c-J)r(a)r( 6 )if'(a, 6 , e. «) 

=r(c)r(a)r(5)r(c-o-6)Jf'(a, 6 , a+ 6 -c+l, 1 - 2 ) 

+r(c)r(t-a)r(c— 6 ) r(a+ 6 -(!)(l— c— 6 , c-a-6 + 1 , l~z), 

a result which shews the nature of the singularity of S' (a, b , 0 , z) a,t z=l 
This result has to be modihed if c— a — 6 is an integer or vero, as then- 
r(a+ 0 r( 6+t)r(c-a-6 -i)r(-jt) 

has double poles, and logarithmic terms may appear With this exception, the issult is 
valid when I arg ( -;) I < ,r, I arg (1 - *) I < ^ 

Taking | « | < 1 , we may make z tend to a real value, and we see that the result still 
holds for real values of z such that 0 < « < 1 


14 6 Solutim of Riemann’s eqiMtion hy a contour integral 

We next proceed to establish a result relating to the expression of the 
hypergeometric function by means of contour integrals 

Let the dependent variable u in Riemann’s equation (§ 10 7) be replaced 
by a new dependent variable I, defined by the relation 

- a)« {z-hf (z - c)r I 

Lhe differential equation satisfied by I is easily found to be 

— + , 1+ — . 1 + y — y'] dr 

dz^ I sr-a '"z-b e-c'^dz 

+ ±.^.± ll + ^ + y + l)z + ^a (a + 0' + y'- 1)} 

{z-a){z-b){z^o)~'~ ' 

which can be written in the form 

<?W3p-K^-2)<3'(.)+B(^)}g 

+ {i (\ - 2) (X - 1) Q" (^) q. (X - 1) M' iz)] / = 0, 

where , X- l-a-/3-7 = «' + /3' + y', 

= a) (z -b)(z- 0 ), 

R if) =« S (a’ + ^ + <y) (^ — 5) — 0 ) 

It must be observed that the function 1 is not analytic at w , and consequently the 
above difthrential equation in 1 is not a case of the generalised hypergeometric equation 

We shall now shew that this differential equation can be satisfied by an 
integral of the foi'm 

(< - ’’■*(< — 6)»+^'+y-i (t _ c^«+fl+y'-i 

provided that C, the contour of integration, is suitably chosen 


19—2 
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For, if we substitute this value of J m the differential equation, the con- 
dition* that the equation should be satisfied becomes 

f (t — (t — 6)“+^'+’'"^ (t - (a - = 0, 


where 


K = {\-2) \q{z) + {t-z) Q'(z) + § (< - Q'‘ 



+ (t~z){E(z) + (t-z)R'iz)} 

= (X - 2) {Q (t) - (i - zy] +it-z) { E («) - (< - 2 (a' -H /3 -1- 7 )} 

— _ (1 + a -f yS + 7) (t — «•) (< — 2>) (* ~ c) 

-l-S(a' + /3 + 7)(<-^)0-°) 0-^) 


It follows that the condition to be 


f dV 

satisfied reduces to J dt=0, where 


y =(t — (jCf+^+y {t — (t - c)“-+^+'*'' (t - z) tt+«+^+»> 

The integral 1 is therefore a solution of the differential equation, when 
C IS such that V resumes its initial value after t has described C 


Now 

(t - (t - 6)“+^'+’’“’ (< - (z - t)~'^-^~y U, 

where U={t — a) {t — b)(t — 0 ) {z — t) * 

Now U IS & one-valued function of t , hence, if C be a closed contour, it 
must be such that the integrand in the integral I resumes its original value 
after t has described the contoui 

Hence finally any integral of the type 

^ ay(z -Vf{z- c)y f 
J c 

wherB G is &ithei d closed contour in the t^plcine such thcit the Dxtegvund 
resumes its initial value after t has described it, or else is a simple curve such 
that V has the same value at its termini^ is a solution of the differential equation 
of the general hypergeomet) ic function 

The reader ib referred to the memoirs of Pochhamiuer, Math Ann (1B90), 

pp 495-526, and Hobson, Phil Tram 187 a (1896), pp 443-531, for an account of the 
methods by which integrals of this tj^pe are tiansformed so as to give rise to the relations 
of §§ 14 51 and 14 53 

Example 1 To deduce a real definite integral which, m certain circumstances, 
represents the hypergeometric senes 

♦ The differentiations under the sign of integration are legitimate (§ 4 2) if the path C does 
not depend on z and does not pass through the pomts a, 5, c, r , if C be an infinite contour or if 
C passes through the pomts a, h, cot z, further conditions are necessary 
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The hypergeometno senes F{a, & , c , 2 ) is, as already shewn, a solution of the differential 
equation defined by the scheme 

j- 0 CO 1 1 

Pi Q a 0 2 I 


If 111 the integral 


Pi 0 a 0 
ll-e b c-a-b 


{z-c)y (<-o)?+y+«'-l 

which la a constant multiple of that just obtained, we make (without paying 

attention to the validity of this process), we are led to consider 

<»-<=(<- 1 )'-*’- * ( 4 -»)-« * 

Now the limiting form of V in question is 

and this tends to zero at 1 and ao, provided R{e)>R (h) > 0 

Wo accordmgly consider j where z is not* positive and 

greatei than 1 

In this integral, wnte , the integral becomes 

j (1 

We are therefore led to ens^eet that tku integral mag be a solution of the differential equation 
for the hypergeometno eenee 

The reader will easily see that R{c)>R (b) > 0, and if arg w *= arg (1 - u) =0, while the 
branch of I-im? is specified by the &ot that (1 -*-1 as u-^-0, the mtegral just 
found IS 

This can be proved by expandingt (1— «««)-* m ascending powers of e when | ^ 1 <X and 
using § 12 41 

Example 2 Deduce the result of § 14'*11 from the preceding example 
14*61, EetermiTiation of an mtegral whioh r^reeente 

We shall now shew how an integral which represents the pairtioular solution 
(j; 14 3) of the hypergeometno differential equation can be found 

We have seen (§ 14 6) that the integral 

/-(»-«)• {n-b'f If-cf y^(«-a)P+T+«'-i(<-6)y+«+P'-i 

satisfies the dilSbrential equation of the hypergeometno function, provided C is a closed 
contour such that the integrand resumes its initial value after t has described C» Now the 
singularities of this integrand in the ^plane are the points a, 5, c, a , and after desonbmg 
the double circuit contour (§ 12 43) symbolised by (5+> o-t-, 6 - , o-) the integrand returns 
to its onginal value 

* This ensures that the pomt tssl/s is not on the path of Integra tion^ 
t The justification of this process by § 4*7 is left to the reader 
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Now, if * he in a circle whose centre is a, the circle not containing either of the points 
6 and c, we can choose the path of integration so that t is outside this circle, and so 
I s—a\< I t-a I for all points t on the path 

Now choose a,rg{z-a) to he numencally less than ir and arg (*— 6), arg (s-c.) so that 
they reduce to* arg (a— 6), arg(<* — c) when z-^a, fix arg(i— a), arg (< — 6), arg (t — c) at 
the point at which the path of integration starts and ends , also choose aig (<-z) to 
reduce to arg(t— a) when z-*-ci 

Then (« -if =(«-*/ + }> 

(z-o)y={a-ey |l +7 (^)+ } > 

and since we can expand (i into an absolutely and unifoi-nily convergent senes 

we may expand the integral into a senes which converges absolutely 

Multiplying up the absolutely convergent senes, we get a senes of integer powers of 
z — a multiplied by (z — ct)^ Consec[uently we must have 

/= (a-bf (a- cy («-a)3+T+“' -1 (t - 6)v+a-w/3'-i (<- c)‘+P+/-i <f<, 

J jV 

We can define JP^\ JP^, by double circuit integrals in a similar 

manner 

147 Relations between contigvxms hypergeometnc fwndims 

Let Piz) be a solution of Riemann’s equation with argument z, singularities 
a, b, c, and exponents a, a', R, R', y, y' Further let P(z) be a constant, 
multiple of one of the six functions P<*i, P*^*, P'^'K P'’'’> P’’'’ Le^' 

Pi+i,m-i(^) denote the function which is obtained by replacmg two of the 
exponents, I and in, in P (s') by i + 1 and m — 1 respectively Such functions 
Pi+i,TO-i (■®) ^ oonitguous to P (z) There are 6 x 5 = 30 contiguous 

functions, smce I and m may be any two of the six exponents 

It was first shewn by Riemannf that the fiinotwn P (z) and any two of 
its oontiyuous functions are connected by a Ivnewr relation, the coeficients %n 
which are polynomials in z 

There will clearly be | x 30 x 29 = 485 of these relations To shew how 
to obtain them, we shall take P (z) in the form 

P (z) = (z- ay {z -by {z~ oy J (t- ay+r+^'-y (t - 6)r+“+3'-i 

° (t-cy-*-^+y'-^(z-t)-^^~ydt, 

where 0 is a double circuit contour of the type considered ip 1 14 61 

* The values of arg (a - 6), arg (o - «) being fixed 

i Abh derk Get der Witt zu Qdttmeen, 1867, Hausa had previously obtamed 16 relatione 
between contiguous hypergeometric functions 
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First, since the integral round G of the differential of any function which 
resumes its initial value after t has described C is zero, we have 

0 = ^ - ay+P+y (t - 6)«+^'+r-i (« - c)»+^+/-i (< - dt 

On performing the differentiation by differentiating each factor in turn, 
we get 

(a + ^ 4* 7 ) -P "h (tt + + 7 — 1) 1 4- (a 4- ^ 4- ry^ — 1) JP a'+x , 1 

_ (a 4- ^ 4- 7 ) 



Considerations of symmetry shew that the right-hand side of this 
equation can be replaced by 

(a4-;3 4-7) D 

___ 

These, together with the analogous formulae obtained by cyclical inter- 
change^ of (a, o£, cl) with (6, /3, /S') and (c, 7, 7'), are six linear relations 
connecting the hypergeometric function P with the twelve contiguous 
functions 

i^a+j,i5'-Xj P/3 +x,y'-.i, Py^l,af^l 7 -Pa-fX,Y'-3» -Pp+l,*'-.!? 

X> -Pa'+X,y-1» -Pja' «P/ 5'+X,a'-X » -Py'+l„a'-l> -Py'+X,^ -I 

Next, writing t — ct =»= (^ — 6) 4- (6 — a), and using f P«'«i to denote the result 
of writing a — 1 for od m P, we have 

P = + {h-a) Pa^-.i 

Similarly P = Pa'-.i,y4.x 4- (c - a) Pa^-j 

Eliminating P^'-x from these equations, we have 

(c — 6) P 4“ (ot — c) Prt.'—ij^'-f.x 4" (5 a) P y'+x “ 9 

This and the analogous formulae are three more linear relations con- 
necting P with the last six of the twelve contiguous functions written above 

Next, wnting « (t - a) — — a), we readily find the relation 

X f (t -• («,— a)>+«+^'-i (z — 6)»+P+y'-i (^ — -r-i 

Jc 

which gives the equations 

(z - a)-' {P-(z- b)-^ = (« - {P-(e- c)“* Py+j,«'-i} 

=■ (« — c)“* {P — (« — <t)~^ P« 4 .i,p'_i} 

^ The interchange is to be made only In the integrands, the contour 0 is to remain 
unaltered 

t Pa'-i is uot a function of Biemann’s type since the sum of its exponents at a, b, c is not 
unity 
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Th0se ar© two nior© linoar equations between J? and the above twelve 
contiguous functions 

We have therefore now altogether found eleven linear relations between 
P and these twelve functions, the coeflScients in these relations being rational 
functions of ^ Hence each of these functions can be expressed linearly in 
terms of P and some selected one of them , that is, between P and any two of 
the above functions there exists a linear relation The coefficients in this 
relation will be rational functions of 2 :, and therefore will become polynomials 
m js when the relation is multiplied throughout by the least common multiple 
of their denominators 

The theorem is therefore proved, so far as the above twelve contiguous 
functions are concerned It can, without difficulty, be extended so as to be 
established for the rest of the thirty contiguous functions 

Corollary If functions be derived from P by replacing the exponents a, a , ft y, y 
by a+p, a' + j, whore p, q, r, t, u are integers satisfying the 

relation 

p -h S' “1" r + ^ ^ *= 

then between P and any two such functions there exists a hnear relation, the coefficients 
in which are polynomials in z 

This result can be obtained by connecting P with the two functions by a chain of 
intermediate contiguous functions, writing down the linear relations which connect them 
with P and the two functions, and from these relations eliminating the intermediate 
contiguous functions 

Many theorems which will be established subsequently, e g the recurrence-formulae 
for the Legendre functions (§ 15 21), are really cases of the theorem of this article 
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*1 

Miscellaneous Examples 

1 Shew that 

P(a, 5+1, c, «)-P(a, 6j c, «)=^P(a+l, 5 + 1 , c+1, z) 

2 Shew that if a is a negative mteger while /3 and y are not integers, then the ratio 
P(o, 3, 0 +/ 3+1 -y, 1 -x)-^F{a, /3 ; y, ^) is independent of a, and find its value 
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3 If i> (z) be a hypergeometnc function, express its denvates ^ and ^ linearly m 

terms of Pand contiguous functions, and hence find the hnear relation be^een P ^ 
s d^P ’ dz ’ 

® ^ satisfies the hypei^metnc differential equation 


jra i V ^ hypergeometnc equation satisfied' by 

1, z) Shew that, in the left-hand half of the lemniscate|z(l-z)|=i these two 
equal to ^ (i, i, 1-2;) 

^ ^ ==-^(a - 1, 5 , c, ic\ determine the 16 linear relations 

with l^lynomial coefficients which connect Fia, 6, c, with pairs of the six functions 

6 Shew that the hypergeometnc eqtiation 

5^”{y”(«+^+l)^}^+aj%=0 
is satisfied by the two integrals (supposed, convergent) 


and 


J‘ ^ (1 (1 -asz)-“cfo 
J V - 1 (1 _2)“- V {1 _ (1 _ x) *}-» dz 


1 Shew that, for values of x between 0 and 1, the solution of the equation 
* a -*) S + 1 (a+iS-l- 1) (1 - 2 *) qj3y=0 

IS 4/S, 4, (i-sto)«}-i.ii(i-2ii)^’{4(a+i), i(fi+i), I, (1-m 

where B are arbitrary constants and J^(a, p,y,x) represents the hypergeometnc senes 

(Math Tnp 1896) 

8 Shew that 


hm rj-fo-s V *1- 2 ( w r(u+/3-y->.)r(y-a+n)r(y-g-Hi)r(y) 

^um 1 /^( 0 . ) «l'r(y-a)r(y-/3)r(«)r(/3) "J 


r(y-a-;3)r(y ) 

r(y-a)r(y-^) 

where I is the Integer such that i<iJ(a-+-j3— y)<i+l 

(This specifies the manner in which the hypergeometnc function becomes mfimtewhen 
*■*■1-0 provided that o+/3-y is not an integer ) (Hardy ) 


9 Shew that, when (y - o - ^) < 0, then 

„-+?-v 


'='»’^(a + ^_y)r(a)rO) 


aa n-*«o 5 where denotes the sum the first n terms of the senes for F(a, y, !)■ 

(M J M Hill, Proc London Math. 800 (2), v ) 
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10 Shew that, if yi, y* be independent solutions of 
then the general solution of 

IS + Oyi, whei*e A, B, C are constants 

(Appell, Comjptes Rendm, xci ) 

11 Deduce from example 10 that, if 

, .to r(c)r( 2 c-i) « r(2a+7?)r(a+&+^)r(j ltL^)^,, 

{F{a, h, c, X)} -r(2a)r(2»)r(a4-6)»«o r(c+w)r(2o-l+w-) 

(Clausen, Journal fdr Math iii ) 

12 Shew* that, if \x\<\ and | v(l— a?) |<i, 

J?'{2a, 2j3, a+/3+i, ^} = 2'’{a , &, a+jS + i , 4aj(l-:»)} (Kummer ) 

13. Deduce from example 12 that 

F{V^ 2 ^, a+^+i, i} = r(a+|)r^^+T) 

14 Shew that, if « =; and It (a) < 1, 

^-(0, 3«-l, 2a, -a.‘)-3<»-»e3:p{i.i(3a-l)}^|^l5T(|)> 


*_ 3 y* A r (2fli) r (ci 4) 

i^(a, 3a - 1 , 2a , - co) =-34® 4 exp { Jtr^ (1 - 3a)} 

16 Shew that 


r(3a-i)r«) 

(Watson, Qu/oxterly Journal^ XLI ) 


-Jw+J. »+§j -i)“(f)'*r(|)r(»+|) 

(Heymann, Zeitsoknft fur Math und PhyB xuv ) 
16 If (l-a7)‘"+^“>'i^(2a, 2^, 2y, a?)=l+J?a? + C'ir2 + Da.'*+. , 
shew that 

^(a,/ 3 , yH> ^)i^(y-a,y-i 3 ; y+iJ 

, . y D . y-y+i . y(y+i)(y+^) 

=i+4i ^ ^iT(y+l) ■^(r+i)(7+i)(y+4) 

(Cayley, PM Mag (4), xvi (1858), pp. 366-367 See also Orr, Canib PM 
Trans xvii (1899), pp 1-16 ) 


17 If the function (a, ft /S', y , x, y) hedefined by the equation 

then shew that between F and any three of its eight contiguous functions 
F{a±\\ F{^±\)y F(fil±V), Fiytll 

there exists a homogeneous Imear equation, whose coefficients are polynomials in x and 

(De Vavasseur ) 
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(Math Tnp 1893) 


and that, if y-a-/3-:0, the corresponding approximate formula is 

19 Shew that, when | | < 1, 

where o denotes a point on the straight line joimng the pomts 0, x, the imtial arguments 
of V — and of v are the same as that of r , and arg (1 — v )-*«0 as 

(Pochhammer ) 

20 If, when | arg (1 - or) | < 2«-, 
and, when |arg*|<2jr, 

by changing the variable a in the integral or otherwise, obtain the following relations 


£{x)m.K'{l-x), 

if larg(l-a!) !<' 

ir(l-«)-A"(r), 

if|arga?|<n' 

J7 

1 

1 

T 

if 1 arg (1 - *) 1 < 


if |aiga;| <jr 

K'{x)mx~iS'(llx), 

if |argji?|<ir 


, if |arg(l-*)|<: 


(Barnes.) 


21. With the notation of the preceding example, obtain the following results 

wrw— _;(Uipt)}V(i<«.-4i.g3+4(l-i+ -i)}, 

when |4r|<l, |arg^|<Tr, and 

if (*) - T t ( - *) - i ir ( v«) + ( -*) - i (1/*), 

when I arg ( I < w, the ambiguous sign being the same as the sign of 1 (x) 


(Barnes.) 
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22 Hypergeometnc senes in two vanables are defined by the equations 

7n^ ym+n 
Om + n 


F,{a, ft/s', y, r,y)= S 

711, ^ 7m + 7i 


77i, T»^ * ^ ^ 7711 + 71 


F, {a, ft iff , y , X, y)= S_ ^y”. 


wherea„=o(a4-l) (a+m-1), and S means S S 

711, » m=sO TlisO 

Obtain the differential equations 

-a-)l^-v^^+{y-(-+^+l)4'5-^yf-o^^>=o, 

* (1 -^) ^+y |*fj+{7- («+^+i) 4®^‘-“/5^s=o, 

and four similar equations, denved from these by interchanging ps with y and a, ft y with 
a', ft, y when a\ ft, y occur in the correspondmg series 

(Appell, Com^tea Bendua, xo ) 

23 If a IS negative, and if 

<JS«r - v + a, 

where v is an integer and a is positive, shew that 

r( 


where 


(a7)r(a)_ * ( ^ /^\l 

^^(-)n(a_i)(„_2) (a-n) 

(Hermite, J(mrnal fvur Math xoil ) 


* x+n 

24 When a < 1, shew that 

r(^)r(a-a ?)_ * ^ 


- s 


Rn 


where 


p ^ (>-)^ct(a+ l). (a+w.-l) 

**** « t 


26 When ot > 1, and v and a are respectively the integral and fractional parts of 
a, shew that 

r(a!)r(a-a;) _ “ &{x)p^ - G{x)py^^ 


rW 


;»+n 


Bsj x-a-^n 


+ +*_r-v + l]’ 
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where 

and 




Pn 




n » 


26 If 


(Hermite, Journal fur Math xoii ) 

/-(«. y, i w 1 - ..u, ^ ^ (^+ 1) (y + ^’ + 1) (y + g+ 

- y(y+i)(j?+»)(A+i.H-i) “ > 

where » is a positive integer and „Oi, „(/ 2 , are binomial coefficients, shew that 

h («>, y, V) - ^(y)rCy-g+w)r(^+i;)r(in.?i) . 

r (y - 1 ?) r (y + n) r (®) r (a? + » + ») 

(Saalsohute, Zeitsohnft Jui Math xxxv , a number of similar results are given 
by Dougall, Proc Edinburgh Maih Soc xxv ) 

shew that, when 22 (5 + « - - 1) > 0, then 

+ a-« + l, 8,,, l) = 2-« r(^)r (8) T (g) T (8 + t-#o-l) 

r(8-io)r(f-ja)r(i+ia)r(8+g^^3i) 

(AC Dixon, Froc London Math Soc xxxv ) 

28 Shew that, if 22 {a) < §, then ^ 

«-il «! I ■'{r(i-p5}8 

(Morley, Proc London Math Soc xxxiv 1 

29 If ' 


L L (1 (1 (i,j, k, I, m), 

shew, by integrating with respect to », and also with respect to y, that B {%,j, k, I, m) is a 
symmetric function of t+y,y+A, k+l, l+m, m+i 

Deduce that 

F{a,B,y, 8, », l)-r(8)r(«)r(8+*-a-/3-7) 
isasymmetric function of 8, «, 8+«-<«-ft 8+«-^-y, 8+«-y-a 

(A C Dixon, Proc. ZowrfonJfafA Boo (2), n (1906), pp 8-16 For a proof of 
a special case by Barnes’ methods, see Barnes, Quarterly Journal, xu 
(1910), pp 136-140) 

30. If 


shew that, when % is a large positive integer, and 0<x<\^ 


(8»> 0)*' (coa cos {(2»+a) ^ - in- (2y- 1)} + 0 , 

where 

(This result is contained m the gr^at memoir by Darboux, “Sur Papproxi- 
mation des fonctions de trfes grands nombree,^’ Journal de Math (3), iv 
(187B), pp 5-66, 377-416 For a systematic development of byper- 
geometrio functions in which one (or more) of the constants is large, see 
Camh Fhde Tram, xxn (1918), pp 277-308,) 



CHAPTER XV 

LEGENDEE FUNCTIONS 


16 1 BefimUon of Legendre polynomials 

Consider the^ expression (1 —2zh -f when | — < 1 , it can be 

expanded in a series of ascending powers of If, in addition, 

1 2zh I + 1 A' I® < 1 , these powers can be multiplied out and the resulting series 
rearranged m any manner (§ 2 62) since the expansion of [1 — { 1 2zh | + 1 A |®{] ^ 
in powers of |2^A| + |A1® then converges absolutely In particular, if we 
rearrange m powers of A, we get 

(1 - 20 h + A*) - 4 = Po (^) + APx (z) + hJ^F, (z) + h»F, (z) + , 

where 

Po{z) = l, = P,(^) = i(3^“-l), P.(^) = |(6^-3^), 

P 4 in) “ i (35^^ - 30^» + 3), P, {z) = I (63^ - ro«» + 1 5z), 


and generally 

p (A = f 1 


n (n — 1) 
2(2n-l) 




)( >t-2)(w-3) 
2 4 (2ri-l)(2n-3) 


== I / y {2n~2r)f 

^ (?i — r)^ (n — 2r)> 

where ?7i = g ti or ^ (n — 1), whichevei is an integer 


If a, b and S be positive constants, b being so small that 2ab -h ^ 1 - d, the expansion 
of (1 -23A-I-A2) " i converges uniformly with respect to s and A when | « | 1 4 1 < 6 

The expressions Po (^)> Pi (< 2^)1 - » which are clearly all polynomials in z, 
are known as Legendre polynomials'^, {z) being called the Legendre 
polynomial of degree n. 

It will appear later (§ 15 2) that these polynomials aie particular cases of a moie 
extensive class of functions known as Legend/re functions 

EmwpU 1 By giving z special values in the expiession (I - 2zh+h ^) " i shew that 
P,,(l)«l, P, (-]) = (-!)- 

Ps„+i(0)=0. 


* Other names are hegsndre coefficients and Zonal Harmonics They were introduced into 
analysis m 1784 by Legendre, M&moires pat divefs savans, x (1785) 
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Esoampie 2 From the expansion 
(l-2Ac!0S(9+A»)“i-.^l+iA«**+^ASe*'»+ ) 

shew that ^ ^ ' 

Pn (COS 6)= y - |2 ® - 2) 6 

, 1 3 (2n)(2n-2) ^ i 

“^2 4 } 

Deduce that, if d be a real angle, 

IP I ^ V ^ 2w -l f 1 (2n) ^13 (2?i)(2w-2) ^ 1 

» /’*(!). 

sothat|P„(coi,fl)|<l (Legendre) 

Hxaiiiple 3 Shew that, when - J, 

Pn-^PiiPtn-PiPin-i+PtPiK-i— +Pa»PQ (Olare^ 1906 ) 


16 11 Rodrigues'* formula for the Legendre polynomials 

It IS evident that, when n is an integei, 



i! 

dz* 



i-Y , 


.1 


r^(w — 7’)» I 


= I (-)r _!Li 

r»o ^ 7 * (n — r) * (n — ir) i ' 

wheie 7 ?is=! 2 ?i or g (w — 1), tho coefficients of negative powers of z vanishing 
From the general formula for {z) it follows at once that 


■P" («>' 25^1 ^ (*•-!)". 
this result is known as Rodrigues’ formula 

EmmpU Show that i\ (a)««0 has » real loots, all lying between ± 1 


16 12 Sohldfli’sf integral for P„ (z) 

From the result of § 16 11 combined with § 6 22, it follows at once that 



(f - 1)“ 

e2» (#-*)«+> 


dt, 


where (7 is a contour which encircles the point z once counter-clockwise, this 
result IS called Sohidfli’s mtegral formida for the Legendre polynomials 


* Corr«»p »af FEcoU polyttchmqve, «i, (1814-1816), pp. 861-886. 

t Sohlkfli, Utf&er die zmi Heinz^iohen KugeTfunotxonzn (Bern, 188J.) 
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15 13 Legendre’s differenhal equation 

We shall now prove that the function u = Pn(z) is a solution of the 
differential equation 

which IS called Legendre's differential equation foi functions of degi ee n 

For, substituting Schlafli’s integral in the left-hand side, we have, 
by § 5 22, 

(1 _ ^) _ 2, +n{n + l)P^ (e) 

jn + l) f d ( (t^-l)»+0 
27n 2^Jodtl(t-2;y^'^^j ' 

and this integral is zero, since (t — resumes its original value 

after describing C when n is an integer The Legendre polynomial therefore 
satisfies the differential equation 

The result just obtained can be written in the fonn 


A 

dz 


. (1 - + n (n + 1) P^{z) = 0 


It Will be observed that Legendre’s equation is a paiiicular case of Riemaim’s equation, 
defined by the scheme 

f-’ - ‘ 1 

Pi 0 n + l 0 zy 

[ 0 -n 0 J 

Example 1 Shew that the equation satisfied by is defined by the scheme 

f-' “ M 

Pl-’i w-H^-t-1 — r 

[ 0 “/i-h; 0 J 

Example 2 If 2^=17, shew that Legendre’s difterential equation takes the form 

4. iJL _ _L\ ^ 4. 

dif \2i 7 I-17J rfij 417(1-1,) 

Shew that this is a hypergeometric equation 

Example 3 Deduce Schlafli’s integral for the Legendre functions, as a limiting case of 
the geneml hypergeometnc integral of ^ 14 6 

[Since Legendre’s equation is given by the scheme 

r-1 00 1 ^ 

0 7t + l 0 2>, 

0 -?1 0 J 
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15 13, 15-14] 

the integral suggested is 

('-ir* /,(*+!)” (*- D" (i - > * 

taken round n, contour 0 such that the integrand resumes its initial value after describing 
It , and this gives Schlaflfs integral ] 

16 14 The integral properties of the Legendre polynomials 
We shall now shew that* 


= 0 (mgfen), 

Let {it},, denote then, if {(^r*- 1)«}, is divisible by («»- 

and so, if r < n, {(^sfl — 1)“}^ vanishes when z=l and when ^ = — 1 

Now, of the two numbers m, n, let m be that one which is equal to or 
greater than the other 


I (^) -Pn (z) dz 


Then, integrating by parts continually, 

= [{(^- inu-r {(z^-ir}^,i(z^- i)-u^,dz 


= (z> - ir {(^ - !)•*}„+„ dz, 

since {(«» - ((^“ - 1 )’'*}to-s. vanish at both limits 

Now, when m>n, {(«*-! )“}„+„= 0, since differential coefficients of (.s*- !)»• 
of order higher than 2n vanish , and so, when m is greater than n, it follows 
ftom Eodrigues' formula that 

j ^Pmi.^)Pn{e)dz = 0 

When m — n, we have, by the transformation just obtained, 

{(^» - 1)*}, {(^* - !)«}„ dz = (-)* ^ (z*- 1)» ^ (z‘ - 1)» dz 

=»(2n)lJ (1 — z*)”dz 

*= 2 (2n) if (1 — z®)* dz 
Jo 

= 2 (2n)l[ 8in**+‘^d:^ 


= 2 (2n) 


2 4.. (2n) 

8.6. (2»+T)’ 


* These two resalts were given by Legenire m 1784 and 1789 


Wv M A 


20 
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where cosd has been written for jz m the integral, hence, by Rodrigues' 
formula, 


j ^ {Pn (2!)Y dz = 


2 (2?i)J (2^^ nj _ 2 

(2« + 2» + l 


We have therefoie obtained both the required results 

It follows that, m the language of Chapter xi, the functions P^^{z) aie normal 

orthogonal functions for the interval ( - 1, 1) 


Example 1 Shew that, if r> 0, 


(cosh 2^—2) 4 (z) dz^^ 


Emniple 2 If /= f {^) A («) de, then 
/ 0 


(Clare, 1908 ) 


(i) /^1/(2^H-1) 

( 11 ) 1^0 


{m=n)^ 

{m even), 


/\r ( — ^ 

{n-m) (w+OT+1) (TfyO^ (»i=2w + l, w=2/i) 


16 2 Legmdre functions 


(Clare, 1902 ) 


Hitherto we have supposed that the degree n of P»(^) is a positive 
integer , in fact, P^ (si) has not been defined except when n is a positive 
integer We shall now see how P,j (z) can be defined for Values of n which 
are not necessanly integers 


An analogy can be drawn from the theory of the Garama-funotion The expression 
z' as ordinarily defined (viz, as z{z-^l){z-2) 2 1) has a meaning only for positive 

integral values of z , but when the Gamma-function has been introduced, z I can be defined 
to be r (a+l), and so a function z ’ will exist for values of z which are not integers, 

Refemng to § 15 13, we see that the differential equation 


IS satisfied by the expression 


u 


j_r (f-i)« . 

2m Jc ' 


even when n is not a positive integer, provided that 0 is a contour such that 
(P— — z)^^^ resumes its original value after describing 0. 

Suppose then that ti is no longer taken to be a positive integer 

The function (P — 1)^+^ (t — has three singulanties, namely the 

points t=sl, t=^z i and it is clear that after describing a circuit round 

the point ^ — 1 counter-clockwise, the function resumes its original value 
multiplied by , while after describing a circuit round the point t^z 

counter-clockwise, the function resumes its original value multiplied by 
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15 2, 15 21] 

gm(-n-») jf therefore 0 be a contour enclosing the points « = 1 and t^z, but 
not enclosing the point t = — 1, then the function (<• — 1)“+* (f — will 
resume its original value after t has desciibed the contour G Hence, 
Legendrt^s differential equaMon for functions of degree n, 

IS satisfied by the es^ession 

1 f(i+.t+) (t>-l)» 

“ “ 27n 2« («-r)»+i 

fo) all values of n, the many-valued functions will be specified precisely 
by taking A on the real axis on the right of the point t = l (and on the 
nght o{ z if z be real), and by taking aig(«-l) = arg(t-l-l) = 0 and 
|aig(<-ir;| < TT at 

Thu etopression will be denoted by jP„(«), and will be termed the Legend/te 
function of degree n of the first kind 

We have thus defined a function (z), the definition bemg valid whether 
n 18 an integer or not. 

1 ho function /*„ (*) thus defined is not a one-valued function of * , for we might take 
two contours as shewn in the figure, and the integrals along them would not be the same , 



to make the ooutoui integral unique, make a cut in the t plane from - 1 to - « along the 
real axis, this involves making a similar out in the a plane, for if the out were not made, 
then, as z varied continuously across the n^tn e ijart of the real axis, the contour would 
not vary oontinuously 

It follows, by ^ 6 81, that /** (*) is analytic throughout the out plane 


16 21 The Recurrence Formulae 

We proceed to establish a group of formulae (which are really particular 
cases of the relations between contiguous Biemann P-funotions which were 
shewn to exist in § 14 7) connecting Legendre functions of different degrees 
If C be the contour of § 16'2, we have* 


■Pn(^) 


2»+»<7rt J c * 


p»'(*)= 


n -h 1 
2»+»7n 


o{t-zy^ 


dt. 


* We write F/(*) for 


20—2 
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,, d<f- !)»+' 2 (» + 1) i (f - 1)» _ (m + l)(<»-l)"+^ 

and so, integrating, 

i c (< - •*)" “ S^+’Tn J c (* - 2"+'7rt J p (< - ^)«+‘ 


Therefore 
1 

2^+^7n 
Consequently 


(A) 


(I). 


Differentiating* we get 

F'^,(z)-zP\(z)-P„(z) = nF„(z), 
and so P'„+i (z) - zP\ (z) = (n + 1 ) P„ (z) 

This IS the first of the required formulae 
Next, expanding the equation 

r d i t(t>-iy> ) 

Jcdti(t-z)>^t ' 

we find that 

r p^d,^2.f 

}a{t-zY Jc (t-zY Jo(t-zY^^ 

Writing - 1) + 1 for <• and (t — z) + z for t in this equation, we get 

^ ^Jc(t-zT Jc (t-zf Jo{t-zY^^ 

Using (A), ^e have at once 

(71 + 1) {Pn+I {z) - zPn {z)\ + 7lPn-l {z) “ nzPn {si) ^ 0 
That IS to say 

(n + 1) Pn+i {z) - (2n + 1) zPn {z) + nPn-i (^) = 0 ... .(II), 

a relation*]- connecting three Legendre functions^of consecutive degrees This 
IS the second of the required formulae 

We can deduce the remammg formulae firom (I) and (II) thus 
Differentiating (II), we have 

{n + 1) {P'n+i {z) - zP\ {z)\ - n [zP'n {z) - P'^i (^)l - (2n + 1) P^ {z) m 0. 
Using (I) to eliminate P hnd then dividing byt n, we get 

zP\ {z) - P',^, {z) ^nPniz) . . (HI). 

* The process of differentiating under the sign of integration is readily justified by § 4 S 
t This relation was given in substance by Lagrange in a memoir on Probability* MUc^ 
Taurtnemta, v (1770-1773), pp 167-282 

t lln=0, we have Pq{z) = 1, P^i{z) = l, and the result (III) is true but trivial 
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15 21] 


Adding (I) and (III) we get 

= + . (IV) 

Lastly, writing « — 1 for n in (I) and eliminating P'„_i (z) between the 
equation so obtained and (III), we have 


- 1) P'„ (z) = nzPn {z) - nP„.^ (z) . . (V) 

The foimulae (I) — (V) are called the recurrence formulae 

The above proof holds whether n is an mtegei or not, i e it is applicable to the general 
Legendie functions Another proof which, however, only applies to the case when n is 
a positive integer (i e is only applicable to the Legendre polynomials) is as follows 

Write r=(l-2As+A*)-i 

Then, equating coefficients* of powers of h m the expansions on each side of the 
equation 

V 

(1-2/w4-A“)|J = (*-/5) V, 


we have 




which IS the formula (II) 


Similaily, equating coefficients^ of powers of h m the 
equation 





dV 
dz » 


expansions on each side of the 


we have 


dz dz 




which is the formula (III) The others can be deduced from these 


Examph 1, Shew that, for all values of w, 


^ { « (P»s + /«„ + 1) - 2 = (2» + 3) + 1 - ( 2n + 1 ) P;* 



If («**oo8e«*h*)J 

(Hargreaves ) 

Example 2 


shew that 

(a?) and j ^i/‘„(ai)<ite=0 

(Trinity, 1900 ) 

Example 3 
or both odd, 

Provo that if m and n are integers such that 

both being even 

n dP^{z)dP,{z) 
j., sr 

(Clare, 1898 ) 

Example 4 

Prove that, if «, n arc integers and m'^n. 



P cF* (r) Pn W ^ Oi- l)n (n+l) (w-f 2) , 

J (m + l)-n («+l)+6} 

X {I + (-)»+«} 

(Math Trip 1897) 

* The reader is recommended to justify these prooesses. 
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15 211 The eay>re8sion of any polynomial as a senes of Legends e 
polynomials 

/n {z) be a polynomial of degree n in 

Then it is always possible to choose ao, Oi, so that 

/„ {z) = {z) + OiPi (z) + + anPn (^X 

for, on equating coefficients of z\ on each side, we obtain equations 

which determine Un* uniquely in turn, in terms of the coefficients of 

powers of z in fn (z) 

To determine ao, in the most simple manner, multiply the 

identity by Pr(zX and integrate Then, by § 15 14, 

f„(s) !>,(,) 

when r = 0, 1, 2, n , when r >n, the integral on the left vanishes 


Example 1 Given = cr,) Pi> {z) + Pi {z) + + ( 2 ), to determine ao» 1 

(Legendie, Exmcicee de Cede Int ii p 352 ) 

[Equate coefficients of s" on both sides , this gives 


2^ 

( 2 «)' 

4i,m = j *“^ti»(a) ds, so that, by the result just given, 

(2^T)''' 

Now when n-^m is odd, is the integral of an odd function with limits ± 1, and so 
vanishes , and 7n,w also vanishes when m is negative and even 


To evaluate when n—m is a positive even integer, we have from Legendre’s 
equation 

m ( ot +1) *»/•„ <js)dz=-j ^ 8" ^ {(1 - «*) Pm («)} dz 

= ( 1 - 2 ®) ^-nj + 


on integrating parts twice , and so 

m (m + 1 ) 7 h, nr = W + 1 ) 4. m “ (^ - I ) in - 2 . wi 


Therefore 


T 72- (?2- 1 ) y. 


( 7 ^ — m) (72 + 771 + 1) 


1-1) (7n+l) 


(tI — 77l)(7l-2-7w) 2 (72 + 7W + 1) (tI -4-772 - 1) (2771 + 3) 

by carrying on the process of reduction. 
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15 211, 15-22] 


Consequently r < 

and so ai»=0, when n—m, is odd or negative, 

_ _( 2 ot + 1 ) 2 »*»' , 
“»•— K 1 im) < (« + m+TV ^ ] 


Eiample 2 
integer 


Express cosnd as a series of Legendre polynomials of cosd when n is an 


ExmvpU 3 

Evaluate the integrals 


Emmple 4 

^ j Pn(^) dz 

(St John’s, 1899 ) 

Shew that 


(1 -«*) 

(Trinity, 1894 ) 

Example 6 

Shew that 



n 

71 jPh (cos d) ~ S cos (cos d) 

rssl 

(St John’s, 1898 ) 

Example 6 

If ^ (1 - jP 2 „i (z) dz, whei'e m < n, shew that 


(21 - w) (2w 4* 2m + 1) w,* = - 1 

(Trinity, 1896 ) 


1522 MuTrphy’s eaypresswn* of Pn(^) ots a hypergeometnc function 

Since (§16 13) Legendre’s equation is a paiticular case of Riemann’s 
equation, it is to be expected that a formula can be obtained givmg P„ (z) in 
terms of hypergeometnc functions To determine this formula, take the 
integral of § 16 2 for the Legendre function and suppose that j 1 - « | < 2 , to 
fix the contour 0, let S be any constant such that 0 < 3 < 1, and suppose that 
z IS such that 1 1 — x | < 2 (1 — 8) , and then take C to be the cii-cle-f- 


ll-f| = 2-8 


Since 


l-« 


1 -« 


2-28 


^ Yry < 1, we may expand into the uniformly 


convergent senes] 


. 1)-^. |i + („ + i)£r ■ + (».±a^) ly + 

Substituting this result in Schlafli’s integral, and integrating term-by- 
term (§ i 7), we get 


_ « (« - !)»• (n -Hi) (w -1- 2) , {n. + r) /•«+>*+' (t“ -1 1)“ 

Ja («-!)“+■+’' 




f “O 
00 

r-O 


‘■n 


dt 


(z— 1)*- (»-(- l)(w-t- 2) 
2» (»• !)* 




* Electricity (183$) Hurphy’s result was obtaxued only for the Legendre polynomials 
f This circle contains the points tx=l, 

X The series terminates if n be a negatiTe integer 
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by § 5-22 


Since arg (i 4- 1) = 0 when < = 1, we get 



= 2“-^n(n- 1) 


(n-r + 1), 


and so, when 1 1 — ^ | < 2 (1 — S) < 2, we have 

P V (» + l)(n + 2) (n+r) (-n){l-n) (r-l~n) fi 1 \> 

(H)5 [ 2 - 2 ^) 


^^n + 1, n, 1, 2~2^) 


This IS the required expression , it supphes a reason (§ 14 53) why the cut 
from — 1 to — 00 could not be avoided m § 15 2 

Corollary Ij’rom this result, it is obvious that, for all values of n. 


i^n«=P-n-lW 

Note When n is a positive integer, the result gives the Legendre polynomial as 
a polynomial in 1 - g with simple coefficients 


Example 1 Shew that, if m be a positive integer, 

^ r(2m+y t 4-2) 

\ 1 {7n + 1) 1 r (%) 


(Trinity, 1907 ) 


Example 2 Shew that the Legendre polynomial (cos 9) is equal to 


and to 


(-)»‘P(n+l, -71, 1, cos^Jd), 
cos’‘JdP(-n, —71, l,-tau2^^) 


(Murphy ) 


16 23 Laplace* s integrals^ for (f) 

We shall next shew that, for all values of n and for certain values of z, 
the Legendre function Pnif) can be represented by the integral (called 
Laplace*s first %ntegral) 

i 4- (if® - 1)^ cos d<f> 

(A) Proof applicable only to the Legendre polynomials 
When n IS a positive integer, we have, by § 16 12, 

^ W 2^+^7n J c * 

where G is any contour which encircles the point z counter-clockwise 
Take 0 to be the circle with centre z and radius |^ — 1 |i, so that, on C, 
^ = ^ + (-gr* — 1)4 where may be taken to increase from — tt to tt 


* ^M&camque Celeste^ Livre xi Oh 2 For the oontonr employed m this section, and for 
some others introduced later in the chapter, we are indebted to Mr J Hodgkinson 
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15-23] 

Making the substitution, we have, for all values of z, 

(7ri)i7^ j 

= ^ ^ + (• 2 ^- 1 )* cos 

~ w /o (^~ cos <^}* d<l>, 

Since the integrand is an even function of <l> The choice of the branch of 
the two- valued function (e®— l)i is obviously a matter of indifference 

(B) Proof applicable to the Legendre functions, where n %s unrestricted 

Make the same substitution as in (A) in Schlafli's integral defining 
Pn(^)j it is, howevei, necessary in addition to verify that ^ = 1 is inside the 
contour and ^ = “ 1 outside it, and it is also necessary that we should specify 
the branch of [z -H {f — 1)^ cos (f>}\ which is now a many-valued function of 

The conditions that 35 = 1, ^ = — 1 should be inside and outside C re- 
spectively are that the distances of z fiom these points should be less and 
greater than | ^ — 1 1 4 . These conditions are both satisfiied if|^-l|<|£^4-l|, 
which gives R (z) > 0, and so (giving arg z its principal value) loe must have 
\&rgz\<\ir 

Therefore P „ (^)= ^ j {•® + -1)* cos d^, 

where the value of arg{2'-|-(^“- l)i cos(^} is specified by the fact that it 
[being equal to arg(t2 — l) — arg (it — < 2 ?)] is numerically less than tt when t is 
on the real axis and on the right of z (see § 16 2) 

Now as <l> increases from — tt to vr, a-{-(;?®-l)i oo8<^ describes a straight line in the 
Argand diagram going from 1)4 to «+(02--i)4 and back again, and since this line 

does not pass through the origin^, arg {»4-(«^-'l)4 oos0} does not change by so much as 
TT on the range of integration. 

Now suppose that the bianoh of 1)4 cos which has to be taken is such that 

it 1 educes to (wheie is an integer) when 

.2nkm r 

Then J ^ -1)4 cos ^ 

where now that branch of the many-valued function is taken which is equal to when 

Now make ;b-^ 1 b} a path which avoids the zeros of Pn(^)» -P»(j») ^^^d the 

integral are analytic functions of z when | arg z\<^,k does not change as t describes the 
path And so we get « 1 


It only does so if .r is a pure imaginary, and such values of z have been excluded. 
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Therefore, when [ arg « | < i tt and n is unrestricted, 

•Pn = ^ / + («* - 1)^ cos (f>]” d<f>, 

where arg l)i cos <f)} is to be taken equal to arg z when ^ ^ tt 

This expression for P„ (z), which may, again, obviously be written 

- f {z + {i^— 1)^ cos <^}* d<f>, 
w jo 

IS known as Laplace* s first integral for {z) 

Corollary From § 16 22 corollary, it is evident that, when | arg z | <i7r, 

f.W-!. /' . ^ , 

a result, due to Jacobi, Journal fl 0 Math xxvi (1843), pp 81-87, known as Laplace^a 
second integral for (z) 

Example 1 Obtain Laplace’s fiist integral by considering 

2 A** I [z+ - l)i cos 6}** d<l>j 

u~o J 0 

and using ^ 6 21 example 1 

Example 2 Shew, by direct diflPerentiation, that Laplace’s integral is a solution of 
Legendre’s equation 

'6 3 If 6 < 1, I A 1 < 1 and 

(l--2Acos5-i-A2)-«« 2 h^Qo^nO^ 


shew that 


2 sin stt 


j 0 (i - xY (1 -M2)« ^ 


(Bluet ) 


Example 4 When 2 ^> 1 , deduce Laplace’s second integral fiom his hrst integral by 
the substitution 

l)i cos $} [z -f (^‘^ - 1)^ cos </)} = ! 

Example 6 By expanding in powers of cosi^, shew that foi a certain lange of 
values of z, 

i {a-h(z^-l)icos<f>}^ d<p^z^ 1, 1-z-^) 

Example 6 Shew that Legendre’s equation is defined by the scheme 

! 0 00 1 'I 

-in 0 J 

where z=i((i 

15 231 The Mehler-Dinchlet integral^ for P^ {z) 

Another expression for the Legendre function as a definite integral may be obtained in 
the following way 

* Dinchlet, JoMrwaZj^r AfatA. XVII (1837), p 36, Mehler, AfatA Ann v (1872), p 141 
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15 231] 

Foi all values of w, we have, by the preceding theorem, 


P^(z)=z- f'^{z+00Q<l>(2^-l)^)^d(l> 

TT J 0 

In this integral, replace the variable ^ by a new variable A, defaned by the equation 

1)^ cos (f>y 


and we get P,^(a)=- /i"(l -SAz+A®) io?A, 

the path of integration is a straight line, arg A is determined by the fact that A«=s« when 
and (l-2Aer4-A2)"^= - 1 1)^ sm 


Now let a=cos^ , then 


P« 



•“2A«+A2)" i dA 


Now (S being restncted so that -in-<^<i7r when 7i is not a positive integer) the 
path of integration may bo deformed* into that arc of the circle [A|«=l which passes 
through A = 1, and joins the points A = A since the integrand is analytic throughout 
the region between this arc and its choidt 


Wilting A-e*^ we get 


and so 


1 

F,(cob6)^^I^ 
P„(oosO)=§ f 

TT J ( 


An +4')t^ 


® (2 cos <if> - 2 cos 


d<l}, 


® oo a(gi+|) 0 

^ {2(cos<]^— coa^)}4 


d^j 


it IS easy to see that the positive value of the square root is to be taken 

This IS known as Mehler's simplified form ofJhnchMs viUegral The result is valid foi 
all values of n 


Example 1 Prove that, when n is a positi\e integer, 

^ ^ {2 (cos 6 - cos </>)]» 

(Write TT - ^ for ^ and ff - foi <](> in the losult just obtained ) 


Exam^e 2 Prove that 

P„ (cos 6) = -} f r d/i, 

2,nJ (Aa-2Aco8^ + l)i 

the integral being taken along a closed path which encircles the two points A=e*‘^, and 
a suitable meaning being assigned to the radical 

* If d be complex and JR (cos d) > 0 the deformation of the contour presents slightly greater 
difficulties The reader will easily modify the analysis given to cover this case 

t The integrand is not anal>tic at the ends of the arc but behaves hke near 

them , but if the region be indented (§ 6 28) at and the radn of the indentations be made to 
tend to zero, we see that the defoimation is legitimate 
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Hence (or otherwise) prove that, if 6 he between Jir and jw, 

P (cos^) — - S 27?. / COS (n^+<3[>) ^ cos(%d+3<^)' 

«■ 3 6 (2»4-l) (2sm«)^ 2(2«+3) (2sin«)^ 

- ^ 3^ coa(wg+6.^) I , 

2 4 (2ra+3) (2ii+6) (2sind)5 

^ + 

where <j) denotes — i?r 

Shew also that the first few terms of the series give an approximate value of (cos d) 
for all values of 6 between 0 and tt which are not nearly equal to either 0 or tt And explain 
how this theoi’em may be used to approximate to the roots of the equation (cos 

(See Heme, Kugelfunktionm^ i p 17& , Darboux, Comptes Rendxis^ lxxxii (1876), 
pp 365,404) 

16 3 Legendre functions of the second kind 

We have hitherto considered only one solution of Legendre’s equation, 
namely Fni^^) We proceed to find a second solution 

We have seen (§ 15 2) that Legendre’s equation is satisfied by 

taken round any contour such that the integrand returns to its initial value 
after describing it Let jD be a figure-of-eight contour formed in the following 
way let z be not a real number between + 1 , draw an ellipse in the /-plane 
with the points ± 1 as foci, the ellipse being so small that the point < = 5 is 
outside Let A be the end of the major axis of the ellipse on the right 
of / = 1 

Let the contour D start from A and describe the circuits (1 — , — 1 +), 
returmng to A (cf § 12 43), and lying wholly inside the ellipse 

Let |arg^r|,$7r and let |arg(^— <)|— »arg^ as /-♦O on the contour Let 
arg(/-l- 1) = arg(/ — 1) = 0 at ^4 

Then a solution of Legendre’s equation valid m the plane (out along the 
real axis from 1 to — 00 ) is 

n / \ 1 r ” 1)” 7 

Qn (^) ~ gin WTT j 7 ) 2" (z — <)"+* 

if n is not an integer 

When JR (n + 1) > 0, we may deform the path of integration as in § 12 43, 
and get 

Qn(^) = /' j (1 - dt 

(where arg (1 — /> = arg (1 +/) = 0), this will be taken as the definition of 
Qn (z) when n is a positive mteger or zero When a is a negative mtegei 
(= — m — 1) Legendre’s differential equation for functions of degree n is 
identical with that for functions of degree m, and accordingly we shall take 
the two fundamental solutions to be P^, (z), Qm («) 

Qn (,z) ts called the Legendre function of degtee n of the second kmd 
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16 31 Eaypansion of Qn (s) as a power-senes 

We now proceed to express the Legendre function of the second kind as 
a power-senes in 

We have, when the real part of w -h 1 is positive, 

< 3 « (^) = {z - <)-«-> dt 

Suppose that \z\>l Then the integrand can be expanded in a senes 
uniformly convergent with regard to t, so that 


dt 




_ 1 
' 2»+J 

1 

2** 2”'^* 


dt 


fa -<“)« 

Ljo 


dt-\- % 


( 71 + 1) 


2s • 


5 JO 


where i = 2^, the integrals ansmg from odd values of r vanishing 

Writing = XI, we get without diflficulty, from § 12 41, 

^ . TT^ r(w -I- 1) 1 ^ /i 11.- 3 A 

Qn{z) « r (/i-f f) 

The proof given above applies only when the real part of (n + 1) is positive 
(see §45), but a similar process can be applied to the integral 


«• W = iTi^ ^ - 1)” (— «+-■ *. 

the coefficients being evaluated by wnting j (i‘ — 1)” V' dt in the fonn 

J D 

ni-) /•(-1+) 

gn« (!-<«)» rdf + 6“” (l-f*)’*rdf, 

Jo Jo 

and then, wnting r=M and using §12 43, the same result is reached, so 
that the formula 


7rir(n + l)lE,/i .8l\ 

Qn(«)=2n+1 + ” + g» g») 

is true for unrestncted values of n (negative integer values excepted) and for 
all values* of z, such that ^ 1 > 1, | arg z\<v. 

ExampU 1 Shew that, when w is a positive integer, 


When nifl a positive integer it is unnecessary to restrict the value of arg r. 
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[It IS easily verified that Legendre’s equation can be derived from the equation 

by differentiating n times and writing 

Two independent solutions of this equation are found to be 

and (®s-l)» J" 

It follows that ^ 

18 a solution of Legendre’s equation As this expression, when expanded in ascending 
powers of z~\ commences with a term in it must be a constant miiltiple^^ of {z ) , 

and on comparing the coeflacient of in this expression with the coefficient of in 
the expansion of {z\ as found above, we obtain the required result ] 

Exam<pU 2 Shew that, when is a positive integer, the Legendre function of the 
second kind can be expiessed by the formula 

= r r r 

J IS J V J V Jo 

Example 3 Shew that, when n is a positive integei, 

[This result can be obtained by applying the general integration-theorem 
to the preceding result ] 


15 32. The recurrence-formulae fo) jQ^ (z) 

The functions (z) and §» («) have been defined by means of integrals of pi’ecisely the 
same form, namely 

taken round different contours 

It follows that the geneial proof of the recurrence-formulae for Pn(«)> given in § 15 21, 
is equally applicable to the function §„ {z ) , and hence that the Legendre function of the 
second Jcvnd satisfies the recurrence-formulae 

^n + l(*)-*6'n(*) = («+l) 

(»+l) Qn-n W-(2n+l)«$„(*)+«$^i W=0, 

*Vn W - Vn-1 (*) = «$. («), 


Vnt 1 W “ V«-l (*) = (2» + 1) Q „ (*), 

(a* - 1) (*) = (*) - (*) 

Example 1. Shew that 


and deduce that 


«»«-iP2Wl0g^-|*, 


^A(i)=il0K£±i 


i li ^ 

z - — 6z — le — 


(2n-l)jr 


* JPn (z) contains positive powers of z when n is an integer 


and that 
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ErampU % Sliew by the recurrence-formulae that, when n is a positive integer*, 

where (z) consists of the positive (and zero) powers of z m the expansion of 
z 1 

{z) log — r in descending powers of z 

[This example shews the nature of the singularities of {z) at ± 1, when n is an integer, 
which make the cut from — 1 to + 1 necessary Foi the connexion of the result with 
the theory of continued fractions, see Gauss, W&ke^ in pp 165-206, and Frobenius, 
Journal far Math Lxxiii (1871), p 16, the foimulae of example 1 are duo to them ] 


16 33 Ths Laplacian integral f foi Legendre functions of the second kind 

It will now be proved that, when jR (n + 1) > 0, 

Qn (f) = f + (- 2 ® - 1)^ cosh d0, 

J 0 

where arg {z + (z^ — 1)* cosh d] has its principal value when ^ = 0, if n be not 
an integer 

First suppose that z>l In the integral of § 15 3, viz 


write 


e»(s+i)i + (z-l)i’ 


so that the range (-1,1) of real values of t coiTesponds to the range (— 00 , 00 ) 
of real values of 0 It then follows (as m § 16 23 A) hy straightforward 
substitution that 

Qn (^) = § f (« + (•®“ - 1)^ cosh d0 

^ J -00 



[z -f — l)i cosh dO, 


since the integrand is an even function of 0 


To prove the result for values of z not comprised in the range of real values greater 
than 1, we observe that the branch points of the integrand, qiia function of «, are at the 

points ±1 and at points where s+( 2 (®- 1)4 cosh^ vanishes, the latter are the points at 
which z^± coth 6 

Hence (*) {«+(0®-l)4 cosh are both analytic}: at all points of the 

plane when cut along the line joining the points «« ± 1 


* If - 1 <«< 1, it IS apparent from these formulae that <3n (« + ^ - Ot) = * (^) 

It is convenient to define Q„(r) for such values of r to be The 

reader will observe that this function satisfies Legendre’s equation for real values of z 
t This formula was first given by Heme ; see his Kuffel/unkttonen, p 147 
X It 18 easy to shew that the integral has a unique denvate in the out plane. 



320 


THE TBANSCENDBNTAL EUNOTIONS [CHAP XV 


By the theory of analytic continuation the equation pioved for positive values of ^ — 1 

persists for all values of z in the cut plane, provided that arg i)^cosh^} is given 

a suitable value, namely that one which reduces to zero when 2 - 1 is positive 

The integrand is one- valued in the cut plane [and so is (^)] when % is a positive 

integer, but arg{«-|-(«^“ l)^cosh^} increases by Stt as arg;® does so, and therefoie if n be 
not a positive integer, a further cut has to be made from s=— 1 to 2 !=-" 0 o 

These cuts give the necessary limitations on the value of s , and the cut when n is not 
an integer ensures that arg {z+(z^ - 1)^'} = 2 arg 1)^ -H («- 1)^} has its principal value 

Example 1 Obtain this result for complex values of z by taking the path of 
integration to be a certain circular arc before making the substitution 

where 6 is real 

Exam'ple 2 Shew that, if ;® > 1 and coth a=®, 

Qn (^) = cosh dUj 

where arg {z - (z^ — 1)^ cosh 2 ^} «0 (Trinity, 1893 ) 


15 34 formula for {z\ when n is an integei 

When 71 IS a positive int^er, and z is not a real number between 1 and —1, the 
function (^) 18 expressed in terms of the Legendre function of the fiist kind by the 
relation 

which we shall now establish 

When I z I > 1 we can expand the integrand in the uniformly convergent senes 

00 ym 

Consequently 

The integrals for which tw-tiis odd or negative vanish (§ 15*211) , and so 

J -1 

=1 s — .-a ^-1 2"** (»+2ot) I (n+m ) ! 

by § 16 31 The theorem is thus established for the case in which 1 « |> L Since each 
side of the equation 

represents an analytic function, even when | 1 is not greater than unity, provided that z is 
not a real number between - 1 and 4-1, it follows that, with this exception, the result is 
true (§ 5 5) for all values of z 

* F. Neumann, Journal fU^ Math xxxvn (1848), p 24. 
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The reader should notice that Neumann’s formula apparently expresses §„(«) as a 
<me-valued function of z, whereas it is known to be many-valued (§ 15 32 example 2) 
Ihe r^n for the apparent discrepancy is that Neumann’s formula has been established 
when the z plane is cut from - 1 to +1, and (z) is mie-valtted m the eut plane 

Enample X Shew that, when -1 $ iJ(z)<l, | §„(z) | < | /(z) , and that for other 

\ulues of (z) I does not exceed the larger of | ^- 1 |-i, | 2 + 1 |-i 

Example 2 Shew that, when w is a positive mtegei, §„(z) is the coefficient of h* m 
the expansion of (1 - 2Az + A*) “ i arc cosh | — ^ I 

[For, when | A | is sufficiently small, 

s A»o„(z)= i ^ r r 

»=o «=0 2 z-y 2y_j (=-y) 


=(1 — 2Az-pA2) ~ 4 arc cosh [~ — — i 
l(2ii_l)4i 


This resiilt has been investigated by Heme, Kugelfxmhtumen, i p 134, and Laurent, 
Journal de Maih (3), i p 373 ] > i . 

164 Heine’s* development of («-«)-> as a senes of Legendre poly- 
normals in z 

We shall now obtain an expansion which will serve as the basis of 
a general class of expansions involving Legendre polynomials 

The reader will readily prove by induction from the recurrence-toimulae 
(2m + 1) tQ^ («) _ (ffi 1) (p) _ (t) = 0, 

that (j^') >«r-l (•2^) ~ Of 

” «-o W G»+‘ (*)} 

Using Laplace’s integrals, we have 

■P»+i(^)<2»(0-P»(^)Q n +1 (<) 

_ 2 r* {g -h (z^ — 1)^ cos 4>Y * 
trJoJo {t-|-(i>-l)icoshM}'‘+> 

X [sr + («* - 1)4 cos - ji -f (t» - 1 )4 cosh m}-»] d<f>du 

Now consider z-Kz«-l)4cos<^ 

— 1)4 cosh M 

Let cosh a, cosho be the semi-major axes of the ellipses with foci ±1 which pass 
through z and t respectively . Let d be the eccentric angle of z , then 
z=oosh (a-i-td), 

|z±(z*-l)4 cos^ |=|oosh(«-Hd)+smh(a-(-td)cos <^| 

= {cosh* a - sin* d -l- (cosh* a - cos* d) cos* ± 4 sinh a cosh a cos <>}4 
This is a maximum for real values of 0 when cos <^«= q: 1 , and hence 

I * ± (**- 1)4 cos I* < 2 cosh* a - l-p 2 cosh a (cosh* a - l)4»exp (2a) 

Similarly |«+(<*-l)4cosha|>expa 

* Jownalfilr Math xui. (1851), p 72 

W M A 21 
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Therefore 

1 Pn+I (n) Qn (t) - Pn (^) Qn+i (f) I ^ w”* exp {u (a - «)} [ [ Fd<f>du, 

J 0 Jo 


where 


Fl = 


z + (s^- 1)^ 


< + («>■ 


^ I + I 4 - — 1 )^ cosh i^} 

1)2 coshti* 


Therefoie | Pn+i ( 2 ^) Qn (0 Qn+i (0 1 0, as 7?» -> 00 , provided a< a 

And fui*ther, if t vanes, a remaining constant, it is easy to see that 

the uppei bound of [ [ Vd<j>du is independent of t, and so 
Jo Jo 

P «-hi (^) Qn (0 ■“ -Pw (^) Qn+i (^) 
tends to zero uniformly with legard to t 

Hence if the point z is in the interior of the ellipse which passes though 
the point t and has the points ± 1 foi its foci, then the expansion 


^=2 (2« + l)P„(^)Q„(i) 

M=0 

IS valid , and if the a variable point on an ellipse with foci ± 1 such that z is 
a fixed point inside it, the expansion converges uniformly with regard to t 


1641 Neumann's'^ expansion of an arbitrary function in a senes of 
Legendre polynomials 

We proceed now to discuss the expansion of a function in a series of 
Legendre polynomials The expansion is of special interest, as it stands next 
in simplicity to Taylor's senes, among expansions in series of polynomials. 

Let f(z) be any function which is analytic inside and on an ellipse 0, 
whose foci are the points z^±l We shall shew that 

f(z) = aoPo (^) + aiPi {z) + aaPg (z) + o^Pg (z) + , 

where a^, Oi, a^, are independent of z, this expansion being valid foi all 
points z in the intenor of the ellipse O 

Let t be any point on the ciicumference of the ellipse 
00 

Then, since S (2n-f l)P>i(- 0 ) Qn(t) converges uniformly with regard to t, 

n=0 

j'<‘> - <=) «" W/W * 

= i anP„(z), 

where a„ = 


* K Neumann, Uabei die EnUotckeluny einer Funktion mch den Kugdfunktionen (Halle, 
1862) SeeaXsoThomS, Journal fvr Math lxvi (1866), pp 837-343 Neumann also gives an ex 
pansion, in Legendre functions of both kinds, valid m the annulus bounded by two ellipses 
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This 18 the required expansion , since J^(2« + 1) P„ (t) may be proved • 

to converge uniformly with regard to « when ^ lies in any domain G' lying 
wholly mside C, the expansion converges uniformly throughout 0' 

Anothei form for a,, can therefore be obtained by integratmg, as in 
S 15 211, SO that 

A form of this equation which is frequently useful is , 

4- i r 1 

which IS obtained by substituting for P„ (a) from Rodrigues* formula and 
mtogiating by parts 

The theorem which boars the same iclation to Neumann’s expansion as Fourier’s 
theorem bears to the expansion of ^ 9 11 is as follows 


Letf{t) he defined when -1 1, and let the mtegral o / exist and he 

absolutely convergent, also let 


Then2a^P^{a) u toiivergmi and has the sum /’(a?- 0)j at any point for 

whieh — I < 47 < 1, %f any condition of the type stated at the end o/^ ^ 9 43 w satisfied 
For a proof, the reader is referred to memoirs by Hobson t and BuikhardtJ 

Example 1 Shew that, if p 1) bo the radius of convergence of the series Sc?„ 2 :”, then 
converges inside an ellipse whose semi-axes are 


ISxamph % If 



A2„ (^-l)CyH-l) 
(4^+1) (y-1)’ 


where y> 1, 


'>’* -i “ 

[Substitute Laplace’s intogials on the right and integrate with regard to tp ] 
Example 5 Shew that 


(Frobenius, Journal fw Math. LXXIIX (1871), p 1 1 

18 6 Fm'ei s’ associated Legendre functions Fn^' {z) and (z) 

Wo whall now introduce a more extended class of Legendre functions 

If w be a positive integer and - 1 < ^ < 1, n being unrestncted§, the 
functions 


Pa"' (z) = (1 - 


d'"^Pn (z) 
dz”' ’ 






The proof is aimilar to the ))ioof in § 15 4 that that convergence is uniform with regard to t 
+ Pioc London Muth Soo (*i), vi (1908), pp :i88-395, (12), mi (1909), pp 24-39 
i MUnchenei Sitzungsherichte^xxKix (1909), No 10 
g Kee p. 817, footnote Ferrers writes {^) i^) 


21—2 
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will be cftHwl Fcrreiw’ jMWJciated Legendre functicmii t»f <logree w and enler m 
ol the first ai«l wconil kuKls respectivtily. 

It may Ih» shewn that thew’ functions satisfy a differential eijuatien 
aimlogntiH to Legendre’s equation. 

For, diffi'rentiato Ijogendro's equation 

(I ~ j];? “ 2 * + ” (« + ^ 

m times and Wfite e for We obtain the oqtiation 

(1 - i*) ^ 2 f (w* + ^ “»«)(» + ”>+■ I ) » * 0 . 


Write w ( I - «*)^ " and wo get 
. dHo „ dw 


(I -2j 5c + l»<'* + 0 


nr 


1 


«;«• 0 . 


Thus iH the differential eijuation satiaficHi by and 

Fn)m tha dohnitinim gtvoii almva, wivaral axpramiiiniii for tho an^ooialad I^NKi»iidfa 
funotionH timy bo obtaiiitHl 

ThuH, from HchtMitW formula w« havo 

1 )« rft, 

whero tho onnUmr diaM not anuiowi tha |x)int f « - t. 

Further, whon a m a posittvn intagor, wo liavo, by HodriguiM* fortstula, 

(! i*)***d*‘"(t*-l)« 

KjeempU* Bhew that Logimiini'a ajoiooiaiod oqtiatian b do Atiod by iho aohrmo 

I D 00 1 \ 

|m a + ! Im (Olbflobb) 

-Jm - a -Jwi j 

IB'Si. Tht inUgral propmirn a/ th$ tmoeiatmi Ltftndrt /ima^tu 
Thu generalisation of the theorem of 1 16*14 is the fidlowtng; 

When n, r, m ore positive integers and n > m, r > m, then 

-0 (r^la). 




8 (a + «)l 


To obtain the first result, multiply the differential equations for I*m"(9), 
by P,**<s), /’»•'<*) respectively and subUact; this gives 

+ (ii -r)(n+r+l)P^«(s) F»"i(«)» 0 . 


air 
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On integrating between the hmits - 1 , + 1 , the result follows when n 
and r are unequal, since the expression in square brackets vanishes at each 
limit 


To obtam the second result, we observe that 

(^) = (1 - (1 - i (z ) , 

squaiing and integrating, we get 

[(!-,■) 1 ^^'’ 


+ 2rugP„”>(^)— 
dz 




= -/^ P„-»(^)^ dz-r. [jP.-WPd. 

+ W^{P^^i^)Ydz, 

on integrating the first two terms in the first line on the right by parts 
If now we use the dilEferential equation for P^{z) to simplify the first 
integral in the second line, we at once get 

^ {P^vv+i fy)j * dz = (n-m)(n-{-m + l)j^^ {P „“ («))* dz 

By repeated applications of this result we get 

j {P„”‘fy)}*d£: = (w — m + l)(n — m + 2 ) n 

X (n + m)(w + m — 1) (n + l)| {Pn(z)Ydz, 


and so 




16 6 HohsorCs definition of the associated Legendre functions 
So far It has been taken for granted that the function ( 1 — which 
occurs in Ferrers’ definition of the associated functions is purely real, and 
since, in the more elementary physical applications of Legendre functions, it 
usually happens that — l<; 0 r<i, no complications arise But as we wish 
to consider the associated functions as functions of a complex vanable, it is 
undesirable to introduce an additional cut in the ^r-plane by givmg arg(l — z) 
its pnncipal value 

Accordingly, in futv/re, when z is not a real number such that --l<z<l, 
we shall follow Hobson in defining the associated functions by the equations 

wbtsre m is a positive integer, « is unrestncted and aig z, arg {z + 1 ), arg fy - 1 ) 
have their principal values. 
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Whnn m in Pn^(i) in deftned by Hcib»oii to \m 

rnrrsnC-l)* 

And IkiHifH hm gjvnn a definition of (i) fttim whiuh the fortnuU 
- »»■(*«+«")> r(H +« n-i)ra) ( »» 1)** 

“• ( ) dli MW 2" * ' r (n+ j> I" • 

X /’(!»+ J«+l. Jm + Imi + I . M+# . « •> 

may J» olitaHHxl. 

ThnniRhout tht» wtn-k we nhall take m to be a ptiaiUve ititeger. 

IIS'S!. SwpTvmon of P^"* (ir) it4i an tnit^rai of hafUttet'a 

If w<3 make the neceasary intKiificatinn in the .Srhiafli inU'gral of $ IS A, 
m aooordance with the definition of § 16’6, wu have 

<“ ■‘”>,^-1, r-iy, 'rf. 

Write * a + (*• - 1 )1 «**, as in 1 16'28 ; then 

where a ia the value of ^ when t ia at .H, ao that 

|arg(i*- 1)* + «|<ir. 

Now, aa in § 15'28, the integrand ia a one valued periudic fiinction of the 
real variable ^ with period Sw, and no 

Since |« + («'-’ 1}^ coa^j" ia an even function of we get, on dividing 
the range of integration into the parta (- w, 0) and (0. w). 

« / 0 

The rangea of validity of thia formula, which ia due to Heine, (aoounltng aa 
n ia or la not an integer) are preoiaely thoee of the formula of | IS'tS 

BaampU, Shew Uiat, if | arg 1 1 < j|w, 

whm thtt many^yAluad Ihnctioim mm iip«oifi«d m in 1 1ft tS. 

].6*7« 7SU midtiion thmmmfor lA# it»ff09uim 

Let f i-jwf l)i (#"*- l)4owniii where j?y y, # ere imieiitiHeie^ oomplee niunlwM. 

i iiliyeleel 


* Legexidri, 0<Utf« lei* ii* pp, MmftO* 4n IttfeeUfetioe ef ^ tbetwiei 
leiioniiig will he given tabeeqnenlly (i 18*4)* 
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15 61, 15-7] 


Then we shall shew that 


W = P„ WP, (y) + 2_S 


cos mm) 


Firat let R (of) > 0, so that 


IS a bounded function of ^ in the 


ar+ - 1)1 cos (<a — <f)) 

range 0 < (^ < 27r If if be its upper bound and if | A | < M‘'\ then 

“ {^+ - 1)^ cos (a - 

“=« {y + — 1)^ cos 0}“+* 

converges niufonnly with regard to <j>, and so (§ 4 7) 

1^. {^+(^-l)*cos(<«»-d>)}" {a!+ (^ - 1)* 008 (tt) - (j))}» 

n =0 4- cog <A1» + 1 J-»n=o (a:' + fa;'a-ll4co8«i.l«+i ^ 


-/: 


d<l> 


1)^ cos — A {^+(^2— l)i cos (m>-‘<l>)} 
Now, by a slight modification of example 1 of § 6 21, it follows that 

d<l) __ 2ir 

^ -IT 2l+-5oos<^4*C'sin <^> 

where that value of the radical is taken which makes 

I ^ ^ I < I (J52+ 672)4 I 


/: 


Therefore 


/; 




" + (y* - l)i cos ^ - A {« + (J!» - l)i OOS (a - <#.)} 

27r 


[(y - Aa;)* - {{si» - 1 )i - A (i»* - l)i cos »}» - {A - l)i Bin a> }.]4 

27r 


(1-2A«+A®)'i ’ 

and when A-^0, this expression has to tend to 27r Pq (^) by § 16 23 Expanding m powers 
of A and equating coefficients, we get 

27r;-„. {^4-(^S-.i)*oosd>}»‘ + l 

Now Pn( 2 f) IS a polynomial of degree n in cos«, and can consequently be expressed m 

n 

the form JJo+ 2 -4n*oosm«, where the coeflficients -4o, are independent of o) 

to determine them, we use Fourier’s rule 9 12), and we get 

1 /*7r 

/ Pn (^) COS mo) <fa> 

^ J -ir 

f "■ {a!+(a!*-l)^ 008(a)-<;!))}"OOSWt< ii> ^ 

{«'+(*'*-l)ioos<^}"+i 






doi 


w {07 + 1 )4 OQQ ^ 


{o/ + (o?'® - 1)4 cos </>}»* + 1 
IT {^4. (y2 - 1 )4 QOS cos m(Kf> + ylr) 


d(o d(j> 




{o/ + {a/^ —1)4 cos 

on changing the order of integration, writing ci>^</>+ylr and changing the limits for yjr 
from ±7r — ^to +ir 
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Now j {a + (^®— 1)^009 sin since the mtogrand is an odd function , 

and so, by § 15 61, 

A ” ' ["■ coam<t) ^ 

7r(«+m )' ^ 


Therefore, when | arg sc' | < W, 

P„(a)=P„(^)P,(y) + 2 2 />„»(*') cos 

m—i {n-f-m) ' 

But this IS a mere algebraical identity in sc' and cos a> (since n is a positive integer) 
and so is true independently of the sign of M {sc') 

The result stated has therefore been proved 

The corresponding theorem with Ferrers’ definition is 

15 71 The addition theorem for the Legendi e functions 

Let s, x' be two constants, real or complex, whose arguments are numerically less than 
jiTT, and let (sf ±1)^ be given their principal values , let ® be real and let 

z^xod -{s^- l)i {d^ - 1)4 cos 6) 

Th&n toe shall shew that^ if | arg 5 | < ^tt for all values of the real vanahle a>, and n he 
not a 'positive integes^ 

Pn « = A (*) Pn (*') + 2 ( - )» j A"* (») P„« (0/) COS TO® 


^t cosh a, cosh a' be the semi-major axes of the ellipses with foci ± 1 passing through 
x' respectively Let ft ft be the eccentric angles of x, sf on these ellipses so that 

-J7r<^<^7r, -J7r<ft< Jtt 

Let a+^^=f, a'+ift so that ^=coshf, ^=coshf' 

Now as passes through all real values, R (z) oscillates between 

R {xx')±R (y 2 _ i)4=:cosh (a±a') cos (j8±ft), 

so that it IS necessary that (3±^ be acute angles positive or negative 
Now take Schlafli’s integral 


and write 


z> / X 1 


smh | cosh W - cosh g smh + cosh f cosh iff - sinh £ smh 

cosh ip 4 -e** sinb 

The path of as ^ increases from -n- to »■, may be shewn to be a circle; and the 
reader will verify that ’ 

< - 1 = 2 {a* <*-“> cosh ^-Hsinh {smh ^ cosh M ' - oosh jj smh 

cosh Jl' -f / ^ smh ’ 

t + 1 - ^ jg+cosh {cosh cosh w - e’“ smh smh tf } 

cosh smh J f ’ 

°osh If +sinh M'l f r smh g sinh^ it +e-'^ sinh f cosh* *1' - cosh g sinh f'} 

co3h-il'+e‘*8inhJf' 
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15 71, 15*8] 


Since* I cosh | > | sinh |, the argument of the denominators does not change when 
<l> increases by Stt , foi similar reasons, the arguments of the first and third numerators 
inciease by Stt, and the argument of the second does not change, therefore the circle 
contains the points and not ^s= — 1, so it is a possible contour 

Making these substitutions it is readily found that 

J -IT ^ (^2 , cos + 1 

and the rest of the work follows the course of § 15 7 except that the general form of 
Fouiier’s theorem has to be employed 

ExamipU Shew that, if /i be a positive integer, 

y,j{^^' + (^-l)^(^^-l)ioos<iD) = $„(^)Pn(a?') + 2 S P„-»»‘(^')cosm<», 

m=l 

when o> is real, R (^) ^ 0, and | (^ - 1) 1) j < |( 4 ?~ 1) (:i/ + 1) | 

(Heine, Kugelfunktionen , K Neumann, Leipzig^ Ahh 1886 ) 


15 *8 The functioni {z) 

A function connected with the associated Legendre function Pn”*W is the function 
{z\ which for integral values of n is defined to be the coefficient of hP’ in the expansion 
of (1 — in ascending powers of h 

It IS easily seen that Cn W satisfies the differential equation 


d^y ( 2v + l)g ^ 

dz^ - 1 dz - 1 


y«0 


For all values of n and i/, it may l>e shewn that we can define a function, satisfying 
this equation, by a contour integral of the form 




where (J is the contour of § 15 2 , this corresponds to Schlkfli’s integral 
The reader will easily prove the following results 
(I) When 11 IS an integer 

Hi (2?i+2v-l) (2w+2v-2) + ^ ^ 

Since P^(z)^On^(z\ Rodrigues’ formula is a particular case of this result 
I'll) When r IS an integer, 


- 1) (2r- 3) 3 1 ^ 


whence 


C!«= 






-l)(2r-3) 3 1' 

The last equation gives the connexion between the functions O'/ («) and P/ (z) 


* This follows from the fact that oos/3'>0 

t This function has been studied by Gegenbauer, Wiener Sitzungzhenchte, nxx (1874), pp* 484- 
448, nxxv (1877), pp 891-896, xovm (1888), pp 269-816, on. (1898), p 942 
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(III) Modifications of the recurrence-formulae for Ptt(z) are the following 


dC^^iz) 


W“(’»-l+2.') ^Gl_, («) -2v (1 -z^ Gill (z) 


REFEEENCES 

A M Legendre, Calcid Integral, n (Pans, 1817) 

H E Heine*, Handhuch de/t Kugelfanhtionm (Berlin, 1878) 

N M Ferrers, Spherical Ha/nnomce (1877) 

I Todhunter, Fwruitiom of Laplace^ Lamd and Bessel (1876) 

L SoHLAPLi, Ueber die zioei Hexndsch^n Kugelfanhtionen (Bern, 1881) 

E W Hobson, Phil Trans of the Royal Soaety, 187 a (1896), pp 443-531 
E W Barnes, Quarterly Joui nal, xxxix. (1908), pp 97-204 

R Olbricht, Stvdien ueher die Kugel- nnd Cylinder-funktioneii (Halle, 1887) [Fova 
Acta Acad Leop.hii (1888), pp 1-48] 

N Nielsen, Thione dss fonctions mdtaspKMgnes (Pans, 1911) 


Miscellaneous ExAMPLEsf 

1 Prove that when w is a positive integer. 


(Math Trip 1898) 

2 Prove that *(l_s!S) ^ 

IS zero unless m— 7i= ± 1, and determine its value in these cases 

(Math Trip 1896) 

3 Shew (by induction or otherwise) that when is a positive integer, 

(^in.+ l) j^P^^z)dz=l-zP^i-Zz(Pi‘ + Pj‘+ +P>^_{)+2{PiP^+PtPf+ +P^_^P^) 

(Math Tnp. 1899 ) 

4 Shew that 

zP^' {z)^nP^ (z) + (2n-3) P „«2 («)4-(27i- 7) ^^-4 («) + 

(Clare, 1906 ) 

5 Shew that 

z2p,,"(z) = ji(n-l)P„(z)+ I (2n-4r+l){r(27i-2i-+l)-2}P„^2, (z). 


where p= or \ (w- 1) 


(Math Trip 1904) 


* Before studying the Legendre function P„(z) in this treatise, the reader should consult 
Hobson’s memoir, as some of Heme’s work is incorrect 

t The functions mvolved m examples 1-30 are Legendre polynomials 
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6 Shew that the Legendre polynomial satisfies the relation 

(«s - l)a (« - 1) (»+ 1) (»+2) I* dz J’ P, {z) dz 

(Trin Coll Dublin ) 

7 Shew that 

**-Pii+i W -Pb-i («) = (2n _ 1) (L + 1) (2» + 3) 

(Peterhouse, 1905 ) 

8 Shew that the values of J (1 - ( 2 ) ( 2 ) c ?2 are as follows 

( I ) 8?i (n + 1) when m-n js positive and even, 

( II ) - 2w(w“- 1) (71 — 2)/(2w-f 1) when m= 71 , 

(ill) 0 for other values of m and 71 (Peterhouse, 1907 ) 

9 Shew that 

Bin^ (sin 6) ^ ^ y f i cos’* 3Fr (cos S) 

(Math Trip 1907 ) 

10 Shew, by evaluating Pn(cos (§ 15 1 example 2), and then mtegratmg by 

parts, that J (ix) arc sin /m dfx is zero when n is even and is equal to ir (n-i- l )} 

when n is odd (Clare, 1903 ) 

11 If 771 and n be positive integers, and shew by induction that 

n n S /271 + 2771 - 4r + 1\ p ^ . 

P„ (s) P„ (z) - [zn-i-im-ir+lj 


where 


1 3 5 (277t--l) 


(Adams, Proc Royal Soc xxvn ) 


12 By expanding m ascending powera of u shew that 

where k* is to be replaced by (1 - 2 ^) after the differentiation has been performed 

13 Shew that P^ ( 2 ) can be expressed as a constant multiple of a detenmnant in 
which all elements parallel to the auxiliary diagonal are equal (1 e aU elements are equal 
for which the sum of the row-index and column-index is the same) , the determinant 
containing ti rows, and its elements being 

1 - 

’"3' 3^’ 5’ 5 ’ 2n-l 

(Heun, Qbtt Nach 1881 ) 


14 Shew that, if the path of integration passes above ^-l, 


(«')*= 


TTl J 0 


/: 


(Silva.) 


(!-«»)»+ 

15 By writing cot d* - cot 5 - A cosec 6 and expanding am ff in powers of k by Taylor's 
theorem, shew that 

" (Math Tnp 1893) 


P.(cos 0) = y-" cosec«-> 


,d»(6md) 
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16 By considenng s shew that 

71=0 

(Glaisher, Proc London Math Soc vi ) 

17 The equdition of a nearly spherical surface of revolution is 

r^l+a {Pi (cos (9) +P3 (cos B)+ H-Pan-i (cos 6)}y 
where a is small , shew that if a? be neglected the radius of curvature of the meridian is 


n-1 


1 + a S {71 (4m + 3) - (m + 1 ) (8m + 3)} P^ ^ ^ (cos $) 


(Math Tnp 1894) 

18 The equation of a nearly spherical surface of revolution is 

V ^ = {1 + ePn (cos 

where e IS small ^ 

Shew that if 6® be neglected, its area is 

4«-a!* |l + (Tniiity, 1694) 

19 Shew that, if k is an integer and 

(l-2Ae+A«)-»*= I a,M), 

then 

where ar and 3^ are to be replaced by unity after the differentiations have been performed 

, (ftouth, Proc London Math Soc xxvi ) 

20 Shew that ' 

/!., ^ ■P”-* (*)} <^ — l, 

ftli 2^ & W (^ -Pn-I W+^i^A+1 (*))J= -1 (Catalan.) 

21 Let «*+y2+«*=r», the numbers involved being real, so that -l<ii<l 

Shew that 

<-)"r»+i a» /IN 


JPnM‘ 


n ' 


©■ 


where r is to be treated as a function of the independent variables performing 

the differentiations 

22 With the notation of the preceding example (dl p 319, footnote *), shew that 

23 Shew that, if | A | and | * | are sufficiently small, 
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24 Pro\e that 

« Qn-l W-P«-l {Z) + I 

(Math Tup 1894 ) 

26 If the arbitral y function / (x) can bo expanded in the series 

00 

/{«;)- 2 anPnQc), 

convei’ging uniformly in a domain which includes the point ^- 1 , shew that the expansion 
of the integral of this function is 

/>') - --5 “■+.1. (ari - Sri) « t®*” ) 


26 Determine the coefficients m Neumann’s expansion of e“* in a series of Legendre 

polynomials (Bauer, i^vi) 

27 Deduce from example 26 that 

aicain*=| 1 f 2 4 ^ W- Pin-. W} 

(Catalan ) 

28, Shew that 

Qn W = 1 log (J:^) P„ (*) - |Pa-, « Po (Z) + i P„_s {z) P, (z) 

+ 5 P«-3 W Pz {Z)+ + \ Po W P„-I (*))• 

(SchMi, Hermite, TeixmaJ dc Set Math vi (1884), pp, 81-84 ) 

29 Show that 


Prove also that 


«„ W“gP»W log -/»-.(*), 


where* 


, , , 2?i-l „ , . , 2n^t> o , V , 






n(«.-1)iw-2)(ra+l) (?i+2)(w+3) fz - ly 






where A«-l+| + ^+ +|^- 


(Math. Tnp. 1898 ) 


30 Shew that the complete solution of Legendre’s differential equation is 

/ o 6 

the path of integration being the straight line which when produced backwards passes 
through the point ^*s :0 


* The first of these expressions for i (r) was given hy Christoffol, Journal /Ur Math. h\ 
(1858), p 68, and he also gives {Ibid p. 72) a geneiaUsation of example 28, the second was given 
by Sileltjes, Co)rr$p Hermite et de HtteltdeB^ n p 69 
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31 Shew that 1)4}«= 2 

W»s=0 

where + r(OT-i)r (m-a-4) 

^ Stt m ' r (w 2 “ a + 1 ) 

32 Shew that, when /2 + 1 ) > 0 , 

/•« A-w-i 

aad «„(.)= 

( 1 - 2^0 + *2)4 

33 Shew that 

Om/«.N_^W 7 n r(? 2 -f“l) /* cosh mw - 

{7r (.2-l)4coeh<^i "^- 

where the real part of {n 4 - 1 ) is greater than m (Hobson ) 

34 Obtain the expansion of (z) when | arg « | < tt as a senes of powers of I/ 2 , when 
n is not an integer, naniel} 

P f V tan ‘iiiTT f . ^ 

• /J^ „ IS 

r(w+i)r(|) V 2 ’ 2’ ?) 

2 -”-‘r(- 7 t-^) /a n+l 1 \ 

^ r(-«)r(i) * ^{ 2 '^^’ ’*+ 2 . Jaj 

[This is most easily obtained by the method of § 14 51 ] 

35 Shew that the differential equation for the associated Legendre function PJ^ (^) 
IS defined by the schemes* 



f 

00 1 ^ 

1 

f 0 

00 

1 1 

P^ 

-4m 

« ^+(**-l)i 

pI 

-Jm 


0 ' 



2-(«®-1)4 




1-.* 


i4«+4 

- m J 

1 


-im 

i j 


( 011)1 loht 

36 Shew that the diffeiential equation for C/ (s) is defined by the scheme 

r -1 00 1 

— 1 / ;fc4-2v ^ — V 2 :] 

i 0 0 

37 Pio\ethat, if 

then p 

V, =/>.., -i(5!i±i)p , 3(2 w + 5) „ {2/i + 3)(2« + 5) „ 

and find the general fornnUa Trip 1896 i 


See also § 15 5 example 
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:W Shew that 

i*" ^ ^ ) F coh {( a +^)^-i7r + ^mjr] ^ 1® -4m® oos{(ji+5)^ — i»r+-i??i7r} 

fjtr r(a + ^) L (2 8111^)4 2(2«+3) (2smfl)4 

, (l»-4m ®)(3®~4m®) cos {(w+ 4) «-{«■+ ^mn-} . 1 

a 4 (2a+3)(2»+5) (2«rn<J)4 J’ 

obtaininK tlm langew of viiIuoh t>f m, n and 3 foi which it is valid 

(Math Trip 1901) 

.)!). Show that the valucH of a, foi which (cos 3) \aniahes, decrease as 3 increases 
fttii%0ti> w when m is positive, and that the imtnbei of real zeros of P«-™(oosd) for 
values of 3 lietweon - jr and w is the greatest lutogoi less than m - m + 1 

(Macdonald, Pi or London Math iSoe xxxi, xxxiv ) 

40. Oiitain the formula 


C f [ 1 - iA !o(m «> cos (Jb + sin u sin <<i cos (3' - d)l + A®] ' 4 cfd - S A"P„ (cos a) (cos <j)) 

(Legendre ) 

41 If und /(li)^ — <0;, shew that, if /(x) can be eihpanded 

into a unifonnly <onYergent neries of Legendre polynomials in the range (-1, 1), the 
expatmion is 

(Trinity, 1893 ) 

■** (1 -a/w+A®)" “J/'" 

lihew that 

< V lafj-, - (j.4 - 1 )i (j'l® - 1 )4 cos <t>‘, 


_r(2v-i) ,4''r(w-x+i){r(v+x)}®(2v+2x-i) 

ircv))* r(«+2v+x) 

K (x»- 1)** (.r,»- 1)4^ c’-il (*) 6’;!;; (:»,) (cos i>) 

(Gegeubauor, Wxemr SxtzungBhericktey on (1893), p, 942 ) 


43 If 

^hm ti\ m the least root of 1 »0, shew that 


ami 


(2« + l) 0*1, + 1- 3(2^i“ l)?<r„.|+2(?i-l)or,*-2«0, 

4 (4i*« - I ) + 1 44f«<rV' - : ( 1 2^5' - 24n - 291 ) (r,/ - (n - 3) {2n - 7) (2w + 6) im = 0, 

whetx) - 


44. If 
shew that 

ami 


o*,r'’*‘-^j^» etc 
(Pinoherlo, it&7idiconti Iauchi (4), vn, (1891), p 74 ) 
(Aa-3At+l)-4- S A„(*)A“ 

2 (?/ + 1 ) /e,. + , - 3 (2n + 1 ) r/f„+(2n - 1 ) «• 0, 

ny^ + i 


4 (4r»-I) /fr + Wy?;'--i(12«»+24w -91)i2,/^n(2n+3^ (2w+9)y?n«0, 

(Pinoherle, Mem. 1st Bologna (5), i (1889), p 337 ) 


where 
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obtain the reciirreuce-formula 

(Schendel, Journal fur Math TjXX\ } 

46 If % IS not negative and wi is a positive integer, shew that the equation 


has the two solutions 


(^-l)^+(2»+2)«^=m(OT+2)H-l)y 


when X is not a real number such that - 1 ^ x $ 1 

47 Prove that 

2 h^+m ^ pgn+w 

n^m (n + m ) » n \ S5 / 

rClare, 1901 ) 

48 If i 

ni,s=0 

shew that 

where P„ (a, f«) is a polynomial of degree nmx, and deduce that 


-Pn+ 1 (<^> «) = (^+a) Pn (^) ^ Sr 

49 If P,! (r) be the coefficient of s'* m the expansion of 

%kz 


(Trinity, 1905 ) 




gxe 


m ascending powers of so that 

■^0 (^) = 1, Fi {x) =.x, Fi (a .) = ^ etc , 

shew that 

(1) Fn (po) is a homogeneous polynomial of degree nm x and A, 

(2) (oi), 

(3) J ^F„(x)clx=0 

( 4 ) If y=ao-^^o(*)+ail?',(ir)+a2i?'2(a?)+ , where oo, a,, a,, are real oonstants, 

then the mean value of ^ m the interval from a=-Ato»=+Ais<^ (lAauW ) 

50 If F„ (®) be dehned as in the preceding example, shew that, when - A < r < /<, 


P2m4.i (^)=( 2 (sill ^ ■ sm + L. «in ?2!f j. \ 


(Appell ) 
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THE CONFLUENT HYPEROEOMETRIC FUNCTION 


161 . The confluence of two singvianties of Riemam^s equation 

We have seen (§ 10 8) that the linear diflferential equation with two 
regular singulanties only can be integrated in terms of elementary functions, 
while the solution of the linear differential equation with three regular 
singularities is substantially the topic of Chapter xiv As the next type 
in order of complexity, we shall consider a m^ified form of the differential 
equation which is obtained from Riemann^s equation by the confluence of 
two of the singularities This confluence gives an equation with an irregular 
singularity (corresponding to the confluent smgulanties of Riemann’s equation) 
and a regular singularity corresponding to the third singulanty of Riemann’s 
equation 


The confluent equation is obtained by making c 
defined by the scheme 


0 00 c 


p 





— c 
0 


c—k z 
h 


00 in the equation 


The equation in question is readily found to be 


dz 



+ 


) 


n 


0 


. (A) 


We modify this equation by writing and obtain as the 

equation* for 


d^W , 
dz^ ^ 



1 

i 






w=o 


..(B) 


The reader will venfy that the singularities of this equation are at 
0 and ao , the former being regular and the latter irregular; and when 2m 
18 not an integer, two integrals of equation (B) which are regular near 0 and 
valid for all fimt© values of si are given by the senes 




1 + 


11(2ot+ 1) 2i(2TO + l)(2m + 2) 


* This ©<itiatioii was gfiven by Whittaker, jBwWetifi /I Soc x (1904), pp 125-1S4. 
vr. Iff A. 22 
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1 + 


lt(l-2m) 


2 ’ (1 - 2m) (2 - 2m) 


These series obviously foim a fundamental system of solutions 


[Note Senes of the type m { } have been consideied by Kummer* and more recently 
by Jacobsthalt and Barnes {, the special senes m which ^=0 had been investigated by 
Lagrange in 1762-1765 {Oeuwes, i p 480) In the notation of Kummer, modified by 
Barnes, they would be written iFi{\±m — h , ±2wi+l, z) , the reason for discussing 


solutions of equation (B) rather than those of the equation ( 0 — p) a^s=0, of 


which 1^1 (a, p, ; 2 ) IS a solution, is the greater appearance of symmetry in the formulae, 
together with a simplicity 111 the equations giving vanous functions of Applied Mathe- 
matics (see § 16 2) in terms of solutions of equation (B) ] 


16 11 Kummer' s formulae 

(I) We shall now shew that, if 2m is not a negative integer, then 


that IS to say, 


^ i ^ m (- Z), 


e-*|l + 


k + m-k G + m-A;)(|+m-A;) 

li(2m + l) 2 I (2m + 1) (2m + 2) 


^ + m + k _ (^ + m + &)(f + m + A)_, 
l'(2m + l)^'^ 2 1 (2m + 1) (2m + 2) ^ 


•} 


For, replacing by its expansion m powers of z, the coefficient of m 
the product of absolutely convergent series on the left is 


+ m - A*, -7z, 2m -bl, 


A _ r (2?ii + 1) r (m + + A? + n) 

/ ?i ^ r ( 7)1 -h j 4- A?) r (2m -f 1+ ny 


by § 1411, and this is the coefficient of z'^ on the right§, we have thus 
obtained the required result 


This will be called Rummer's first formula 


(II) The equation 

{z) = +”* 1 1 + 2‘J’ ;)i(m + l)(m + 2). (m + jp)} ' 

valid when 2m is not a negative integer, will be called Rummer's seomd 
formula X 

To prove it we observe that the coefficient of in the product 

2wih- 1, e), 


* Journal fUr Math xv (1836), p 139 
t Math Ann lvi (1903), pp 129-154 
t Tram Camb Phil Soc xx (1908), pp 253-279 

§ The result is still true when m-hj-i-fc is a negative integer, by a slight modification of the 
analysis of § 14 11 
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of which the second and third factors possess absolutely convergent expansions, is (§ 3 73) 


(H”0(t+w) (w-w+^) p/_ 

n ’ (2m+l) (2m + 2) ^ ’ 




— w+J — m, -J) 


w ' (2m+l) (2m+2) (2»i+«) ^ ^ ’ 


-71+J-m, 1), 


by Ktxmxner’s relation* 

a+/3+i, a;) = F{a,^, a+^ + i, 

valid when 0 ^ ^ J , and so the coefficient of (by § 14 11) is 

( i+m) (f+m) {n-m^\) r r(^) 

w’ (2m+l)(2m+2) (2m4-n) r (^ — m- -Jn) r (^ ~ ^n) 

ra-m)r(^) 

n’ (2m+l) (2m-|-2j (2m4-w) r(-Jr-'iw)’ 


and when n is odd this vanishes , for even values of n (— 2j?) it is 


2^ ’ (w+i) (wi+f) (m+jp— i) (mH-l)(m+2) (wi+;p) r 

1 3 >(2y-l) 1 

“2^1 28p(m + l)(m+2) ,(wi+p) (m+l)(wi + 2) „ (m+p) 


16 12 Definition^ of the function Wk,m if). 

The solutions of equation (B) of § 161 are not, however, the 

most convenient to take as the standard solutions, on account of the 
disappearance of one of them when 2m is an integer 

The integral obtained by confluence from that of § 14 6, when multiplied 
by a constant multiple of isj 

It IS supposed that arg z has its principal value and that the contour is so 
chosen that the point < = - is outside it The integrand is rendered one- 
valued by taking [ arg (-t)\^ir and taking that value of arg (1 -f tjz) which 
tends to zero as < 0 by a path lying inside the contour. 

Under these circumstances it follows from § 5 32 that the integral is an 
analytic function of z. To shew that it satisfies equation (B), write 

J op • 

* See Chapter xiv, examples 12 and 13, p 298. 

t The function was defined by means of an integral in this manner by Whittaker, 

ioc dt p, 125 

j A suitable contour has been chosen and the variable t of § 14’6 replaced by - 1. 

22—2 
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and we liave without dif&culty * 

d^v f2k dv i - i (Ar — 1) 


- 0 , 


M/c-f + Wl 



since the expression in { } tends to zero as ^ 4- oo , and this is the condition 

that should satisfy (B) 

Accordingly the function Wje,m(^) defined by the integral 

r (* + 1 - 

IS a solution of the differential equation (B) 

The formula for Wjc.m i^) becomes nugatory when A — ^ — m is a negative 
integer. To overcome this difficulty, we observe that whenever 


jB — m) < 0 


and %s not an integer, we may transform the contour mtegral into 

an mfimte integral, after the manner of § 12 22 , and so, when 








’(i 

This formula suffices to define m the critical cases when 

m + | — A; IS a positive integer, and so defined for all values of 

k and m and all values of z except negative real valuesf. 

Example Solve the equation 

dhi ,( ^c\ ^ 

in tenns of functions of the type Tfjt,w where a, b, c are any constants 


162 Expression of various functions hy functions of the type 

It hats been shewn J that various functions employed in Applied Mathe- 
matics are expressible by means of the fiinction (f ) , the following are a 
few examples . 

* The differentiations under the sign of integration are legitimate by § 4 44 corollary 
t When M 18 real and negative, may he defined to he either or 

{z - Oi), whichever is more convenient 

X Whittaker, Bulletin American Math Soc x., this paper contains a more complete account 
than IS given here 
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16 2] 

(I) The Error function* which occiiis in connexion with the theories of 
Piobability, Errors of Observation, Refraction and Conduction of Heat is 
defined by the equation 



where x is real 

Writing t — and then w^s/x in the integral for j(^), 

we get 

= 2x^6^^^ [ e~^^ds, 
and so the error function is given by the formula 

Erfc (x) = ^ W ^ ^(x^) 

Other integrals which occur in connexion with the theory of Conduction 
of Heat, eg I 6 ^ dt, can be expressed in terms of error functions, and 

J a 

so in terms of Wjc,m functions 

Exmyple Shew that the formula for the erior function is true for complex values of x 

(II) The Incomplete Oamma function, studied by Legendre and othersf , 
IS defined by the equation 

7(71, x)^ f t'^-^e'^^dt 

Jo 

By wnting t^a-x in the integral foi j« («?), the reader will 

verify that 

(III) The Loganthmic-xntegral function, which has been discussed by 
Euler and othersj, is defined, when ( arg {- log z\\<ir, by the equation 



This name is also applied to the funotion 

Elf ( e) = (It =5^ Erfc (,i ) 

t Legendre, SitercKJOT, I p 889, noHeyti, ZetOehrlft ffir Math undPhyi xxi (1876), p 449, 
SohlOmiloh, xvi (1871), p 261, Prym. Journal far Math rvyrn 

(1877), p 165 

J Euler, Inst Calc Int i , Soldner, MonatUche Correspondsnz, von Each (1811), p 182, 
Briefwechsel zwtsehen Gauss und Bessel (1880), pp 114-120, Bessel, lyimgsberger Archiv, i, (1812)', 
pp 309-405, Lagnerre, Bulletin de la Soe JlUath de France, vn (1879), p 72, Stieltjes, Ann de 
I Ecole norm sujp (3), ni (1886) The logarithmic integral funotion is of considerable importance 
in the higher parts of the Theory of Prime Numbers See Landau, Primeaklen, p 11, 



342 


THE TRANSCENDENTAL FUNCTIONS [CHAP XVI 

On 'writmg s — log ii and then w = — log t in the integral for 

it may be verified that 

h (^) = - (- log j (- log z). 

It will appear latei that Weber’s Parabolic Cylinder functions (§ 16 o) and 
Bessel’s Circular Cylinder functions (Chapter xvii) are particular cases of the 
function Other functions of like nature are given in the Miscellaneous 
Examples at the end of this chapter 

[Note The error function has been tabulated by Encke, B&ihne^i ast Jahrhuch, 1834, 
pp 248-304, and Burgess, Roy Soc Edioi xxxix (1900), p 257 The logarithmic- 

integral function has been tabulated by Bessel and by Soldner Jahnke und Emde, 
FimJctionentafdn (Leipzig, 1909), and Glaislier, Factor Tables (London, 1883), should also 
be consulted ] 


163 The asymptotic ecopansion of (z), when |^| laige 

From the contour integral by which Wjc,m {z) was defined, it is possible 
to obtain an asymptotic expansion for valid when |arg 2 ^| < tt 

For this purpose, we employ the result given in Chap v, example 6, that 


where 


Rn(t, u)-^-^du 


Substituting this in the formula of § 16 12, and integrating term-hy-term, 
it follows from the result of § 12 22 that 


21 ^* 


{ - (fc - -(k- #)»} (m° - (ifc - « + 

n 1 


provided that « be taken so large that R (n — ft— g + TO)>0 


Now, if I arg z ^ir — a and \ z\ >1, then 


and so* 

I Rn (i> I ^ 


1(1 + I > sin a ii(^r)^0)’ 


X.(\-l) (\-n) 

n ' 


/•!«/*) I 

(1 + «)'*! (cosec a)l^l J v.”'(l d-u 


It 18 supposed that X is real ' the inequality has to be slightly modified for complex values of \ 
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Therefore 

I ^ I 


n > 


(1 4- (cosec a)l^' I (t/z) (1 + ^)'^> (?z -f 1)~^ 

1 + u < 1 + < 


since 

Theiefoie, when | | > 1, 

Jo 

since the integral converges The constant implied in the symbol 0 is 
independent of &rgz, but depends on a, and tends to infinity as a— >0 

That u to say, the asymptotic expansion of Wic,m (■») is given hy the formula 

W M -(k- jin -a- 4y] [m^ -(h-n + 


. n=i 

for large values of\z \ when \ arg 2 1 < tt — a < ir 


16 31 The second solution of the equation for Wk, m {s) 

The differential equation (B) of § 16 1 satisfied by is unaltered if 

the signs of z and k are changed throughout 

Hence, if ] arg (— 2;) | < w, W-k,m {— •») is a solution of the equation 

Since, when | arg | < tt, 

whereas, when | arg (- 2 ^) | < w, 

(- = ei* (- 2) "Ml + 0 (2 - % 

the ratio cannot be a constant, and so 

form a fundamental system of solutions of the differential 

equation 


164 (hntour integrals of the Melhn-Buimes type for 
Consider now 


T(s)T(-s-k-m+^)T{-s~k + m + ls) j 

2 m J_oo8 r(— A — m + J) r(— ^ + ni + i) 

where | arg 2 j < I tt, and neither of the numbers A ± »i +■§ is a positive integer 
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or zero* , the contour has loops if necessary so that the poles of F (s) and 
those of r s - A — m + r s — lb + m + aie on opposite sides of it 
It IS easily veiified, by § 13 6, that, as s— >oo on the contour, 

and so the integial lepresents a function of z which is analytic at all points f 
in the domain | arg^r | ^ Itt - a < | tt 

Now choose N so that the poles of T r s — &+ 

are on the nght of the line R(s) = — N-^, and consider the integral taken 

round the rectangle whose comers are ± — iV- g + ^, where f is positive^ 

and large 

The readei will venfy that, when (arg^|^|7r — «, the integrals 


’ J. 




tend to zero as f ♦ oo , and so, by Cauchy’s theorem, 






-00* F (— k + 711 “h ■^) 


N 

2 R. 

U=o 


SttiJ 


N-i+°o. r(g)r(-s-^-7ra+or(-a-ib+7»+i) 

- J - 00 1 r* (— A? — 771 -1- r (— A" + 771 + -J-) 

where Rn is the lesidue of the integrand at ^ 

Write ^ = — iV' — i + and the modulus of the last integrand is 
where the constant implied in the symbol 0 is independent of z 




Since I I ^ 1 1 < 1 converges, we find that 




2 12„ + 0(U|“^-^)- 

»n-0 


* In these caseti the series of § 16 3 terminates and ^ (^) is & combination of elementary 
functions 

t The integral is rendered one valued when if (3)<0 hy specifying argz 
t The line jommg ±^i may have loops to avoid poles of the integrand as explained above 
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16 4 ] 


But, on calculating the lesidue we get 

r(n-A;-w4-i)r(n-fc + m + i) , 
n^V(-k-m + ^)T(-k + vi + ^)^ ’ 

-(k- 1)1 f - (A - ^y} {m?-(k-n+ jy} 

71 ' 

and so I has the same asymptotic expamioii as 

Further I satisfies the differential equation for on 

substituting J r ( 5 ) r 5 — A: — wi + r 5 — A + m + 2 ) ^ds for v in 
the expression (given in § 16 12) 

we get 

|"’^r(s)r(-s-ji;-m + |)r(^-s-A + m + |)^ds 

-J”* T(s + l)T(-s-k-m+^T(-s-k + m + ^^+^ds 

= Q“‘ T(s)r(-s-k-m + fjr(-s-k + m + l^z‘d8 

Since there are no poles of the last integrand between the contours, and 
since the integrand tends to zero as | a | — > 00 , a being between the contours, 
the expression under consideration vanishes, by Cauchy^s theorem , and so 
I satisfies the equation for Wn^mi^) 

Therefore 1=^ AWk,m{^)'^S m (— 

where A and 5 aie constants Making [ ^ | — ► 00 when R{z)>0 we see, from 
the asymptotic expansions obtained for I and W±je,m{±^\ 

^=1, B = 0 

Accordingly, by the theory of analytic continuation, the equality 

persists for all values of z such that | arg z* | < tt , and, for values* of arg z 
such that TT ^ I aig 5 1 < I TT, Wk, m (^) defined to be the expression 


Example 1 Shew that 



taken along a suitable contour 


00 / 

-ce/ 


r(«-X)r(-j>-?n+^)r(-«+9n+^) ^ j. 
r(-i5'-wi+i) r(-*+TO+i) ’ 


* n ■would have been possible, by modifying the path of integration in § 16 ' 8 , to have shewn 
that that integral could be made to define an analytic fonction when |arg*|<Jir But the 
reader will see that it is unnecessary to do so, as Barnes* integral affords a snnpler definition 
of the function 
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Essample 2 Obtain Barnes’ integral foi „ {z) by writing 

J_ T{>)V{-s-h-m+\) 

for (1 4-i/*)* 111 the integral of § 16 12 and changing the older of integiation 

16 41 Relations betiueen Wk,m. (z) o,nd Mje, :k ,» {z) 

If we take the expression 

Fis ) = r (s') r 5 - 7 J 1 + r s- A + 771+ 

which occurs m Barnes’ integral for Tf*, 7 n(^)) and write it in the form 

TT^ r (s) 

r (5 + A + m + i) r (5 + A — m + cos (^ + A. H- 77i) TT cos (5 + i - m) tt ’ 
we see, by § 13*6, that, when B {s) ^ 0, we have, as 1 5 1 — ► oo , 

F{s)=0 j^exp l^-s - logs + s| sec (s + A, 4- m) tt sec (s + A- - ?7i) tt 

Hence, if |arg^(<|7r, jF{$)z‘ds, taken round a semiciicle on the 

right of the imaginary axis, tends to zero as the radius of the semicircle 
tends to infimty, provided the lower bound of the distance of the semi- 
circle from the poles of the integrand is positive (not zero) 

Therefore Wt. (z) e 

eetore r(-A- 77 i + i)r(-A'-l-m + J)' 

where SJJ' denotes the sum of the residues of F(s) at its poles on the 
right of the contour (cf § 14 6) which occurs in equation (0) of § 16 4 

Evaluating these residues we find without difficulty that, when 

|argz|<|7r, 

and 27}i is not an integer*, 

Example 1 Shew that, when | arg ( - 2 :) | < jjTr and 2m is not an integer, 

^ + r'(^|w+A) ->»(■*) 

(Earnest ) 

Example 2 When — < arg 2 ; < f tt and - < arg ( - -) < Jtt, shew that 

^ Tf / I (A+m+A;)7r? Tir / v 

* When 2m is an integer some of the poles are generally double poles, and their residues 
involve logarithms of z The result has not been proved when J±m is a positive integer or 
zero, but may be obtained for such values of k and m by comparing the terminating series for 
^icrm ( 2 ) the senes for [z) 

+ Barnes’ results are given in the notation explained in § 16 1 
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EvampU 3 Obtain Kummer’s first formula (§ 16 11) from the result 



(Barnes ) 


16 6 The parabolic cylinder functions Weber’s equation 

Consider the differential equation satisfied by w = , 


it IS 


d [ d 

zdz\ zdz J 
d^w 


If 


wz 


,4 = 0 , 


this reduces to -h |2 A — i -2^ •— 0 

Therefore the function 

{z) = 24”+i^- 4 W^n+i, - 1 (i 
satisfies the differential equation 

^ + («■ + § ■Pn(g)= 0 

Accordingly is one of the functions associated with the parabolic 

cylinder in harmonic analysis* , the equation satisfied by it will be called 
Weber’s equation 

From § 16 41, it follows that 

when jarg^l < 

But -5’ 14 

and these are one-valued analytic functions of z throughout the ^-plane 
Accordingly !>»(«) is a one-valued function of z throughout the «-plane , and, 

by § 16 4, its asymptotic expansion when | arg ir 1 < | tt is 

® ^ ^ 2 iz* ) 


16*51 The second solution of Wehei ’s equation 

Since Weber’s equation is unalteied if we simultaneously replace n 
and z by — n — 1 and ± iz respectively, it follows that D-n-i and 
n n 1 (- iz) are solutions oi Weber’s equation, as is also I>« (-«). 

* Weber, Afatfe. ^»n. I (1869), pp 1-86, Whittaker, Free LonJon Math Soe, xxxv (1908), 
pp 417-427 
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It IS obvious from the asymptotic expansions of D^iz) and D_„_i 
valid in the range -|9r< arg^< jtt, that the ratio of these two solutions is 
not a constant 

16 611 The relation between the functions Dn(z), T ) ^ ^ (+ 

From the theory of linear differential equations, a relation of the form 

■®n — aD^_-i {iz) + bD^^i (— iz) 

must hold when the ratio of the functions on the tight is not a constant 

To obtam this relation, we observe that if the functions involved be 
expanded in ascending powers of z, the expansions are 

r(^)2^ . . 

T(-^n) ^ + 

r(i+in) 

r(l+in) r(^ + in) 

Comparing the first two terms we get 

a = (2vr) ■ ^ r (m + 1) h = ( 27 r) “ ^ F (w + 1) e ~ 

and so 

(- »^)] 

16 62 The general asymptotic expansion of i)„ {z) 

So far the asymptotic expansion of Dn{z) for large values of z has only 
been given (§16 6) in the sector | aig ir | < | tt To obtain its form for values 

of arg z not compnsed in this range we write - iz for z and - n — 1 for n in 
the formula of the preceding section, and get 

I)n{z) = 

Now, if j TT > arg - 0 ^ > j tt, we can assign to — 2 ^ and — %z arguments between 

+ j TT , and arg (— z) = aigz — w, arg (- tz) = arg z — ^ir, and then, applying 
the asymptotic expansion of § 16 5 to D.,{~z) and D_^,(-iz), we see that, 
if|ir>argir>|,r, 

Dn(z) - + w(7i-l)(n-2)(n-3) | 

^ ' 1 2z^ ^ 2 4«* ~ J 

, («4-l)(ra + 2) 

r(-»i) I 

(n + l)(« +2)(n + 3)(n + 4) | 

+ 2~^ ^ 




849 


16 511-16 6] THE oonflttbnt hypbbgeombtrio function 


This formula is not inconsistent with that of § 16 6 since in their common range of 
validity, VIZ Jtt < argz< j?r, is o («"”*) for all positive values of m 

To obtain a formula valid in the range — j7r>arg2f >— jtt, we use the 
formula 

(- z) + e-^ 

and we get an asymptotic ^pansion which differs from that which has just 
been obtamed only in containing e“ m place of e"*"*. 

Since Dn{z) is one-valued and one or other of the expansions obtamed 
IS valid for all values of arg e m the range — w < arg z^ir, the complete 
asymptotic expansion of i)„ (x) has been obtained 


16-6. A contour integral for D* (z) 


Consider where |arg(-0|<»r , it represents a one-valued 

J 00 

analytic function of z throughout the s-plane (§ 5 32) and further 

{S-*s+4 jy !{«"'*"*** (-o-}*=o. 


the differentiations under the sign of integration being easily justified , accordingly the 
integral satisfies the differential equation satisfied by /)„ (z ) , and therefore 


where a and b are constants 

Now, if the expression on the right be called we have 


(0)- « - 4‘* { - at, JE,: ( 0 ) - e - 4‘* ( - <)-" dt 

To evaluate these integrals, which are analytic functions of n, we suppose first that 
R (n) <0 , then, deforming the paths of integration, we get 

jfi!„(0)«-2ism(n-hl)9r j 

«2"i^isinn»r 
ai2 t sm (ntr) r (— 

Similarly Rn (0) » - 2i *" i "- 1 sm (nir) r (4 — Jn) 

Both sides of these equations being analytic functions of the equations are true for 
all values of n , and therefore 

twmO 2 " 4’*' I siu (nir) r ( - 4^) 

r(4) 2 i« 

5-2tr(— n)8in nw 


n«ra>M A (*) - - « - 4** - 4** ( - 0“"'* dt 
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16*61 Recurrence formulae for Dn 
From the equation 

= 1^“^’ « (- «)-«-! + (- + (n + 1) (- i)-»-4 e - 

after using § 16*6, we see that 

Bn+i (z) - zDn (z) + nDn-i (■») = 0 
Further, by differentiating the integral of § 16 6, it follows that 

(js) + 5 (.a) - m-Dn-1 {z) = 0 

Example Obtain these lesulta from the ascending power senes of § 16 6 

16 7 P? opeiiixes of (z) when n ts an mteger 

When n is an integer, we may write the integral of § 16 6 m the form 


I>n{z) 




27n 


r(o+)e-‘ 

J F 


i) 


.n+i 


dt 


If now we write t=v — z, we get 

/•(»+) 


isr j or:: 


^)n+i 


dv 


a result due to Hermite* 

Also, if m and n be unequal integers, we see from the differential 
equations that 

(z) Dm" (z) - Dm (z) Dn" (^) + (wi - «) Dm (z) D„ {z) = 0, 

and so 

(m-n)j ^ Dm (z) Dn (z) dz = j^i)„ {z) Dm {z) - Dm (,z) Dn («) j 

= 0 , 

by the expansion of § 16 5 in descending powers of z (which terminates 
and IS valid for all values of arg^' when re is a positive integer) 

Therefore if m and re are unequal positive integers 


[ Dm(z)Dn(z)dz = 0 
J —00 


Comptes Rendus, iiTni (1864), pp 266-278 
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On the other hand, when m=n, we have 
(« + l)f lDn(z)Ydz 

J _00 

= j Dn (z) (z ) + i 2 D„+i (^f) - dz 

— j^-Dn (^) I^n+I (^)J + J I2 (zi) ^n+i (z) — Dn+i (z) (^;)|- dz 

J ~ao 


on using the recurrence formula, integrating by parts and then using the 
recurrence formula again 

It follows by induction that 

f {Dn (^)Y dz = n^f {A {^)Y dz 
J -00 J —00 

J —CO 

= (27r)^n!, 

by § 12 14 corollary 1 and § 12 2 

It follows at once that if, for a function f(z), an expansion of the form 

/ (z) = ao A W + (^iDi (-^) + . + o,nDn (^) + • 

exists, and if it is legitimate to integrate term-by-term between the limits 
— 00 and 00 , then 
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Miscellaneous Examples 

1 Shew that, if the integral is convergent, then 

2 Shew that hm + ■^+w-^+p, 2wi+l, z/p) 

p-^oo 

3 Obtain the recurrence formulae 

+ + ^k-\, mW. 

4 Prove that W^^^iz) is the integral of an elementary function when either of the 
numbers i?;- J+m is a negative integer 

6 Shew that, by a suitable change of vainables, the equation 

dv 

(a24*fc2^)^^+(^h+^i^)^+(^o+^o^) ^=0 
can be brought to the form 

denve this equation from the equation for jP(a, 6, c, x) by writing and making 

h-^cc 


6, Shew that the cosine integral of Schlomilch and Besso {Oiomale dt Matematichef 
VI ), defined by the equation 

aw-/; 5^*, 

is equal to ^-4, o(^) 

Shew also that Schlbmilch’s function, defined (ZexUohnft fur Math und Phystk^ iv 
(1869), p 390) by the equations 

-s (>'.*)= j\l+t)-''e-*dt=z''-^e' J’ 

18 equal to zi^ ■" ^ Tf _ j _ (z) 

7 Express in terms of functions the two functions 

8i(z)s f - ^-^ -dt, Ei(z)m f ^ dt 
J 0 f J z t 

8t Shew that Sonme's polynomial, defined {Math Ann xvi p 41) by the equation 
(m+n) 1 01 (w— 1)1 (m+w.-!)! 1 ’ (n-2)l (m+n— 2) 1 2 » *' ’ 

^n+4«+4. « 
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9 Shew that the function defined by Lagrange in 1762-1765 (Oouvies, i 

p 520) and by Abel {Oe\iv'ies^ 1881, p 284) as the coefficient of in the expansion of 
(1 - A)”i IS equal to 

10 * Shew that the Peai’son-Cunnmgham function (P; oc Royal Soc lxxxi p 310), 
®«,wi defined as 

f (?i+^) (w-.-^) (n+Jm)(w+te-l)(%-^wi)(w--iwi-l) ) 

r(?i-.^m + ]) \ ' z ^ 2^2 ^ - p 

/ \n-Jm , . 

is equal to —j — — z'~^ (w*'+ 1 ) e (z) 

^ r(^i<-^«i + l) w+4,iwW 

11 Shew that, if | argjs | < Jtt, and | arg (1 + i) | < tt, 


(Whittaker ) 


12 Shew that, if n be not a positive integei and if | arg « | < fw, then 


r ra<-^)r(-0 


%7rl 


7 :; 


r(-^) 


dt, 


and that this lesult holds for all values of arg^i if the integral be \ the contours 
enclosing the poles of r ( - jf) but not those of r (^t - in) * 

1 3 Shew that, if | arg a [ < Jtt, 

J CO 

^4 2Jn-mgin(ni-i) 

“ «4 (» HI, 1 -ia-») 

14 Deduce from example 13 that, if the integral is convergent, then 

c “ | 2!2 (x/2)’"i-’>* r (m-f 1) sin (i - Jwi) tt 

(Watson ) 

16 Shew that, if n be a positive integer, and if 

K 1*^ «- **' i)„ W dz, 

then JS^n ±l0=P«»^V(27r) r ( 9 ^+ 1) e P-n-l ( + 

the upper or lower signs being taken according as the imaginary part of ^ is positive 
or negative (Watson ) 

16 Shew that, if n be a positive integer, 

D„ (s)~(- f 2 «+ 2 ( 2 ^) - i ” «’* «" 9 °® ( 2 ^“) 

where ft is in or ^(w- 1 ), whichever is an integer, and the cosine or sine is taken as n is 
even or odd (Adamoff ) 

* The results of examples 8, 9, 10 were communicated to us by Mr Bateman 


w M A 


23 
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17 Shew that, if w be a positive integer, 

i>» (•*)=(- f (i«-) ~ i ^ (■/: + *^2 - Jsl 

where = 

«^a= f O' (®) (*® 

J 0 sin 

and (Adamoff) 

18 With the notation of the preceding examples, shew that, when x is real, 

while /s satisfies both the inequalities 

Shew also that as v increases from 0 to 1, cr{u) decreases from 0 to a minimum at 
i;=l-Ai and then increases to 0 at i?=l , and as v increases from 1 to oo, op(v) increases 
to a maximum at 1+ A 2 and then decreases, its limit being zero , where 

and I cr (1 — Aj) [ *< A% <r (1 + Ag) < An where ud «0 0742 (Adamoff.) 

19 By employing the second mean value theorem when necessary, shew that 

■Dn(«)-V2 (v/jlf «“^'j^0OS(««i-i»ur)+^^^J, 

where a„(x) satisfies both the inequahties 

when 0 ? is real and /i is an integer greater than 2 (Adamoff.) 

20 Shew that, if n be positive but otherwise unrestricted, and if w be a jp(mttV0 
vtiUg&r (or zero), then the equation in z 

has m' positive roots when 27 w--l<?i< 2 m+l 


(Milne.) 


CHAPTER XYII 


BESSEL FUNCTIONS 


17 1 The Bessel coefficients 

In this chapter we shall consider a class of functions known as Bessel 
functions or cylindrical functions which have many analogies with the Legendre 
functions of Chapter xv Just as the Legendre functions proved to be parti- 
cular forms of the hypergeometnc function with three regular smgularities, so 
the Bessel functions are particular forms of the confluent hypergeometnc 
function with one regular and one irregular singularity As in the case of 
the Legendre functions, we first introduce* a certain set of the Bessel functions 
as coeflficients in an expansion 

For all values of z and ^ = 0 excepted), the function 


e 



can be expanded by Laurent's theorem in a series of positive and negative 
powers of t If the coefficient of where n is any integer positive or 
negative, be denoted by Jn (z), it follows, from § 5 6, that 




<»+) _n_i *^(“"3 

u e ^ ' 


du 


To express Jn {z) as a power series in write u = itjz , then 




dt, 


since the contour is any one which encircles the ongin once counter-clockwise, 
we may take it to be the circle 1*1 = 1, as the integrand can be expanded 
in a series of powers of x uniformly convergent on this contour, it follows 
from § 4 7 that 

1 « y /i r(o+) 

“ ¥ln ~(s^) f 


Now the residue of the integrand at * = 0 is {(n -|-r)l)“' by § 6 1, when 
n + r IS a positive integer or zero, when n + r is a negative mteger the 
residue is zero 


Therefore, if n is a positive integer or zero, 

T M- I 


■ 2’‘n! T 








2* l(n + l)'^2M 2(n-|-l)(rH-2) 

Tiufl procedure is due to Sohlemiloh, Zeit$ehHft filr Math und Phyi n (1857), pp 187-166. 

23—2 



356 


THE TRANSCENDENTAL FUNCTIONS 


[chap XVII 


whereas, when ^ is a negative integer equal to — m, 

r’(r-m)t “,^0 (m+sVs^ ' 

and 80 Jn (^) « {-y^Jm {z) 


The function (z), w^hich has now been defined for all integral values 
of n, positive and negative, is called the Bessel coefficient of older n, the 
series defining it converges for all values of z 


We shall see later (§ 17 2) that Bessel coefficients are a particular case of a class of 
functions known as Bessel fwictwns 


The senes by which «/n(^) is defined occuis in a memoir by Euler, on the vibrations 
of a stretched circular membrane, Nooi Comm Acad Petrop, x (1764) [Published 1766], 
pp 243-260, an investigation dealt \Mth below in § 18 51, it also occurs in a memoir 
by Lagrange on elliptic motion, deVAoad R des JSci de Bedin^xiy (1769) [Published 
1771], p 223 

The earliest systematic study of the functions was made in 1824 by Bessel in his 
Untersuchung des TKeils d^ planetar ischen Stbningen welcher aus dm Bewegung der Sonne 
entsteht (Berliner Ahh 1824) , special cases of Bessel coefficients had, howevei, appeared in 
researches published before 1769 , the earliest of these is in a letter, dated Oct 3, 1703, from 
Jakob Bernoulli to Leibniz*, in which occurs a series which is now described as a Bessel 
function of order the Bessel coefficient of order zero occius in 1732 in Daniel Bernoulli’s 
memoir on the oscillations of heavy chains, Cbwim Acad Set Imp PeViop vi (1732-1733) 
[Published 1738], 108-122 

In reading some of the earlier papers on the subject, it should be remembered that the 
notation has changed, what was formerly wntten «/"» being now written (2z) 


Example 1 Prove that if 

(i -aS- , 

then e®* sin AjJi (z)+il 2 «l 2 (^)"b • 

(Math Tnp 1896*) 

[For, if the contour 1) in the ?i-plane be a circle with centre and radius large 
enough to include the zeios of the denominator, we have 



the senes on the right converging uniformly on the contour, and so, using § 47 and 
replacing the integrals by Bessel coefficients, we have 



ssAiJi (i')-f Agt/i (z)’¥A^Jz(z)+ 


Pubhshed in Leihnizens Ges Werke^ Dritte Folge, lu (Halle, 1866), p. 75 
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17 11] 

In the integral on the left write a = so that as % desciibes a circle of 

radius t describes an ellipse with semiaxes cosh ^ and sinh^ with foci at -a±2 , then 
we have 


«9 1 


the contour being the ellipse just specified, which contains the zeros of Evaluating 

the integral by ^ 6 1, we have the required result ] 

Example % Shew that, when n is an integer, 

mss. 00 

(K Neumann and Sohlafli ) 

[Consider the expansion of each side of the equation 

«p (y+*) (*-7)} =®^P ('“0} 0“^)} ^ 

Example 3 Shew that 

gi»cos0 — (2) + 2^ cos (j) Ji (j?) cos 2<j5>t/2 («) + 

Example 4 Shew that if 

W=«^ (^) (y) -SJi {x) (y)->r%J^ (x) Jiip)- , 

(K Neumann and Lommel ) 

17 11 BesseVs differential equation 

We have seen that, when n is an integer, the Bessel coefficient of order n 
IS given by the formula 

From this formula we shall now shew that is a solution of the 

linear differential equation 

z dz^ \ zy^ * 

which IS called Bessel's equation for functions of order n 
For we find on performing the diflferentiations (§ 4‘2) that 

'-ik (5')7"a 

= 0 . 

since exp (< — x*/4t) is one-valued Thus we have proved that 

d^Jniz) . 1 dJn(e) n®\ J /„\_Q 

The reader will observe that s = 0 is a regular point and z = <» an 
irregular point, all other points being ordinary points of this equation 


n + 1 , 

Z^' 

L. -■■■ 

t ^ 



exp 


(-S 


dt 
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Example 1 By difierentiating the expansion 

S «•/„(*) 

ns-oo 

'With regard to z and with regard to shew that the Bessel coefficients satisfy BessePs 
equation (St John’s, 1899 ) 

Example 2 The function (^■“^) equation defined by the scheme 

{ 4^2 00 0 

% + l 

-n -im 

shew that »/;„ (z) satisfies the confluent form of this equation obtained by making « 


172 The solution of BesseVs equation when n is not necessarily an 
integer 

We now proceed, after the manner of § 15 2, to extend the definition of 
Jn (f) to the case when n is any number, real or complex It appears by 
methods similar to those of § 17 11 that, for all values of w, the equation 


^ 4 . 1 ^ 4 . 

z dz 



IS satisfied by an mtegral of the form 

provided that resumes its uutial value after descnbing 0 

and that differentiations under the sign of integration are justified 

Accordingly, we define Jn{^) hy the equation 


the expression being rendered precise by giving arg« its principal value and 
takmg I arg 1 1 < w on the oontoui 

To express this integral as a power senes, we observe that it is an 
analytic function of z, and we may obtain the coefficients in the Taylor's 
senes in powers of z by differentiating under the sign of integration (§§ 5‘82 
and 4 44) Hence we deduce that 




2»+>7n 


« (-)»•«»• rw+) 
r«0 i-. 




rZo 2’*+*'? t r (» + r + 1) ’ 
by § 12 22 This is the expansion in question. 
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Acco^dinglj/f/or general values of n, we define the Bessel function Jn(^) 
by the equations 

1 /I 

(<-5)* 

~r=o2"+"r'r(7i4-r + l) 

This function reduces to a Bessel coefficient when n is an integer, it is 
sometimes called a Bessel function of the first kind 

The reader will observe that since Bessel’s equation is unaltered by 
wnting —n for n, fundamental solutions are Jni^), J-n{^)> except when 
n IS an integer, m which case the solutions are not independent With this 
exception the general solution of Bessel’s equation is 

where a and are arbitrary constants 

A second solution of Bessel’s equation when n is an integer will be given 
later (| 17 6) 


17 21. The recurrence formulae for the Bessel functions 

As the Bessel function satisfies a confluent form of the hypergeometnc 
equation, it is to be expected that recurrence formulae will exist, correspondmg 
to the relations between contiguous hypergeometnc functions indicated m 
§147. 

To establish these relations for general values of n, real or complex, we 
have recourse to the result of § 17 2 On wnting the equation 



at length, we have 

0 = J (t-^ + i exp {t - ^ dt 

= 2m |(2r->)»-' (2^-r+''^»+i (*) - ^ (^)} . 

and so + J a+i (•®) =“ “ 


Next we have, by § 4 44, 


A. 

dz 




1 d 

= - „ 1— exp 

2n+».jri J 



di 

dt 
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and consequently, if primes denote differentiations with legard to z, 

• (B) 

From (A) and (B) it is easy to derive the other recurrence formulae 

= •. .( 0 ), 

and Jn{z) = Jn-Az)-^Jn{2) • • • ■ (D) 

z 

Exam'ple 1 Obtain these lesults from the power senes for {z) 

Example 2 Shew that («)}=)5"«/n-i («) 

Example 3 Shew that •7'^ («)= - {z) 

Example 4 Shew that 

IW- (*)- (*)-4/,._2 (*)+6J; {z) - W+/„+4 {z) 

Example 5 Shew that 


Example 6 Shew that 




17 211 Relatt07i between two Bessel functions whose orders differ by 
an integer. 

From the last article can be deduced an equation connecting any two 
Bessel functions whose orders dififer by an integer, namely 

{«-"/» W), 

where n is unrestricted and r is any positive integer This result follows at 
once by induction from formula (B), when it is written in the form 

17‘212 The cmneanon between Jniz) and Tfji,,m/w«c#fons 

The reader will venfy without difiSculty that, if in Bessel's equation we 
wnte y — z~^v and then wnte z = ®/2t, we get 

/ 1 , i — A 

which IS the equation satisfied by it follows that 

Jn (z) = Az-iMo,„ {2iz) + 3z~^M^^_n (2iz) 

Companng the coefficients of z^”' on each side we see that 
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except in the critical cases when 2n is a negative integer , when n is half of 
a negative odd integer, the result follows from Kummer’s second formula 
(§ 16 11 ) 

17 22. The zeros of Bessel functions whose order n %s real 

The relations of § 17 21 enable us to deduce the interesting theorem that 
between any two consecutive leal zeros of z~''^Jn{f), there lies one and only one 
zero^ of (z) 

For, from relation (B) when written m the form 

~ ^ (■«)}. 

it follows from Rolle*s theorem f that between each consecutive pair of zeros 
of 2 r^Jn(z) there is at least one zero of z“^Jn^^{z) 

Similarly, from relation (D) when written in the form 

it follows that between each consecutive pair of zeros of z'^’^'^Jn-hi{z) theie is 
at least one zero of z‘^'*‘^Jn(z) 

d 

Further z~^Jn (z) and ^ {z~^'Jn («)} have no common zeros , for the 
former function satisfies the equation 

^ ^ + 1 ) ^ = 0 . 

and it 18 easily verified by induction on differentiating this equation that if 
both y and ^ vamsh foi any value of z, all differential coefficients of y vanish, 
and y is zero by § 6 4. 

The theorem required is now obvious except for the numerically smallest 
zeros ± f of sr'^Jn since (except for z = 0), and {^) have the 

same zeros But -^=0 is a zero of and if there were any other 

positive zero of (^r), say fi, which was less than f, then 

would have a zero between 0 and fi, which contradicts the hypothesis that 
there were no zeros of between 0 and 

The theorem is therefore proved. 

[See also § 17 3 examples 3 and 4, and example 19 at the end of the chapter ] 

* Proofs of this theorem have been given by Bdoher, BulU American Math. Soc iv (1897)> 
p. 206, Gegenbauer, Monatahefte filr Math viii, (1897), p 888, and Porter, Bull, American 
Math, Soc IV (1898), p 274 

t This IS proved m Buinside and Panton’s Theory of Equations (i p 167) for polynomials 
It may be deduced for any functions with continuous differential coefficients by using the First 
Mean Value Theorem (§ 4 14) 
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17 23 BesseVs integral for the Bessel coefficients 

We shall next obtain an integral first given by Bessel in the particular 
case of the Bessel functions for which is a positive integer , in some respects 
the result resembles Laplace’s integrals given in § 16 23 and § 15 33 for the 
Legendre functions 

In the integral of § 17 1, viz 

1 r(o+) 

take the contour to be the circle | li | = 1 and write u =' e®, so that 

Bisect the range of integration and in the former part write — ff for 0 , 
we get 

J^(z) = ^ ^ 

1 

and so */^n (^) = - cos (nd — 0 sin 6) d6, 

TT jo 

which IS the formula in question 

Example 1 Shew that, when z is real and n is an integer, 

Example 2 Shew that, for all values of ?i (real or complex), the integral 

cot4(nS“-zBin&)d$ 


satishes 


n^\ sin nrr A 

dz^ z dz \ z^)^ IT \z 2v’ 


which reduces to BessePs equation when w is an integer 

[It IS easy to shew, by differentiating under the integral sign, that the expression 
on the left is equal to 

-I /o + 


17 231 The modification of BesseVs integral when n is not an integer 
We shall now shew that*, for general values of n, 

JM^- \\o^{n9-zBme)de-^^^r e-^-^^ode (A)/ 

TT I 0 TT j 0 

when iJ(^) > 0 This obviously reduces to the result of § 17 23 when n is 
<in integer 

Taking the integral of § 17 2, viz 

r(o+) / 

* This result is due to Schlafli, Math Ann iii (1871), p 148 
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and siipposing that z is positive, we have, on writing t — \uz, 

But, if the contour be taken to be that of the figure consisting of the real 
axis from — 1 to -- oo taken twice and the circle | w | = 1, this integral re- 
presents an analytic function of z when R (zu) is negative as j u | —> oo on the 

path, 1 e when [ arg z\<’^ 7 r, and so, by the theory of analytic continuation, 

the formula (which has been proved by a direct transformation for positive 
values of z) is true whenever R{z)> 0 

Hence 

where 0 denotes the circle lii| = l, and arg«=: — tt on the first path of 
integration while arg m = + w on the third path 



Writing u = in the first and third integrals respectively (so that m 
each case arg t =» 0), and m = e** in the second, we have 




(n+1) m (n+i) iH i 

27rt 27n { 






Modifying the former of these integrals as in § 17 23 and wnting e* for t 
in the latter, we have at once 

_ , , If’’’ , n /IS j/> . Sin(}l'+l)7r f 

/»(«) = -] cos(nd-a;sind)(td+ e ap, 

which IS the required result, when | arg z | < § w 


When 1 arg * | lies between iw and ir, since ~ 

the upper or lower sign being taken as arg or < - Jn- 

When « IS an integer (A) reduces at once to Bessel’s integral, and (B) does so when we 
make use of the equation (r)=(- )» J’-n («), vrhich is true for integer values of n 
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Equation (A), as already stated, is due to Schlafli, Math Ann in (1871), p 148, and 
equation (B) was given by Sonine, Math Ann xvi (1880), p 14 


These trigonometnc integrals for the Bessel functions may be regarded as conesponding 
to Laplace^s integrals for the Legendre functions For (§ 17 11 example 2 ) •/^(s) satisfies 
the confluent form (obtained by making n-^co ) of the equation for (1 


But Laplace’s integral for this function is a multiple of 



{ - 1 j- ^ cos cos « 1 <#> d4> 

= j cos^+0(»“®)J- oo&m<l>d^ 


The limit of the integrand as 7i-*-cc is cos nKf), and this exhibits the similarity 

of Laplace’s integral for (z) to the Bessel-Schlafli integral for («) 


Example 1 From the formula Jo(a 7 ) = ^ / g-i»cos<^ change of order of 

Ztt J —rr 

integration, shew that, when w is a positive integer and cos d > 0 , 

P„(cos^)=^q^^^ 

(Callandreau, Bull de$ Sa Math ( 2 ), xv (1891), p 121 ) 
Example 2 Shew that, with Feriers’ definition of (cos d), 

Pn” (cos 6) == ^ 4 . 1 ) 

when n and m are positive integers and cos d > 0 

(Hobson, Proo London Math 80c xxv (1894), p 49 ) 


17 24 Bessel functions 7Juhose order %s half an odd integer 


We have seen (§ 17 2) that when the order n of a Bessel function Jn {ss) 
18 half an odd integer, the difference of the roots of the indicial equation at 
^ = 0 IS 271, which IS an integer We now shew that, in such cases, (f) is 
expressible in terms of elementary functions 


For 




i;rr“n +2 3 4 5 



sm z. 


and therefore (§ 17 211) if A is a positive integer 

j (->‘(2*/+* /sm. 

•'‘nW 3 

On differentiating out the expression on the right, we obtain the result that 

+ i («) = -P* 8in A + Qt cos z, 
where Pj,, are polynomials in 2 "^ 

/ 2\4 

Example 1 Shew that /-j («)= ( cossr 
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Example 2 Prove by induction that if 1: be an integer and then 


= oos(*--J»ijr- Jjr) |l+ S 


(-)r( 4 a 8 12 ) (4?i,ii-3i‘) {4w»-(4r-lffl 


+8in S 


(2r)' 

( - )>• (4«J - P) (4?i^ - 3^) {4n» - (4r - 3)“}' 


,.=1 (2l -1) t J!<l>-3a2r-l 


]■ 

the summations being continued as far as the teims with the vanishing factors in 
the numerators 

Example 3 Shew that ^ solution of Bessel’s equation foi 




W 


(Lommel ) 


, I ^2»rt ■I' 1 w 

Example 4 Shew that the solution of is 

J>5»0 

where Co, Ci, C 2 »h ave arbitrary and oo, ai, a 2 »i are the loots of 

^2m + le- j 

17 3 Hankers contour integral* for Jn {z) 

Consider the integral 

y — z'^i — 1)'* “ i cos {zt) dt, 

J A 

where J. is a point on the right of the point t = 1, and 

arg(< — l) = arg(,f + 1) = 0 

at A , the contour may convemently be legarded as being in the shape of 
a figure of eight 

We shall shew that this integral is a constant multiple of /»(«) It is 
easily seen that the integrand returns to its initial value after t has descnbed 
the path of integration ; for (« - 1 ^ is multiplied by the factor « after 

the circuit (1+) has been described, and + is multiplied by the 

factor e-a'*-!) « after the circuit (- 1 — ) has been described 


Since 


(2r)' ^ ^ 


r«sO 


converges unifoimly on the contour, we have (§ 4‘7) 

To evaluate these integrals, we observe firstly that they aie analytic 
functions of »i for all values of n, and secondly that, when It (n + > 0, we 

may deform the contour into the circles |t— 1| = S, lt + l| = S and the real 
axis joiiyng the pomts t = ±(l — B) taken twice, and then we may make 
8 -> 0 , the integrals round the circles tend to zero and, assigning to « - 1 

* Math. Ann i (1809), pp 467-601 
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and t + 1 their appropriate arguments on the modified path of integration, 
we get, if arg (1 — i’*) = 0 and = w, 

= e(n - i) ’Tt (1 _ <»)» + dt 

= — 4t sm “ l) '"’/j ~ f*)”“ ^ dt 

= — 2i sm TT u^~i(l — uy^~^du 

= 2tsin^rH-§^ ttT + T + |^y'r (n + r + 1) 

Since the initial and final expressions are analytic functions of n for all 
values of n, it follows from § 5 5 that this equation, proved when 

iJ (« + §)> 0, 

is true for all values of n 
Accordmgly 

“ (—Y 2 ’*+®' 2t sin (n + irF 0 +i)r(n + i) 

(2r)'r(«+r-ri) 

= 2”+‘ % sin wF ^ ^§) (A 

on reduction 

Accordingly, when jr i‘ 0, we have 

Corollary When A(»+i)>0, we may deform the path of integration, and obtain 
the result 

Exawple 1 Shew that, when iE (ti + J) > 0, 

r(«+i)r(i)jo 

Example 2 Obtain the result 

when R (n) > 0, by expanding in powers of g and integrating (§ 4 7) tenn-by-tenn. 
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Example 3 Shew that when -^<n<\,Jn{e) has an infinite numbei of real zeros 
[Let r=(«i+^) jT where m is zero or a positive integei , then by the corollary above 

2r+l 

where f ( 1 — i 4 . cit 

I J 2r-l 

2m4*l 

= J 0 V ’ V 

so, since 71 -^<0, ^im>^m-i> ^m- 2 > - J hence J‘n(wn'+i7r) has the sign of 
This method of proof for w=0 is due to Bessel ] 

EmTn/ple 4 Shew that if 71 be real, Jn (z) has an infinite number of real zeros , and 
find an upper limit to the numerically smallest of them 
[Use example 3 combined with § 17 22 ] 


17 4. Oonnean^on between Bessel coeJicie7its a7id Legendre functions 
We shall now establish a result due to Heine* which renders precise the statement of 
§ 17 11 example 2, concerning the expression of Bessel coefficients as limiting forms of 
hypergeometnc functions 


When |arg(l± 2 !) 1 <7r, 7i is unrestricted and m is a positive integer, it follows by 
differentiating the formula of § 15 22 that, with Ferrers^ definition of Pn’”(z), 

(l+r)*”.y(-«+w, n+lJrm, w+1, 

and so, if | arg z | < ^jr, | arg (1 — Jz®/«.*) | < n-, we have 


P**' 


(‘-a- 


2»* 7nl r(7i— m+1) 


2 \im 


Now make w-^-j-oo (w being positive, but not necessarily integral), so that, if d = 
3-^0 continuously through positive values. 

Then ._j /, 


n.-i 


r (n--7n+l)n^ 


-1, by § 13 6, and 


/ 


Further, the (r-l-l)th term of the hypergeometnc penes is 

(-r(l- 7?id) (1 + 3 +77id + rd) {1 - (tw 4- 1)“ d^} {1 ■■ (m + 2)^ d^} {1 - (m + r)^ 

(?7i + l)(m+2) (m-f-r) rl ' 

this IS a continuous function of d and the senes of which this is the (r+l)th term is 
easily seen to converge uniformly in a zange of values of d including the point d*=0, so, 
by § 3 32, we have 


which IS the relation required 


2’" ni 1 rmo (wi+1) (m-l-2) . - (m+r)r I 


Example 1 Shew thatt 

^lim[»-"‘P„»(co8i)]-/„(z) 


* The apparently different result given in Heine’s Kugelfunktionen is due to the difference 
between Heine’s associated Legendre function and Ferrers’ function* 

t The special case of this when »n=0 was given by Mehler, JowmalfUr Math lxvui (1868), 
p 140, see also Ann v (1872), pp 141-^144 
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E.ar.ple 2 Shew that Beaael’s equation is the confluent form of the equations 
defined by the schemes 

c 
0 



00 c "I 


1 ” 

ic A 

e^P\ n 

l-« 

- 2C i J 



4. -pf ^ 


CO 

I J(c — w) 0 -•) 

u+1 


the confluence bemg obtained by making c-^® 

17 5 Asymptotic senes for J » (z) when 1 2 : | w large 
We have seen (§ 17 212) that 

j lI. 

W - 22"+4 e ^ r (w + 1 ) 

where it is supposed that | arg ^ 1 < ^r, - 1 w < arg (2t^) < 3 w 
But for this range of values of z 

by § 16 41 example 2, if - 1 tt < arg (- 2tz) < | w, and so, when | arg « 1 < ir, 
_2_ 2t^)} 

But, for the values of ^ under consideration, the asymptotic expansion of 
Fo.«(±2i«)is 

(. f4n=*-l*') , (4n»-P)(4»»-3*) 

— iim - 

(+ 1)*- !4n= - 1=} 14n= - 3*} {4n^-(2r-l)4 _ 

+ r!(8w)’ ) 

and therefore, comhinmg the series, the asymptotic expansion of jr«(z), when 
1^1 IS large and jarg^l <v, is 

(. S (-)’'{4»i*-l=]{4)i^-3»} 14n»-(4r-l)*)) 

(2r)i2“’-a‘'' ] 

1 ^ ? (-)»'{4nS-P}{4n*-3“} . { 4w»-( 4r-3)»}'] 

+ sin - 2 nw - J TT j ^2^ _ Y) ] “ J 

s= l^cos ^ nir — J . C7„ ( 2 ) — sm — 2 4 TT^ Vii (i() ^ , 

wheie Un{z), - have been wntten in place of the senes 

The reader ivill observe that if n is half an odd integer these senes 
terminate and give the result of § 17 24 example 2 
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Even when * is not very large, the value ofJn{z) can be computed with great accuracy 
from this formula Thus, for all positive values of z greater than 8, the first three terms 
of the asymptotic expansion give the value of (?) and (?) to six places of decimals 

This asymptotic expansion was given by Poisson* (for «=0) and by Jacobi + (for 
general integral values of n) for real values of s Complex values of z were considered by 
Bankel J and several subsei^uent writers The method of obtaining the expansion here 
given 18 due to Barnes § 

Asymptotic expansions for Jn (z) when the order n is large have been given by Debye 
(Math Ann lxvii (1909), pp Munchener Sitzungrsbe) ickte^ xl (1910\ no b) a,iid 

Nicholson (Phil Mag 1907) 

An approximate formula for Jn (tw;) when 7i is large and 0 < K 1, namely 

^^exp s/(l-» 

(2»-n)4 (1 + V(1 - ’ 

was obtained by Cailini in 1817 in a memoir reprinted in Jacobi’s Oez Werke, vii 
pp 189-245 The formula was also investigated by Laplace in 1827 in his M^antqiie 
CdUste V supplement [Oeumez, v (1882)] on the hypothesis that v is purely imaginary, 

A more extended account of researches on Bessel functions of large order is given in 
Proo London Math. Soc (2), xvi (1917), pp 160-174 

Example 1 By suitably modifying Hankel’s contour integral (§ 17 3), shew that, when 
I arg ? I < and R (m + i) > 0, 




r(»iH-i)(2w?)» 




and deduce the asymptotic expansion of Jn (z) when 1 2 ? | is large and | arg 2 1 <^ 7 r 

[Talce the contour to be the rectangle whose corneis are ±1, il+^iT, the rectangle 
being indented at ± 1, and make iV ^-^00 , the integrand being (1 - j 

Emmple 2 Shew that, when | arg^; | <-j 7 r and /E (wH-^) >0, 


[Write w« 22 :cot m the preceding example ] 

EmmpU 3 Shew that, if | arg r | < Jtt and (n+ J)> 0, then 

Ae^d^ J" v»-i + e-uzz av+£e-^‘’z’^ J“ de 

IS a solution of BessePs equation 

Further, determine A and B so that this may represent («) 

(Schafheitlin, Math oxiv) 

17'6 Th^ 86oond solution of JBcsseVs e^ucition when the OTclei is un integev 
We have seen in § 17 2 that, when the order n of BessePs differential 
equation is not an integer, the general solution of the equation is 

ClJ Y i (z) + -n (z)y 

where a and y8 are arbitrary constants 

* Journal de vAcole Polytechmque (1), cah 19 (1823), p 350 
t Asti Nach xxvni p 94 
t Math Ann x (1869), pp 467-501 
§ TranSe Camb, Phil, Soc. xx (1908), p 274 


W. M A 


24 
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When, however, n is an integei, we have seen that 

and consequently the two solutions Jn{z) and aie not leally distinct 

We therefore lequire in this case to find another paiticulai solution of the 
differential equation, distinct fiom ^ oidei to have the general 

solution 

We shall now consider the function 


/n (z) cos ?i7r - {z ) 
Y, W - ^ 


which IS a solution of Bessel’s equation when 2n is not an integer The 
introduction of this function Y„(2) is due to Hankel* 

When 11 IS an integer, Y„( 5 ) is defined by the limiting form of this 


equation, namely 


Y„ {z) = hm 

e -»-0 


(-g) CQS {nir + 67r) - J^n-t ii) 

sin 2 {71 + e) TT 


= hm (z) (-)» - (^)l 

f () Sin /iGTT 

= lim e"* { / «+e (z) — (-)” J -n-, (z)] 

€-►0 

To express Y„ (z) in terms of Fjb.m functions, we have recourse to the 
result of § 17 5, which gives 

Y„(^) = lim r{ei("+'+««Fo,«+.( 2 i^) + e-i<"+'+hv.-py,_,,^,(_2ii;)} 

€-►0 ( 27 r -^)® L _ 

_ (_)» {ei i) (2iz) + e - 4 ( - 11 - ‘ + i) F„,„+. (- 2w)] J , 

remembering that Fi,OT= 

Hence, sincef hm F,,„+. (2i^) = Fo,„(2t^), we have 


Y„(^) = (J)^ {e(4»+5)«F,.„(2i^) + e-(i"+i)’^Fo,„(-2i^)} 


This function (n being an integer) is obviously a solution of Bessel’s 
equation , it is called a Bessel function of the second hnd 

Another function (also called a function of the second kind) was first used 
by Weber, Jfat/i Ann vi (1873), p 148 and by Schltifli, Arm. di Mat (2), vi. 
(1875), p 17 , It IS defined by the equation 


Yniz) = 


Jn (z) cos nrr — J,,, (z) 
sinnw 



* Math Ann i (1869), p 472 

t This IS most easily seen from the uniformity of the conyergenoe with regard to e of 
Barnes* contour integral (§ 16 4) for 
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or by the limits of these expressions when n is an integer This function 
which exists for all values of n is taken as the canonical function of the 
second kind by Nielsen, Handbuch der Cylindenfunktimen (Leipzig, 1904), 
and formulae involving it are generally (but not always) simpler than the 
coiiespondmg formulae involving Hankel’s function 

The asymptotic expansion for Yn{z), coi responding to that of § 17 5 for 
Jn{z), is that, when | arg^: | < tt and n is an integer, 

Z7„(«) + cos^a -iuTr-^Tr) 

where Z7„(z) and (z) are the asymptotic expansions defined in § 17 5, their 
leading terms being 1 and (4n“ — l)/8a; respectively 
Example 1 Prove that 

V (g) 

dn ’ 

where n is made an integer after differentiation (Hankel ) 

Example 2 Shew that if Y^{z) be defined by the equation of example 1, it is a 
solution of Bessel’s equation when n is an integer 


17 61 The asceiiiding senes foi {z) 

The series of § 17 6 is convenient for calculating Y„(^) when |2| is large 
To obtain a convenient series for small values of | z | , we observe that, since 
the ascending senes for •/±{n+«) iz^ are uniformly convergent series of analytic 
functions* of e, each term may be expanded in powers of e and this double 
series may then be arranged in powers of e (§§ 6 3, 5 4) 

Accordingly, to obtain Y„ (z), we have to sum the coefficients of the first 
power of e m the terms of the series 

« (-)»-(^^r)«+w+. « (-)»-(^g)-"+*- 

r-or! r(n, + e+-r+l) '■ ^ ? t p (- n - e + r + 1) 

Now, if 5 be a positive mteger or zero and t a negative integer, the 
following expansions in powers of € are valid 


,1 L_fi r'(« + i) 1 

r («+«+!) r(s+i) 1 ®T(s+i) y 

= r7iTi){^-"(-T'+„!,”‘"0+ }’ 
rwr+T) r r(-o+ .. 


where 7 is Euler’s constant (| 12 1) 


The proof of this is left to the reader. 


24—2 
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Accordingly, picking out the coefficient of e, we see that 

Y„(«)-log(^^^j Lr?o»-'r(» + r+ !)■'■( ^ ,.J„r'r(-n + r + l)J 


r=o »■ ' r (n + r + 1) 


n+r \ 

' — 2 mr'^ ] 

j»=i / 


s j. -nt.)-r r I- -f m-l 

+ (— )« *2^ fc)- r (m — r), 

j=o r' 

and so 

Y„ (z) = t i 2 log a) + 27 - - S m -4 

' ' ,._o r ' (n 4- r) ' ( ° \^ / m=i m»=i ) 

“-1 (*«)-'*+» (n-J -1)' 

.to rl 

When n is an integer, fundamental solutions* of BesseVs equations, regular 
near are Jn (z) and Yn (z) or Y^(^) 

Karl Neumann "f* took as the second solution the function (z) defined 
by the equation 

Tin) (^) = I Y„ (z) + /„ (z) (log 2 - 7) , 

but Tn(z) and Y„(a) are more useful for physical applications 

Example 1 Shew that the function (*) satishes the recurrence formulae 
»7„(«)=|*{F„+i(«)+ P’„_i(*)}, 

Shew also that Hankel’s function T„(«) and Neumann’s function FW(*) satisfy the 
same recurrence formulae 

[These are the same as the recurrence formulae satisfied by {z) ] 

ExaTnplB 2 Shew that, when | arg z | < 

w r» («) = r sin (s sin e - nS) dff - J“ «"* »{««»+(_)» 

^ (Schl&ifli, MatA Ann ill ) 

ExampU 3 Shew that 

F(0) ( 2 )=y(,(*) log *+2 {^2 W+KeC®)- } 

17 7. Bessel functions with purely imaginary argument 
The funetiont ^ 

if) = I'^Jn r'in + r)' 


• Enler gave a second solution {involving a logarithm) of the equation m the special cases 
m=:0, n=l, In»t CaXo Int n (Petersburg, 1769), pp 187, 233 
t Theone der BeiieVschen Fanktionen (Leipzig, 1867), p 41 

t This notation was uitroduced by Basset, Sydrodynamxct ii (1888), p 17; in 1886 he had 
defined I„(z) as (us), seeiVoc Camh Phil 8oc vi (1889), p 11 
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IS of frequent occurrence in various branches of applied mathematics, in 
these applications z is usually positive 

The reader should have no difficult} iii obtaining the following formulae 

(l) = 

z 

(ll) ^ (^)} = (^) 

(m) 


(v) When B > 0, 

■r. w - 2»Tri)T> *■**■ 

3 1 

(vi) When — ^Tr< arg z<^Tr, the asymptotic expansion of /„ {z) is 


In {z) ~ 


e* 


(iirz)^ L 


1 j. ? {4n^-in { 4«° -yi {4n<‘-(2r-iy} 


-(n+})«g-;5r « [4n=‘-r}{4M*-3“l (4n“-(2r- lyn 

(2^^)r~ L A ' ~ ~ J’ 

the second series being negligible when | arg ^ | < | tt The result is easily 

seen to be valid over the extended range — z<:^ir if we write 

g=*=(n-f i)7ri upper 01 lower sign being taken according as 

arg z IS positive or negative. 

1771 Modified Bessel functions of the second kind. 

When IS a positive integer or zero, I^n (^) {^) j to obtain a second 

solution of the modified Bessel equation (iv) of § 17 7, we define* the function 
jST^ (z) for all values of n by the equation 

JI„(^) = (£)^0S«7rW„.n(2^), 


so that 


Kn{z)^ 


1 

2^ 


(I-w (Z) - /h (^)} cot HIT 


* The notation (z) was used by Basset in 1886, Prcc (Jamb Phil Sot\ vi (1889), p. 11, to 
denote a function which differed from the function now defined b> the omission of the factor 
cosuTT, and Basset’s notation has since been used by various writers, notably Macdonald The 
object of the insertion of the factor is to make I^i^) satisfy the same recurrence 

formulae Subsequently Basset, Hydrodifuamtcs n (1888), p 10, used the notation K^^(z) to 
denote a slightly different function, but the latter usage has not been followed by other writers 
The definition of (z) for vtiUgral values of n which is given here is due to Gray and Mathews, 
Bessel Functions^ p 68, and is now common (see example 40, p 384), but the corresponding defi 
nition for non-iutegral values has the serious disadvantage that the function vanishes identically 
when 2n is an odd integer The function was considered by Biemann, Ann. der Phys. xov (1865), 
pp 130-139 and Hankel, Math Ann. i (1869), p 498 
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Wheibj&i n be an integer oi not, this function is a solution of the modified 
Bessel equation, and when | arg «( < jw it possesses the asymptotic expansion 


» f4n= - 1=1 {4?j= - 3=1 {4n= - (2r - 1)= 

- 7TW7 


, S f4n=-l=[|4«=-3q 

® r?i ^ r>2“-2" J 

for large values of | |. 

When n IS an integer, K,, (z) is defined by the equation 

X„ (z) = Iim 5 TT {/_«_ {z) — In^ i^)} ’’■*» 

«-»0 

which gives (cf § 17 61) 

+ P 

as an ascending senes 

Example Shew that (r) satisfies the same recuiTenoe formulae as h (z) 

178 NeumanrCs expansion^ of an analytic function in a senes of Bessel 
coeficients 

We shall now consider the expansion of an arbitrary function f{z), 
analytic in a domain including the oiigin, in a series of Bessel coefficients, m 
the form 

f{z) = Ofo/o (^) + W + , 

where ao> sire independent of z 

Assuming the possibility of expansions of this type, let us first consider the expansion 
of Ijit-z) , let it be 

— (0*A> W+20i(^)Ji («) +202(0*^2 W+ » 
t — z 

where the functions 0^ (0 are independent of z 

We shall now determine conditions which On it) must satisfy if the senes on the right 
is to be a uniformly convergent series of analytic functions , by these conditions On (0 
will be determined, and it will then be shewn that, if 0« («) is so determined, then the 
senes on the nght actually converges to the sum when | » | < | ^ 1 


we have 


(1^1) 

\drdzjt-z 


<?o'(0^oW+2 S On'(t)Jn{z)+Oo{t)JQ'iz)+2 S On{t) Jn' {z)m0, 


80 that, on replacing 2 Jn W by /»-i W- t^n+i we find 

{^0^ (0 + ^1 (0} (®) {^On {t) + + 1 (0 — On^i (0} W « 0 

* K Neumann, Journal ftlr Math lxvii (1867), p. 8X0, see also Kapteyn, Arm. de VJ^eole 
noi m sup (8), x (1898), p 106 
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Accoi dingly the mccesnve functions 0i (Os ^2 (Os ^3 (0> ^ mined by the ? ecuiTence 

fo) midae 

Oi (0®= — Oq (Os ^U + 1 (0“ ^11 — 1 ^0 “ (0> 

and, putting c=0 in the original expansion, we see that (0 defined by the 

equatioyi 

Oo(0 = lA 

These formulae shew without difhculty that On (t) ih a. polynomial of degiee 71 in 1/^ 

We shall next piove by induction that On(t), so defined, is equal to 


when i2 (0 > 0 Foi the expression is obviously equal to Oq (t) or Oi (0 when n is equal to 
0 or 1 respectu ely , and 

i {u±sKn^+l)y^‘“^ dn^^ j' {u±y/{u^ + 'l)]^ du 

“jo 

J {n±^,/(id + l)}^‘*'^ d7c, 

whence the induction is obvious 

Writing 24»sinh we see that, according as 71 is even 01 odd*, 

=2-1 {smh" sinh-* «inh'‘-‘0+.. | , 

and hence, when JH {t)>0, we have on integration, 


On (O' 


2'^”^ Ml 1 

= *i;rrr 




2 (271- 2) ^ 2 . 4 (2n - 2) (2/t - 4) 

the senes terminating with the term in t**’ or , now, whether H (0 be positive or not, 
On{t) IS defined as a polynomial in 1/^ , and so the expansion obtained for On{t) is the 
value of On (0 values of t 

Example Shew that, for all values of 

and venfy that the expression on the nght satisfies the recurrence formulae for On (0 


17 81 Proof of Neumami's expansion 

The method of § 17 8 merely determined the coefficients in Neumann’s 
expansion of l/(^ — on the hypothesis that the expansion existed and that 
the rearrangements were legitimate 

To obtain a proof of the validity of the expansion, we observe that 

J)i {z) = J [1 +■ ^, 1 }, 0,1 (0” 


Cf Hobeon, Plane Trigonometry (1918), §§ 79, 264 
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where 0, 0 as « -» oo , when z and t are fixed Hence the senes 

0. (t) Jo (^) + 2 i 0„ (0 J„ {z) = F {z, t) 

» = 1 

IS comparable with the geometrical progression whose general term is 
and this progression is absolutely convergent when 1 | < | ^ | , and so the 
expansion for F{Zy t) is absolutely convergent (§ 2 34) in the same circum- 
stances 

Again if \ 2 :\^r,\t\^ R, where r < JB, the series is comparable with the 
geometrical progression whose general term is and so the expansion 

for F {Zy t) conveiges uniformly throughout the domains |^| and \ t\'^R 
by § 8 34 Hence, by § 5 3, term-by-term differentiations aie permissible, 
and so 

(ft ^ «=i 

-f Oo (t) J } (z) -1- 2 S On (0 ^ w- 

tt=l 

= {0o{t) -h 0i (^)} Jo{^) + 2 ^On if) + 071+1 (0 On^i (^)} Jnif) 
n^l 

= 0 , 

by the recurrence formulae 

Since + 

it follows that F{z, t) is expressible as a function of ^ ^ , and since 

J^(0, 0-Oo(0-1/^, 
it is clear that F {z, t) = l/(^ — z\ 

It IS therefore pioved that 

= 0 , (<) Jo W + 2 i On (<) j„ {z), 

t—Z »=1 

provided that 1 ^ 1 < 1 1 i 

Hence, if/(^^) be analytic when ] ^ we have, when | ^^ | < r, 

= 2in + 2 On(t) J» dt 

= J. W/(0) + jOn(t)f(t)dt, 

by § 4 7, the paths of integration being the circle 1 1 1 = »’ , and this establishes 
the validity of Neumann’s expansion when \z\<r and f{z) is analytic when 
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Example 1 Shew that 

cos a =s (s) — 2t/2 -H (^) — > 

sin z — 2e/i {«) - 2/3 Cs) + 2«/5 {z) - (K Keumann ) 


Example 2 Shew that 

(j 2 ;)»i= 2 ^ ! /7tH,2r(g) (K Neumami ) 

r=o ^ ’ 

JEMmple 3 Shew that, when | 2 1 < j f I , 

0 o(<) ^oW+S S 0„(<)*^«(«)= 2 f 

n=l ttss-co y 0 

= f ^-T 2 (2) {i +</(**+«*)}“<&! 

y 0 ^ nae -00 


(Kapteyn ) 


17 82 SchlomilcEs expa^mon of an wrhit'} ary function in a senes of Bessel coefficients 
of order zero 

SohlSmilch* has given an expansion of quite a different character from that of 
Neumann His result may be stated thus 

Any function f{x\ which has a corUinuous differential coefficient with limited total 
fluctuation for all values of x in the closed range (0, tt), may he expanded in the senes 

f (x) = ©0 + <*i »^o W + (2^) + (3^) + > 

valid in this range ^ where 

a^sa- I uoofinu f'(u&in^)d^du (n>0) 

TT y 0 y 0 * 

SchlOmilch^s proof is substantially as follows 


Let E(v) be the continuous solution of the integral equation 

f(x)^- F(vhin<l>)d<l> 

J 0 


Then (§ 11 81) 


F{x) =/(0) + X r {x sin e) de 


In Order to obtain Sohl6milch’s expansion, it is merely necessary to apply Foiuiei’s 
theorem to the function F(x sin <^) We thus have 

/(*)=§ cos 7iu COS (nx sm <f>) F(u) dwj 

1 2 ** f ^ 

«- / F(n)du-i — S / oot^ 7iu F (h) Jo (ux) du, 
ir J 0 7r««iyo 

the interchange of summation and lutegiation being x>ermissible by §§ 4 7 and D 44 


* ZeiUohrift filr Math und Phys ii (1867), pp 187-165 See Chapman, /ournaZ, 

xLiii (1912), pp 84-37 
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In this equation, replace F (u) hy its value in terms of/ (it) Thus we have 

/ (a;) = i J ' |/ (0) + 11 j^’'f'(u sin (9) du 

+- 2 f''ooanuif(0)+uf^ /' (it sin d) rftfj tin, 

TT Jo L J ^ *' 

which gives Sohlbmilch’s expansion 

Ea^ample Shew that, if 0 < a, < tt, the expression 

^ - 2 |/o (^') + ^ *^0 (5 a) + I 

IS equal to x , but that, if w ^ < 2w, its value is 

^ + 27 r arc cos - tt^), 

where arc cos (jtV^) is taken between 0 and ^ 

Find the value of the expression when x lies between 27r and Stt 

(Math Tup 1895 ) 

17 9 TahulaHon of Bessel functiom 

Hansen used the asymptotic expansion (§ 17 5) to calculate tables of J,,{!k) which are 
g^^en in Lommel’s Stvdien ilher die BesseVschm F%inhti07ien 

Meissel tabulated Jo («) and Jj («) to 12 places of decimals from ^ =0 to a= 16 6 (A6A 
der Ahad m Bwhn, 1888), while the Bntwh Assoc Report (1909), p 33 gives tables by 
which J^^ (x) and Fn (x) may be calculated when t > 10 

Tables of J^{x), J^(x\ are given by Dinmk, Archiv der Math und 

Phys XVIII (1911), p 337 

Tables of the second solution of Bessel’s equation have been given by the following 
writers B A Smith, xxvi (1897), p 98, Phil Mag (5), XLV (1898), p 106, 

Aldus, Proc Royal Soc Lxvi (1900), p 32, Airey, Phil Mag (6), xxil (1911), p 658 
The functions /«(a?) have been tabulated in the Bntish Amc Reports, (1889) p 28, 
(1893) p 223, (1896) p 98, (1907) p 94 , also by Aldis, Proc Royal Soc LXiv (1899) , by 
Isherwood, Proc Manchester Lit and Phil Soc xlviii (1904) , and by E Anding, SechS” 
stelhge Tafeln der BesseVsoh&n Funktioncn iinagxnareyi Argumentes (Leipzig, 1911) 

Tables of (a7n/i), a function employed in the theory of alternating currents m wires, 
have been given in the British Assoc Reports, 1889, 1893, 1896 and 1912 , by Kelvin, Math 
and Phys Papers, in p 493, by Aldis, Pyoc Royal Soc lxvi (1900), p 32; and by 
Savidge, Phtl Mag (6), xix (1910), p 49 

Formulae for computing the zeros of «/}) ( 2 ) weic given by Stokes, Gamh Phil Tians ix 
and the 40 smallest zeros were tabulated by Willson and Peirce, Bull Amencan Math 
Soc III (1897), p 163 The roots of an equation involving Bessel functions were computed 
hy KsXohno, Zeitschrift fiir Math und Phys Liv (1907), p 56 

A number of tables connected with Bessel functions are given in By^tish Assoc Reports, 
1910-1914, and also by Jahnke und Emde, Funktionentafeln (Leipzig, 1909)* 
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J W Nicholson, Jbwma?, XLii (1911), pp 216-224 

0 N Watson, /y o/ /itfsW 9 (Ckmbiulgc, 1022 ) 


Miscellaneous Examples 

1 Shew that 

cos {z sin 6 ) « Jo (^) + 2*^2 (^) cos 2 d + 2 J 4 (z) cos 4d + , 

sin (z sin 6) «* 2 Ji (z) sin $ + 2J^ (z) sin 3d + 2 Ji (z) sin 5d + 

(K Neumann) 

2 By expanding each side of the equations of example 1 in poweis of sin d, express z’‘ 
as a series of Bessel coefficients 

3 By multiplying the expansions for exp ^ (^‘" 7 )} 

considenng the terms independent of t^ shew that 

W W}«+2 {Ji (z)P+2 {/,(z)}H2 {/s W}'+ “1 

Deduce that, for the Bessel coefficients, 

l^oWKl. |. /«(.-) 1=52-4, 

when z is real 

1 f’’*' 

4 If I 2* cos*^w cos (mw-z Sin t4)c^% 

rr J 0 

(this function reduces to a Bessel coefficient when k is zero and m an integer), shew that 

pmO p I 

where is the ‘Cauchy’s number’ defined by the equation 

J’" («»“+«-<“)* (e'" - e -*")" du 

Shew further that 

and (*)-2(i+l) 

(Bourget, Jowmal de Math (2), vi ) 

5 If V and M are connected by the equations 

ir rr bt COS E-C , i i 

M^E~- e sm E. cos v^z h , wbei’e « < 1, 

’ 1 — e cos ^ ‘ ’ 

shew that v=M+ 2 (1 - e®)^ 2 2 (he)^ (me) — sin mM, 

7n>=lkm0 ** fn 

where Jm^(z) is defined as in example 4 


(Bourget ) 
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6 Prove that, if m, and n are integers, 

(cos +/)4 1} 

where ;s=r cos^, and is independent of z (Math Trip 1893 ) 

7 Shew that the solution of the differential equation 

where and rp' are arbitrary functions of *, is 


■(?)*^ 


8 Shew that 


(Trinity, 1908 ) 

9 Shew that 

r r ..w 5 (-)"r(M4v+2«+l)(i^r+‘'+»" _ 

for all values of fx and v 

(Schlafli, Math Ann ill (1871), p 142 , and Schbnholzer, Bern dissertation, 1877 ) 

10 Shew that, if w is a positive integer and m4“2?i4-l is positive, 

(Math Tup 1899) 


Shew that 



Shew that 

JL M 

Jn(^) 71 + 1 -n +2- w 4-3- 


Shew that 

- . * . , , , - , * 2 sin 7i7r 

J-n («) (^) 4-«/-.w+ 1 («) n (-) — 

(Loinmel ) 

Tf ‘4» + l (®) 
^„(z) 

be denoted by Qn («)> that 



= 1 _ y, (a) + 2 {§„ (*)}s 

az z z 

16 Shew that, if cob 0 and ri>> >0, 

(R) =Jo (r) Jo (r ^) + 2 2 ./« (r) Jn (n) cos ii0, 


Fo(B)==Jo(r) ro(i i)+2 2 (r) r„ (n) oos 

71=1 


16 Shew that, if (n 4 - J) > 0, 

*^2«- 


(K Neumann ) 


(K* Neumann*) 
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17 Shew how to express in the form AJ 2 (z)+BJ(i (a), where J, B are poly- 

nomials in a , and prove that 

j; (ei) -(-3./o (6^) = 0, 3Jo (3 o4) -I- 5^2 (30^) =0 

(Math Tnp 1896) 

18 Shew that, if a += jS and w > - 1, 

(a2-^2) xJn (ax) Jn (iSo?) |/n (a^) ^ Jn (/3a;) (/Sa;) ^ '^n(a^)j- > 

2a2 00 {Jn (aoo)}^ doo = - n^) [Jn (aa;)}^ + ^ *4 (aa;)| 

19 Prove that, if n> - 1, and Jn(a)^Jn(0)=O while a=t=ft 

j vJn(aoo)Jn(^)doc=:0, and j x {Jn{ax)Y dx^\{Jn^i («)}* 

Hence prove that, when -1, the roots of /,t(t;)«0, other than zero, are all real and 
unequal 

[If a could be complex, take to be the conjugate complex ] 

(Lommel, Studien ilher die BesaeVscken FunhtiomTi^ p 69 ) 

20 Let x^f {so) have an absolutely convergent integral m the range 0 1 , let 

be a real constant and let w ^ 0 Then, if ^i, i? 2 ) denote the positive roots of the equation 

k-^{kJ^{h)+HJn{h)}^0, 

shew that, at any point x for which 0 < a; < 1 and f{x) satisfies one of the conditions of 
§ 9 43, / (a?) can be expanded in the form 

y’(a?)ss= 2 ‘^r^n{k<fX\ 
ral 

where ^ Jo 

In the special case when hi is to be taken to be zero, the equation deter- 
mining being Jn+i {h)^ 0, and the first term of the expansion is where 

^Q=(2n + 2) j\”’*'^f{x)dx 

Discuss, in particular, the case when II is infinite, so that Jn (h)=0, shewing that 
Ar^^^iJn + i ^n(hrX) dx 

[This result is due to Hobson, Proc London Math Soc (2), vii (1909), p 349 , see 
^Iso W H. Young, Proc London Math Soc (2), xvni (1920), pp 163-200 The formal 
expansion was given with AT infinite (when ws=0) by Fourier and (for general values of n) 
by Lommel , proofs were given by Hankel and Schlafli The formula when - n was 
given incorrectly by Dim, Sene di Fourier (Pisa, 1880), the term Aqo^^ being printed as A^^ 
and this error was not corrected by N'lelsen See Bndgeman, Phil Mag (6), xvi (1908), 
p, 947 and Chree, Phil Mag (6), xvn (1909), p 330 The expansion is usually called the 
Founer’-Beeeel expaneion ] 


21 Prove that, if the expansion 

— 0/’®— (Xj v) 4“.d2«^o (Xj^)"!" 

exists as a uniformly convergent series when -a ^a; ^ a, where Xj, X 2 , .are the positive 
roots of 

An^B {aX„Vi (X«a)}-i (Claie, 1900 ) 
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22 are the positive roots ol (^<*)=0, and if 


r=l 


this senes converging uniformly when 0 <a, then 


2a“~- I ox dJnikiM) 

(4«+4-a4,*) 


(Math Trip 1906 ) 


23 Shew that 


Jfio) r /,„(x3m<»)coa*>-*»*-idsin’»+iflrf« 

•'nW jo 

_ , (Souine, Math Ann xvi ) 


when n>m>-\ 

24 Shew that, if or > 0, 


(Nicholson, Phil Mag (6), xviii (1909), p 6 ) 

25 If «i be a positive integer and «> 0, deduce from Bessel’s integral formula that 
r * 

I g-*Binhtt sech M 

^ ^ (Math Tnp 1904 ) 


26 Prove that, when ^ > 0, 


(»)=| sm (A cosh t) dt, Fo (;»)=- ^ cos (* cosh t) dt 

[Take the contour of § 17 1 to be the imaginary axis indented at the origin and a 
semicircle on the left of this line ] ^ 

27 Shew that 


r* 

Jo 


0<t<l 


=arc cosec t 


and that 


J Ji (at) sin a:djp=^t^^ {!’-(! -t^)h 0 <t<l 


28 Shew that 


IS the solution of 


^>1 J 

(Webei, JownotZ fiir Math lxxv ) 


- J " gnr 008 4 - j5 log (rsin^ 6)]dd 


dr^^r dr 


(Poisson, Journal de VtcoU Polytochnyiue^ xii (1823), p 476 , see also Stokes, 
Camh Phil Tram ix (1856), p [38] ) 


29 Prove that no relation of the form 

2 (^)“0 

can exist for rational values of iV,, n and a except relations which are satisfied when the 
Bessel functions are replaced by arbitrary solutions of the recurrence formula of ^ 17 21 (A), 

(Math. Tnp 1901 ) 

[Express the left-hand side in terms of (x) and (^\ a'nd shew by example 12 
that J’nt 1 (^) irrational when n and x are rational ] 
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30 Prove that, when iZ (?i) > — -J, 

j^n 

•^«W= 2 >*-ir(«+^)r(i) 

j^n 

- Yn (z) - 2»-ir(n+^)r ;A) 

(Haigieave, PM Tiaris 1848, Macdonald, Proc London Math Soc xxix ) 

31 Shew that, when R (m+i) > 0 , 

I o'' sin"‘+^ ( 2 ) (Hobson ) 

32 Shew that, if 2 w + 1 > ?>i > - 1 , 

(ar) = 2 --- 


33 Shew that 

34 In the equation 


(Weber, Journal fui Math LXix , Math Trip 1898 ) 

(Lommel) 


;,=:o 2 




n IS real , shew that a solution is given by 


COS (71 log «) - S -r 2.-^^ r, 

m«l 22m 1 (4 4. ^^2)3 , (97^2 ^ 7^2)2 


where denotes 2 arc tan (n/^ ) 

rwl 


(Math Trip 1894 ) 

36 Shew that, when n is large and positive, 

W — 2“ i3"i 77“^ r (■^) n-”i4-o(n“^) 

(Cauchy, Oomptes Rendics, xxxvni (1854), p 993 , Nicholson, Phil Mag 
( 6 ), XVI (1908), p 276 ) 

36 Shew that 


T+F- 


37. Show that 


(Mehler, Journal filr Math LXViii ) 


g\co8<^«2»‘-ir(w) 2 (w + ;&)0^!(cos<?)X-'»‘/„^fc(X) 


38 Shew that, if 


(Math Trip 1900) 


{a^) J^ {bx) J^n (ox) dx^ 


6 , c being positive, and m is a positive integer or zero, then 
Tr«0 (a-6)2>c2, 

J-m ^-m 


W r 

28»*-i7r*r(m + i) 

w»0 (a+6)fi>o2 


{226V - 2 a*}"*-i (« + 6 )* >98 >(a - 6 )*, 


(Sonme, Math Ann xvi ) 
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39 Shew that, if7t> — 1, wi>— ^ and 

W=j’^Jn (ax) 4. (<w) a.' dx, 

a, b,c being positive, then 

TT-O (o-6)*>c“, 

^ <^>{a-\‘h)\ 

(Macdonald, Proc London Math Soc (2), vii ) 

40 Shew that, if i2 (wi +^) > 0, 

T /-N cosh (;? COS 

and, if larga|<i’r, 

gmr(^)cosm7r f ^^zeoBh<f>Q^j^i^2mfkM 

2^r(m+ir Jo 

Prove also that ^ 

Jf^(;g)=:7r“^2»»*i;^r(W + i)COS WTT 2®) "***■" ^ COS w 

(Math Trip 1898 Cf. Basset, Proc Oamb Phil Soc vi ) 
[The first integral may be obtained by expanding m powers of * and integrating term- 
by-term To obtam the second, consider 

wheremitiallyarg(i-l)=arg(«.br)=0 Take |il> Ion the contour, expand («»-!)“-*>« 

descending powers of «, and integrate term-by-term The ^ult is 

sin (2m7r) T (2m) 2 * T (1 - wi) /.,n W 
Also, deforming the contour by flattemng it, the integral becomes 

a^rf^msin Zm„ j” s«cosmw a-^Cl - <»)““* dt , 

and consequently ,»-/■« 

r fs J n 2>-’"8in(ww)a"; f rft,] 

I-m W ~ W r(i) I’ (»H-41 j 1 

41 Shew that 0, (*) satisfies the differential equation 

dz^ z dz \ J 

y„=a-i(iieven), ^„-«s-»(«odd) (K Neumann) 

42 If /(«) be analytic throughout the nng-shaped region bounded by the circles c, C 
whose centres are at the origin, estabheh the expansion 

/(*)=ioo>^ (*) +“i’^i (*) + 

+43oOo(*)+ftOi(a)+ftOs(a)-(- , 


where 


43 Shew that, if « and y are positive, 


.if nt)0^(f)dt, (K Neumann) 

irt J c y « 


r 00 pfiC g“ir 

d(iijcy)kdk=-^ ^ 


.i.».,-+^(.'+y) teMTO.) 
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44 Shew that, with suitable restrictions on n and on the form of the function /(*), 

[A p^f with an histonoal account of this important theorem is given by Nielsem 
Cyhnd^nkuor^ pp 360-363 It is due to Hankel, but (in view of the result of 4 9 7) 
it IS often called the J^oun^Sessel integral ] 

46 If U be any closed contour, and m and n are integers, shew that 

(*) (*) (s) On (z) Jm (*) 0* (?) «fe= 0, 

TF" integrals are still zero, 

cll^l^ « equal to wz (or 2wt if m=0) if U encircles the onpn once counW- 

(K Neumann) 

46 Shew that, if 

pl^l 

and if 92. be a positive integer, then 

^ »+«»-i ^2»i-l W, 

msai 


while 

?i-i»= 

47 If 

On(y)= s ■ 
mso 


n-1 


®n--l.n-l 2 an-*n-l,« + m-l ^ 2 »k W 


(K Neumann) 


(^-**)~*'=“o(y) W (y) {Jn (*)}* 

when the senes on the nght converges (K Neumann, Matk Am m ) 

48. Shew that, if c> 0, JJ (n) > - 1 and iJ (a ± 6)* > o, then 
1 A+«w< 

Jn(a)Jn(b)~ J «-^exp{(«S-«*_6*)/(2«)} J„(abli)dt. 

(Macdonald, Pros. JLondon Math Soo xzxn ) 
49 Deduce from example 48, or otherwise prove, that 
(a*+6* -2fli5 cos ey^Jn {(a^+J^-SaJ cos 

^ ^~'''^m*n{a)J,n^n (&) CU”(OOS«) 

60 Shew that (Qegenbauer, Wiener Sitzwngtbenohte, ixa. txxiv ) 

satisfies the equation 

® + (I +7^i) f + (l’-«‘+7) 47^,-" 

{t)Jn (fe^) + «* + 1 (t) (t*4) 

resumes its initial value aftei describing the contour. 

Deduce that, when 0 <;?<!, 

JO T iv y «* ir-.-s r (1 - j8) I ’ (^ ^ w P' y > *) 

(Schafheitlin, Math Arm 2 cxx , Math Trip 1903) 

25 


W M. A. 
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CHAPTER XVIII 

THE EQUATIONS OF MATHEMATICAL PHYSICS 

18 1 The differ mtial eqmUons of mathematical physics 
The functions which have been introduced in the preceding chapters are 
of impoitance in the applications of mathematics to physical investi^tions 
Such applications aie outside the province of this book, but most of them 
depend essentially on the fact that, by means of these functions, it is possible 
to construct solutions of certain partial differential equations, of which the 
following aie among the most important 
(I) Laplace’s equation 

which was oiigmally introduced in a memoir* on Saturn’s rings 

If lx V i) be the lectangular coordinates of any point in space, this eqiM.tion is 
satisflil’by the following functions which occur m various branches of mathematical 

physics gj^,^itational potential in i-egions not occupied by attracting matter 

The electrostatic potential in a unifoim dioleotiic, m the theory of electro- 

stfiitios 

' (111) The magnetic potential in free aethei, in the theoiy of magnetostetios 

(IV ) The elect! 10 potential, m the theoiy of the steady flow of electric currents in 
solid conductors 

(V ) The tempeiatme, in the theoiy of thermal equilibrium in solids 

(vi) The \ elocity potential at points of a homogeneous liquid movmg irrotationally, 

in hydiodjnamical problems , ^ , 

Notwithstanding the physical diflerences of these theories, the mathematic-al investi- 
-rations are much the same for all of them thus, the problem of thermal ^uilibrium in a 
solid vhen the points of its surface are maintained at given temperatures is mathe- 
matically identical with the problem of determining the electric intensity m a region 
when the points of its boundary ai-e maintained at given potentials 

(II) The equation of wave motions 

0.7 ^ 0.7^1 8=7 

0^ 9j/“ 02“ c“ dt 

This equation is of general occuirenco in investigations of undulatory disturbances 
nropagated with velocity « independent of the wave length, for example, in the theory of 
elei^nc waves and the eleotio-magnetio theory of light, it is the equation satisfied by each 
component of the electric or magnetic vectoi , in the theory of elastic vibrations, it 
is the equation satisfied by each component of the displi^ment , and m the theoi) 
of sound, it IS the equation satisfied by the velocity potential m a perfect gas 

* Mim del' Acad dei Seieneee, 1787 (published 1789), p 262 
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(III) The equation of conduction of heat 

^ ^ a^_iaF 

dx^ dz^~ k dt' 

This IS the equati6n satisfied by the temperature at a point of a homogeneous isotropic 
body , the constant t is proportional to the heat conductivity of the body and inversely 
proportional to its specific heat and density 

(IV) A particular case of the preceding equation (11), when the variable 
z IS absent, is 

d^v 1 yr 

da^ dy^ ~ c* ' 

This IS the equation satisfied by the displacement in the theory of transverse vibrations 
of a membrane , the equation also occurs m the theory of wave motion m two 

(V) The equation of telegraphy 


LK^ + KR^^ — 


This IS the equation satisfied by the potential in a telegraph cable when the 
L, the capacity K, and the resistance R per umt length are taken into account 

It would not be possible, within the hmits of this chapter, to attempt 
an exhaustive account of the theories of these and the other differential 
equations of mathematical physics, but, by considering selected t 3 q)ical 
cases, we shall expound some of the principal methods employed, with 
special reference to the uses of the transcendental functions 


182 Boundary conditions 

A problem which arises very frequently is the determination, for one of the 
equations of § 18 1, of a solution which is subject to certain boundary con- 
.ditions, thus we may desire to find the temperature at any pomt mside a 
homogeneous isotropic conducting solid in thermal equilibrium when the 
points of Its outer sur&ce are maintained at given temperatures This 
amounts to finding a solution of Laplace’s equation at points mside a given 
surface, when the value of the solution at points on the surface is given. 

A more complicated problem of a similar nature occurs in discussing 
small oscillations of a liquid in a basin, the liquid being exposed to the 
atmosphere , m this problem we are given, effectively, the velocity potential 
at pomts of the free surface and the normal derivate of the velocity potential 
where the liquid is in contact with the basm 

The nature of the boundary conditions, necessary to determine a solution 
uniquely, vanes very much with the form of differential equation considered, 
even m the case of equations which, at first sight, seem very much bIiIta 
T hus a solution of the equation 

d>v,d>r . 


25—2 
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(which occurs in the problem^ of thermal equilibrium m a conducting 
cylmder) is uniquely determined at points inside a closed curve in t e 
(cy-plane by a knowledge of the value of V at pomts on the curve , but 
in the case of the equation 

dic‘ dP 

(which effectively only differs from the former in a change of sign), occurring 
in connexion with transverse vibrations of a stretched string, where F 
denotes the displacement at time t at distance x from the end of the 
string. It IS physically evident that a solution is determined uniquely only it 

laOi V and ^ are given for all values of x such that O^x^l, when t = 0 
ot 

(where I denotes the length of the string) 

Physical intuitions will usually indicate the nature of the Wdaxy 
conditions which are necessary to determme a solution of a differential 
equation uniquely, but the existence theorems which are neces^ from 
the pomt of view of the pure mathematician are usuaUy very tedious and 

difficult* 

18 3 A. general solutton of Laplace's equation j" 

It IS possible to construct a general solution of Laplace’s equation in the 
form of a defimte integral 'This solution can be employed to solve vanous 
problems involving boundary conditions. 

Let V{x, y,z) be a solution' of Laplace’s equation which can be expanded 
into a power senes in three variables vahd for points of (x, y, z) sufficiently 
near a given point (««, yo, ^o) Accordingly we write 

x-=x„-\-X, y = + x = Xo+-^> 

and we assume the expansion 

F = a, + OiZ + 6iF+ Ci.^ + oeZ* + ?>,F* + c,^* 

+ . , 

It bemg supposed that this senes is absolutely convergent whenever 

where o is some positive constantj If this expansion exists, F is said to 
be analytic at («., y„ ^o) It can be proved by the methods of §§ 3 7, 4 7 

* See e.g. Fowyth, Theory of Ftmetton* (1918), §§ 216-220, where an apparently aimple 
problem is discussed. 

t Whittaker, Math. Ann Lvn (1902), p 38S 
j The fnnotiona of appUed mathematioB satiafy this condition 


THE EQUATIONS OF MATHEMATICAL PHYSICS 


389 


18 3] 

that the senes converges umformly throughout the domain indicated and 
may he differentiated term-by-term with regard to X,T or Z any number of 
times at pomts inside the domam 

If we substitute the expansion in Laplace’s equation, which may be 
written 

?!r 9!r ^_o 

and equate to zero (_§ 3 73) the coefficients of the vanous powers of X, Y 
and Z, we get an infinite set of Imeai relations between the coefficients, 
of which 

tij -I- + Ci == 0 

may be taken as typical 

There are |a(n — 1) of these relations* between the g(» + 2)(« + l) 
coefficients of the terms of degree n in the expansion of V, so that there 
are only § (ra + 2) (» + 1) -|w(n- 1) = 2n -I- 1 independent coefficients m 

the terms of degree n m F Hence the terms of degree w in F must be 
a Imear combination of 2»-Pl Imearly independent particular solutions of 
Laplace’s equation, these solutions being each of degree » in X, Y and Z 

To find a set of such solutions, consider (Z H- ^X cos m + iF sm «)" , it is 
a solution of Laplace’s equation which may be expanded in a series of sines 
and cosmes of multiples of u, thus ’ 

» « 

A gm (X, F, Z) cos mu + 2 Aot (X, F, Z) sm mu, 

4 n *»0 

the functions (X, F, F) and A*, (X F, Z) being independent of u The 
highest power of Z in g„, (X, F, Z) and K, (X, F, Z) is and the former 
function IS an even function of F, the latter an odd function, hence 
the functions are Imearly mdependent. They therefore form a set of 
2jH- 1 functions of the type sought 

Now by Fourier’s rulef (§ 9T2) 

’ry»» F = J {Z+iX cos u + %Y sin m)” cos mudu, 

Trhm (X, Y, Z) = J (X +■ iX cos u -f i F sin «)" sin mu du, 

* K Or,,,, (where r+*+(=B) be the ooeffieient of X'yz* in F, and if the terms of degree 
0«F d‘r 

533 “ arranged primarily in powers of X and secondarily in powers of Y, 

the coe&oient does not ooonr in any term after X’~®F*X‘ (or if r=0 or 1), and 

h^noe the relations are all linearly mdependent 

t 2 t must be written for ir m the coefficient of (X, Y, Z) 
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and so any linear combination of the + 1 solutions can be written in the 
form 



(Z + iXcosu + iT sin u^fn (w) du, 


where /n(*^) is a rational function of 

Now it IS readily verified that, if the terms of degree n m the expiession 
assumed for F be written in this form, the senes of terms under the integral 
sign converges uniformly if [ + + be sufficiently small, and so 

(§ 4 

V=r X (Z^%Xcosu + t7smuyfn(u)du. 

J -r i»=0 

But any expression of this form may be written 

J?'(^+tXcosw + irsinu,w)dw, 

J -w • 

where JP is a function such that differentiations with regard to X, Y or Z 
under the sign of integration are permissible And, conversely, if F be any 
function of this type, F is a solution of Laplace’s equation. 

This result may be wntten 

^ ^*1"^ /(r + t^cosw+iysinu, u)dw, 

on absorbmg the terms -^o-i®ocosw~^yo8ln w into the second variable, 
and, if differentiations under the sign of integration are permissible, this 
gives a general solution of Laplace’s equation , that is to say, every solution 
of Laplace’s equation which is anal 3 ^ic throughout the interior of some 
sphere is expressible by bxx integral of the form given 
This result is.tbs throe-dunensional analogue of the theorem that 

F-=/ (* + *y) +5- (« - *y) 

IS the general solution of it 

RToix A has to be drawn between the primitive of an ordinary difibrential 

equation and general int^ials of a partial differential equation of ordor higher than the 
firat* 

Two apparently distinct piinutivee are always directly transformable mto one another 
by of smtaUe relations between the constants , thus in the case of gjf+y 

can obtam the primitive Csin (*+«) from A conx+Bsm* by defimng <7 and . by the 
equations Osm.-A C'ooss-J? On the other hand, every solution of Laplace's equation 
IB expressible in each of the forms 

j* /(»oo8<+ysm«+ie,0*» cob u+*ainu+w, u) du, 

* Tor a of general iniegraU of snob equatums, see Forsyth, Theory cf DifferwiM 

EquatioJiSt ti. (1906), Oh. xu. 
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but if these are known to be the same solution, theie appears to be no general analytical 
relation, connecting the functions / and which will directly transfoini one form of 
the solution into the other ] 

Example 1 Shew that the potential of a particle of unit mass at (a, I, c) is 

J_ ^ 

27r J ^ir (2-c)+^ {x-a) cos ^^ + ^(y-6)sln u 

at all points for which z>c 


Example 2 Shew that a general solution of Laplace’s equation of zero degree in 
X, y, z ig 

j log (^cos t -^y sm i +^^) g if) dt^ if J g {t) 


Express the solutions — ^ and log^-i^ in this foi*m, where ^2^.02 

Example 3 Shew that, in the case of the equation 


^where integrals of Charpit’s subsidiary equations (see Foisyth, Differential 

Equations^ Chap ix ) are 


(i) p^^x=^y--qi^a, 

(ii) p^q^a? 

Deduce that the corresponding general integrals are derived from 

(i) (^+a)3+J(y-a)»4-i^(a)l 
0«(^+a)2-(y-a)2+i^'(a) J’ 

(ii) 4« - J (la? + y)s + 2a2 (^ - y) - +y ) “ ^ + (? (a)\ 

0ma4a(x-y) - 4a^ (^-hy)"^+ O' (a) ) ’ 

and thence obtain a differential equation determining the function & (a) in terms of the 
function E(a) when the two general integrals are the same 


1831. Solutions of Laplace's equation involving Legendre functions 
If an expansion for F, of the form assumejd in § 183, exists when 

we have seen that we can express F as a senes of expressions of the type 
f (z + itc cos ui-iy sin t/)" cos mudu, j {z + ix cos u + iy sin sin mudu, 

J-TT ' -w 

where n and m are integers such that O^m^n 

We shall now examine these expressions more closely 
If we take polar coordinates, defined by the equations 

a^r sin (9 cos y = r sin 6 sm z — r cos d, 
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A solid harmonic of degree n is evidently a homogeneous polynomial of degree n in 
X, y, /and it satisfies Laplace’s equation 

It is evident that, if a change of rectangular coordinates* is made by rotating the axes 
about the origin, a solid harmonic (or a surface harmonic) of degree n transforms into 
a solid harmonic (or a surface harmonic) of degree n lU the new coordinates. 

Spherical harmonics were investigated with the aid of Cartesian coordinates by 
W. Thomson in 1862, see Phil Trans (1863), pp 573-682, and Thomson and Tait, 
Treatise on Natural Philosophy i, (1879), pp 171-218, they were also investigated 
independently in the same manner at about the same time by Clebsch, Journal fii/r Math 
LXI (1863), pp 196-262 

Example If coordinates r, d, are defined by the equations 

A/=rcosd, y=(r2-l)^sin^cos<^, 2f=(r2— l)^sin^sm<^, 
shew that Pj^ {r) Pj^ (cos d) cos m<ti satisfies Laplace’s equation 


18 4. The solution of Laplace's equation which satisfies assigned boundary 
conditions at the surface of a sphere 

We have seen (§ 18 31) that any solution of Laplace's equation which 
IS analytic near the ongm can be expanded in the form 


V (r, <#>) « i \AnPn (cos 6) 

»*»o I 

+ 2 cos sm m^) (cos 0)1 , 

W«1 } 

and, from § 3 7, it is evident that if it converges for a given value of r, 
say a, for all values of 6 and ^ such that it converges 

absolutely and umfonnly when r<a 

To determine the constants, we must know the boundary conditions 
which Y must satisfy. A boundary condition of frequent occurrence is 
that F is a given bounded integrable function of 0 and d>. f{^> •!>)> on 

the surface of a given sphere, which we take to have radius a, and F is 
analytic at points inside this sphere 

We then have to determine the coefficients An, An*”**, Pni”! from the 
equation 

/(0, d)= i a"-[A„Pn(cos0)+ (A„<”‘icosm^+P„'”*'8inm^)P»"‘(cos0)l 

»-o (, «“1 / 

Assuming that this senes converges uniformlyf throughout the domam 


multiplying by 


Pn'’'(cos0)'^^m^, 


J12 

^ Laplace’s operator ^ ^ ^ invariant for changes of rectangular axes 

t This IS usually the case in physical problems 
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we have 



+ cos w + sm m)” cos mudu 

= r" I {cos ^ ^ sin 0 cos (w— </>)}’^ cos mudu 

J —TP 

= 7^ r {coa0 + tBmffcoB'^}^co8m(<f)'hylr)dylr 
= r" J"" {cos d-hi sm 0 cos i/r}" cos m(<f> + '^lr) d^ 


— cos m 



{cos 0 + ^ sm ^ cos ifrj" cos 


since the mtegrand is a penodic function of and 

(cos ^ sm 0 cos sm m-^/r 


IS an odd function of yjr Therefore (§15 61), with Ferrers' definition of the 
associated Legendre function, 


J cos ifc + ty^m uy cos mudu = 


Similarly 



10 } cos + ^y sm uy sm mudu 


(cos 0) sm 


Therefore r^Pn^ (cos 6) cos m(f> and r^'Pn”* (cos 0) sm are polynomials 
in X, y, z and are particular solutions of Laplace*s equation Further, by 
§ 18 3, every solution of Laplace's equation, which is analytic near the origin, 
can he expressed in the form 

F ^ 2 r” \AnPn (cos 0) + 2 COS mif> + sm m<^) Pr^ (cos 0)1 * 

«=0 ( w=l J 


Any expression of the form 


AnPn (cos 0)H- 2 cos + sin m<^)Pn”‘ (cos 0), 

m=l 

where n is a positive integer, is called a surface harmonic of degree n , 
a surface harmonic of degree n multiplied by is called a solid harmonic 
(or a spherical harmonic) of degree n 

The curves on a unit sphere (with centre at the ongin) on which P,i (cos 0) vamshea 
are n parallels of latitude which divide the surface of the sphere into zones, and so P^ (cos 0) 

cos 

IS called (see § 15 1) a zonal harmonic , and the curves oh whidi rntf) (cos 0) vanl^hes 

sm 

are n-m parallels of latitude and 2m mendians, which divide the surface of the sphere 
into quadrangles whose angles are nght angles, and so these functions are called teseeral 
harmonics 
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integrating term-by-term (§ 4 7) and using the results of §§ 15 14, 15 51 on 
the integral properties of Legendre functions, we find that 

r ly^^’ ^ 0'de'd<f>' = 27ra“ 


Therefore, when r < a, 

F (r. e, <f>) = Q” [' fy(^'> 4>') {-Pn (cos <?) P« (cos 


+ 2 S 7— — -^, Pn™ (cos ■?« " (00s ^ ) cos — ^') ■ sin 6'd0 d<f> 

m^\ (n + m) ’ 

The senes which is here integrated term-by-term converges uniformly 
when r<a, since the expression under the integral sign is a bounded 
function of 6, 0\ <f>, and so (§ 4 7) 

4nrV (r, 0,<l>)=r f V(^, <l>') 2 (2m + 1) {p„ (cos 6) P„ (cos S') 

J -«■ J 0 n«0 I 

+ 2 S P«»* (cos $) Pn”' (cos tf') COS Ml ((^ - <^')l Sin e'dtf'#' 

Now suppose that we take the line (0, <^) as a new polar axis and let 
<l>i) be the new coordinates of the line whose old coordinates were {0\ , 

we consequently have to replace jP* (^cos 0) by 1 and Ph”*' 0) by zero , and 

so we get 

4irF(r, 0, r r/(0', <f>') i (2n + l) (^y*P„(co8^,')8m^/dd,'d^i' 

J -IT i 0 n=0 v^/ 

= r f V(^. 4>') 2 (2n+ 1) (-Y P„ (cos 0i') Bin 0'd0'd^'. 

J-irJo n-0 v^/ 

If, m this formula, we make use of the result of example 23 of Chapter xv 
(p. 332), we get 

1 FA- j 7 f' rf( 0 ' 

and so 

47rF (r, d, <^) 

=a(a*-^)r r . 

J -IT J 0 [r® — 2ar {cos d cos ^ -f- sin 0 sin 0' cos (<^ — 

In this compact formula the Legendre functions have ceased to appear 
explicitly 
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18-5] 


The last formula can be obtained by the theory of Greenes functions For properties 
of such functions the reader is referied to Thomson and Tait, Natural Philosophy^ 
§§ 499-619 ' 

[Note From the integrals for V (r, 0) involving Legendre functions of cos and 

of cos^, cos^' respectively, we can obtain a new proof of the addition theorem for the 
Legendre polynomial 
For let 

(^'> i>) *-Pi> ^i') ” ^ 

+2 s iP»"‘(oos^) A”* (cos tf') cos 

ra,=l («+»«)' J 

and we get, on comparing the two formulae for V (r, 4>\ 

If we take/(^, to be a surface harmonic of degree n, the term involving is the only 
one which occurs in the integrated series , and in particular, if we take/(^', <p>) ®*Xn (^j )> 

we get 

Since the integrand is continuous and is not negative it must be zero, and so 
Xn(^\ <i>0=O, that IS to say we have proved the formula 

Pn (COS tf,') -Pn (cos ) P« (COS ^) + 2 ^ (COS 6 ) /»„” (cOS COS m (<#. - <#.'), 

wherein it is obvious that 

cos $j' =» cos d cos d' +sin d sm ^ cos (</} - 
from geometrical considerations. 

We have thus obtained a physical proof of a theorem proved elsewhere* (§ 15 7) by 
purely analytical reasoning ] 

Emm^e 1 Find the solution of Laplace’s equation analytic inside the sphere r«l 
which has the value sin ZB cos at the surface of the sphere 

[^r® Ps^ (cos 6) cos ^ - ^rP^ (cos B) cos ] 

Emmple 2 Let /» (r, B, be equal to a homogeneous polynomial of degree n 
in a?, y, z Shew that 



[Take the direction (B\ <l/) as a new polar axis.] 

18’6 Solutions of Laplace's equation which involve Bessel coefficients. 

A particular case of the result of § 18 8 is that 

J ^(g+iaooBU’Hf/tinu) qqq f^y,du 

IS a solution of Laplace’s equation, k being any constant and m being any 
integer 

• The of the factor ( - )** which oocvire in 8 16 7 w due to the fact that the fanotione 

now employed are Ferrers’ assooiated fanotions. 



396 


THE TRANSCENDENTAL FUNCTIONS [CHAP. XVIII 


Taking cylindncal-polar coordinates (p, <f), z) defined by the equations 
CO — p COB <f), y — p sin </), 
the above solution becomes 

gt*pcoa QQg J COS m (v + <f>) dv 

— I COS mv cos m<f) dv 

JO 

= cos (m<l>) J ^ cos mv dv, 

and so, using § 171 example 3, we see that cos (m(j>) Jmi^p) ^ 

solution of Laplace* s equation analytic near the origin 

Similarly, from the expression 

J*" ^l2+ia!CoaM-Kj/8inu) mudu, 

where m is an mteger, we deduce that sin(m^) Jmi^p) ^ solution 

of Laplace* 8 equation 


18 51. The periods of vibration of a uniform membrane^ 

The equation satisfied by the displacement V at time ^ of a point (r, y) of a unifonxL 
plane membrane vibrating harmomcally is 

02 7 027 _^ 102 7 

W & dt^ ’ 


where c is a constant depending on the tension and density of the membrane The 
equation can be reduced to Laplace’s equation by the change of variable given by 
It follows, from § 18 5, that expressions of the form 


ih) 


COS 

Bin 


m(t> 


cos 

sin 


ckt 


satisfy the equation of motion of the membrane 

Take as a particular case a drum, that is to say a membrane with a fixed circular 
boundary of radius R 

Then one possible type of vibration is given by the equation 
V=Jm, (kp) cos mch cos ckty 

provided that VsaO when p—Rf so that we have to choose k to satisfy the equation 

This equation to determme k has an mfinite number of real roots (§ 17 3 example 3), 
ki, k^, ks, say A possible type of vibration is then given by 

V=Jm (krp) cos m(f> cos ckrt 1, 2, 3, ) 

This is a periodic motion with period 2irHckj), and so the calculation of the periods 
depends essentially on calculating the zeros of Bessel coeflBicients (see § 17*9). 

* Euler, Nov% Comm Acad Petrop x (1764) [published 1766], pp 243-260 , Poisson, M4m, 
de VAcadCmietym (1829), pp 367-670, Bourget, ilnn deVJ&cole norm sup in (1866), pp 66-96. 
For a detailed disonssion of vibrations of membranes, see also Bayleigh, Theory of Soundy 
Chapter ix 
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Example The equation of motion ot air in a circular cylinder vibratmg per- 
pendiculaily to the axis OZ of the cylinder is 

92 r 927^1^^ 

9^ c2 9^2 ’ 

V denoting the velocity potential If the cylinder have radius i2, the boundary condition 

IS that ^ “0 when p=/2 Shew that the determination of the fr6e periods depends on 
dp 

finding the zeros of (0=0 

18 6 A general solution of the equation of wave motions 
It may be shewn* by the methods of § 18 3 that a general solution of 
the equation of wave motions 

Za? ay* a«* c» at* 


IS 


I I /(iusintfccosi; + j/sint/ sint^-f^cosw + ci, v)dudv, 

where /is a function (of three variables) of the type considered in § 183 

Regarding an integral as a limit of a sum, we see that a physical 
interpretation of this equation is that the velocity potential Y is produced 
by a number of plane waves, the disturbance represented by the element 
/(a? sin u cos V’hysmu sin V'\-z cos u + c^, u, v) BuSv 
being propagated in the direction (sin u cos v, sin u sin v, cos u) with velocity c 
The solution therefore represents an aggregate of plane waves travelling in 
all directions with velocitg c 

1861 Solutions of the equation of wave motions which involve Bessel 
functions 

We shall now obtain a class of particular solutions of the equation of 
wave motions, useful for the solution of certain special problems 

In physical investigations, it is desirable to have the time occurring by 
means of a factor sin or cos ckt^ where h is constant This suggests that 
we should consider solutions of the type 

Y ^ I I ^iJbtcBtdnuooB v-fj/ ualn v+zoob u+ct) y* 

J -w Jo 

Physically this means that we consider motions in which all the elementary waves 
have the same period 

Now let the polar coordinates of (sc, y, z) be (r, 6, <l>) and let (o), be the 
polar coordinates of the direction (u, v) referred to new axes such that 
the polar axis is the direction (6, <}>), and the plane yfr^O passes through 
OZ, so that 

cos ft) ^ cos 0 cos w + sin 0 sm u cos ((f> — v), 
sin u sin (^ — v) = sin w sin y/r 

* See the paper previously cited, Math Ann i>vit (1902), pp 842-845, or Mtuenger of Mathe- 
mattcSi xxxvx (1907), pp 98-106 


i 
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Also, take the arbitrary function /"(«, t>) to be (m, ») sin w, where 8n 
denotes a surface harmomc in u, v of degree n , so that we may wnte 

where (§ 18 31) is a surface harmonic in o>, ^Ir of degree n 
We thus get 

V s J” j’' Sn {6, < 0 , y^) sm © da dy^ 

Now we may wnte (§ 18 31) 

S„ (6, <f>, a, yfr)^ An {0, j>) P« (cos ©) 

+ i {Ant"” {6, <f>) cos my^ + £«-<”*> (^, 4>) sin m\fr} P„™ (cos a), 

m=l 

where A„ (0, ^), (0, 4 ,) and (tf, 4 ) are independent of yft and ®. 

Performmg the mtegration with respect to yjr, we get 

V = 2‘7re‘*«‘ An (0, 4) J" P„ (cos a) sin a da 

= A„ ((?, 4) p ^ 6“’’'* P„ (/*) d/i 

= 27rs>*®‘ A,. (^, .^) 

by Rodngues’ formula (§ 15 11), on integrating by parts n times and using 
Hankel’s integral (§ 17 3 corollary), we obtain the equation 

7= a" An (0, 4) 0- - /*’)" d/M 

= ( 27 r)^ t^e**®* (fcr) “ i j (^r) A„ (^, 4)1 

and so F IS a constant multiple of r~^ Ani0, 4) 

Now the equation of wave motions is unaffected if we multiply a, y, z 
and t by the same constant factor, 1 e if we multiply r and t by the same 
constant factor leaving 0 and 4 unaltered, so that A„(d, 4) may be taken 
to be independent of the arbitrary constant k which multiplies r and t 

Hence lim e'^r~^k~”'~^ Jn^x{kr)Ani0, 4) is a solution of the equation 
*-►0 ’ 

of wave motions, and therefore r”A„(^, 4) is a solution (independent of t) 
of the equation of wave motions, and is consequently a solution of Laplace’s 
equation , it is, accordmgly, permissible to take A„ (0, 4) to be any surface 
harmomc of degree n , and so we ohtatn the resvlt thai 

» - i j (kr) Pn”^ (cos 0) m4 okt 

IS a particular solution of the equation of wave motions 
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18 611 Application of § 18 61 to a phyncal problem 

The solution just obtained for the equation of wave motions may be used in the 
following mannei to determine the periods of free vibration of air contained in a rigid 
sphere 

The velocity potential V satisfies the equation of wave motions and the boundaiy 
dV 

condition is that -gj" =0 when where a the radius of the sphere Hence 

r=» fcos cLt 

gives a possible motion if I is so chosen that 

This equation determines k , on using § 17 24, we see that it may be written in 
the form 

tan ka = /% {ka\ 

where {ha) is a rational function of 

In particular the radial vibiations, in which V is independent of $ and are given by 
taking , then the equation to determine k becomes simply 

tdJiha—ha , 

and the pitches of the fundamental radial vibiations correspond to the roots of this 
equation 
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Miscellaneous Examples 

1 If F be a solution of Laplace’s equation which is symmetrical with respect to OZ^ 
and if Vts^f{z} on OZ^ shew that if /{f} be a function which is analytic m a domain of 
values (which contains the origin) of the complex variable then 

f f{z+i(v^-^y^)ioos<f>}d<f) 

v J 0 

at any point of a certain three-dimensional region 

Deduce that the potential of a uniform circular ring of radius c and of mass M lying in 
the plane JCO Y with its centre at the origin is 

^ f + y*)^ cos <^}*] '"^d<f> 

n" J 0 
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2 If F be a solution of Laplace’s equation, which is of the form z\ where 

(/), <l>, z) are cylindnoal coordinates, and if this solution, is approximately equal to 

near the axis of Zf where fiC) character described in example 1, 

shew that 

/ (2 +tp COB t) tdt (Dougall) 

r(m+i)r(i) jo*'' 

3 If be determined as a function of y and z by means of the equation 

A:x;+By+Oz^l, 

where A, B, Care functions of u such that 

^ 2 + 52 + (72.0, 

shew that (subject to certain general conditions) any function of w is a solution of 
Laplaces equation. (Forsyth, Messmper, xxvii (1898), pp 99-118 ) 

4 A, B are two pomts outside a sphere whose centre is O' A layer of attracting 
matter on the surface of the sphere is such that its surface density cTp at P is given by 

the formula ^ , 

*rpOc(^P PP)-i 

Shew that the total quantity of matter is unaffected by varying A and B so long as 
CA CB and A&P are unaltered , and prove that this result is equivalent to the theorem 
that the surface integral of two hai monies of different degrees taken over the sphere 
ifi z6ro 

(Sylvester, Phil Mag (5), n (1876), pp 291-307 ) 

6 Let F(t?, y, z) be the potential function defined analytically as due to particles 
of masses X+tfi, X-^/A at the points (a+ia', 6 + 16 ', c+w') and (a-ia', 6 - 16 ', 0 - 10 ') 
respectively Shew that 7 {x, y, z) is infinite at all points of a certain real circle, and 
if the point {x, y, z) describes a circuit intertwined once with this circle the initial 
and final values of V (^, y, z) are numencally equal, but opposite in sign 

(Appell, Math Ann xxx (1887), pp. 156-166 ) 

6 Find the solution of Laplace’s equation analytic in the region for which a<f <A, 
it being given that on the spheres r=a and ? =sA the solution reduces to 

i c„P„(oos^), S (7nPn(cosd), 

n»0 n=0 

respectively 

7 Let O' have coordinates ( 0 , 0 , 0 ), and let 

PtZ~6, PbZ~&, PO^r, Pa-mr’ 

Shew that 

P,(C 08 tf') P,(cosfl) , . ,,cP„+,(costf) , (?i+l)(» + 2)(i»P;+,(oostf) , 




rPi (cos 6) (91+ 1) (yi+2) r 2 P 2 (oosd) 


according as r>c or r<c, 

Obtam a similar expansion for r'»P/(cosd) (Trinity, 1893) 

8 At a pomt (r,-^, <j>) outside a umform oblate spheroid whose semi-axes are a, 5 and 
whose density is p, shew that the potential is 

where and r>m Obtain the potential at points for which r<m. 

(St John’s, 1899 ) 
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9 Shew that 

e.roo.» 2 i“( 2 M+l)>— 4p»(cos^).7'„+j(r) 

(Bauer, Journal fur Math LVi ) 

10* Shew that if x±%y^h cosh ± iiy), the equation of two-dimensional wave motions 
in the coordinates £ and t) is 

92F 92f JA 32F 

+ = (Lam4) 

11 Let ^=(c-f rcos d) cos<^, y=(<?+r cosd) 8 in 0 , «=rsin^, 

shew that the surfaces for which r, 6, respectively are constant form an orthogonal 
system, and shew that Laplace’s equation in the coordinates r, 0 is 

(W D Niven, Messenger^ x ) 

12 Let P have Cartesian coordinates (^, y, z) and polar coordinates (r, d, <l>) Let 

the plane POZ meet the circle ^+ 3/2 = z—0 in the points a, y , and let 

aPy “ tt>, log (Pal Py) « or 

Shew that Laplace’s equation in the coordinates o-, <n>, <f> is 

1 ^^^=0 

sinh <r (cosh <r — cos a>) ^ ’ 

and shew that a solution is 

V = (cosh (T — cos «)^ cos 51© cos P^ (cosh cr) 

n-J 

(Hicks, Phil Trans CLXxn p 617 et seq ) 

13 Shew that 

(iP'+p*-2Ppco8<Ji+cS)-4= s / dk I 

maO ^ J ^ J ^ir 

and deduce an expression for the potential of a particle in terms of Bessel functions 


f smho- 

dV] 

.+±. 

r sinho- ari 

[cosh or — cos© 

dor j 

^ 0 © 

(cosher— cos© 0 © j 


14 Shew that if a, 6 , c are constants and X, fi, v are confocal coordinates, defined as 
the roots of the equation in c 

then Laplace’s equation may he written 


Ax (a* >') I; |ax +4^ (■' -5 ^) {aa^ + a, (X -/x) I; |^| =0, 

'Where Ax=V{(a*4-X) (6«+X) (c«+X)} 

(Lamd ) 

* Examples 10 , 11 , 12 and 14 are most easily proved by using Lamp’s result [Journal de 
VBcole Polyt xrv cahier 28 (1884), pp 191-288) that if (X, /i, v) be orthogonal coordinates for 
which the line-element is given by the formula 
Laplace’s equation m these coordmates is 


9 

§X 


^H^B^dV\ , 0 fB.H.dV 
\ Hi "sj; 



HiH^dV 

^3 "57 


)■= 


0 


A simple method (due to W Thomson, Camb Math Journal^ rv* (1845), pp 83-42) of proving 
this result, by means of arguments of a physical character, is reproduced by Lamb, Hydro- 
dyiuimicz (1916), § 111 Analytical proofs, based on Lamp’s proof, are given by Bertrand, 
TratU de Oalcul Dtff€renttelle (1864), pp 181-187, and Goursat, Cours dUnalyse, i (1910), 
pp 165-159 , and a most compact proof is due to Neville, Quarterly Journal, xlix (1928), pp, 888- 
352 Another proof is given by Heme, TheorU der Kugelfunctionen, i (1878), pp 808-806 


W.M A. 


26 
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15 Shew that a general solution of the equation of wave motions is 

7'ss cos sin d+w, y-j-t? sin cos 6)dB 

(Bateman, Ptoc lt(yifido% Math Soc (2) i (1904), p 457 ) 

16 If V^f{h Vi 2, 0 be a solution of 

+ 0^3 » 

prove that another solution of the equation is 

17 Shew that a general solution of the equation of wave motions, when the motion is 
independent of <^, is 

/(2+ipoos^, c«4-psmd)c?d 


’ j ^ dBda, 


pBinB 

where d, <5, e are cylindrical coordinates and a, 6 are arbitrary constants 

(Bateman, Proc LoTidon Math Soo (2) i (1904), p 468 ) 

18 If r=/(^, y, z) IS a solution of Laplace^s equation, shew that 


IS another solution 


^“^^3^^*'\2(^-ty)’ 2^(a;-^y)» i-tyj 


(Bateman, Proc London Math Soc (2) vil (1909), p 77*) 

19 If U'=f{% y, z, t) IS a solution of the equation of wave motions, shew that 
another solution is 

^ 1 //'_£_ J!_ Jfr’-- _!f±L.'\ 

^ z-cr \z-ct^ 2(«— c«)’ 2c{z-ct)J 

(Bateman, Proc London Math Soc* (2) vn (1909), p* 77 ) 

20 If ?=:a7-2y, m^z+^w^ 

X=a?+ty, p^z-tw, v«=-l, 
so that iK+mfi+nv^O, 

shew that any homogeneous solution, of degree zero, of 

c^ir d^u d^cr . 


dldk^dmbp SwSv * 


satishes 

and obtain a solution of this equation in the form 


r a, 6, c \ 
r^x^^'mr^pr^'n-yv-y^pla, ft y, fV, 

U', /S', y J 

?X=(5-c)(f-a), nv = (a-5) (f-c) 

(Bateman, Proc London Math Soc (2) vii (1909), pp. 78-82.) 


where 



THE EQUATIONS OF MATHEMATICAL PHYSICS 


403 


21^ If (r, 0) are spheroidal coordinates, defined by the equations 

jfz=c(r2+I)^sin^cos<^, y=c(r2+l)ism^sin^, ai=croos^, 

where y, a; are rectangular coordinates and c is a constant, shew that, when n and m are 
integers, 


’ (Blades, Proc EdinhurgU Math 8oo xxkiit ) 


22 With the notation of example 21, shew that, if 2 =|s 0, 


/:>(- 


cos t-^y sin t +i»g \ oos 
0 J sin 


(Jeflfery, Proc Edmbwrgh Moitk 80c xxxm 


) 


23 Prove that the most general solution of Laplace’s equation which is of degree zero 
in A, y, z IS expressible m the form 

where /and -Pare aibitrary functions 

(Don'kin, Phil Trans 1867 , Hobson, Proc London Math Soo (1) xxix p 422 ) 

* The functions introduced m examples 21 and 22 are known as internal and external 
spheroidal harmonies respectively 


26—2 



CHAPTER XIX 

MATHIEU FUNCTIONS 

19 1 The differential equation of Mathieu 

The preceding five chapters have been occupied with the discussion of 
functions which belong to what may be generally described as the hyper- 
geometnc type, and many simple properties of these functions are now well 
known 

In the present chapter we enter upon a region of Analysis which lies 
beyond this, and which is, as yet, only very imperfectly explored 

The functions which occur in Mathematical Physics and which come 
next in order of complication to functions of hypergeometric type are 
called Mathieu functions , these functions are also known as the functions 
associated with the elliptic cylinder They arise from the equation of two- 
dimensional wave motion, namely 

This partial differential equation occurs in the theory of the propagation of electro- 
magnetic waves , if the electnc vector in the wave-fix)nt is parallel to OZ and if E denotes 
the electnc force, while (iT*, Hy, 0) are the components of magnetic force, Maxwell’s 
fundamental equations are 

1 ^ 

** 0.3? 0y ’ 0^ 0y ’ ^ ^ ’ 

0 denoting the velocity of light , and these equations give at once 

1 

c2 dt^ dff 

In the case of the scattenng of waves, propagated parallel to OX, incident on an 
elliptic cyhnder for which OX and OF are axes of a pnncipal section, the boundary 
condition is that E should vamsh at the surface of the cylinder 

The same partial differential equation occurs in connexion with the vibrations of 
a uniform plane membrane, the dependent variable being the displacement perpendicular 
to the membrane , if the membrane be in the shape of an ellipse with a rigid boundary, 
the boundary condition is the same as in the electromagnetic problem just discussed 

The differential equation was discussed by Mathieu* in 1868 in connexion 
with the problem of vibrations of an elliptic membrane m the following 
manner 

* Journal de Math (2), xm (1868), p 137 



MATHIELT FUNCTIONS 


405 


Suppose that the membrane, which is in the plane XOY when it is 
in equilibrium, is vibrating with frequency p Then, if we write 

F= w (a?, y) cos {pt + e), 

the equation becomes 

0% d-U A 

da^ dy^ cr 

Let the foci of the elliptic membiane be {±h, 0, 0), and introduce new 
real variables* f, tj defined by the complex equation 
^ X'\~iy — h coah (f + %ri)i 

so that = A cosh f cos 17, y = A sinh f sin 97 

The curves, on which f or -17 is constant, are evidently ellipses or hypei- 
bolas confocal with the boundary, if we take f > 0 and — tt < 77 ^ tt, to each 
point {x, y, 0) of the plane corresponds one and only onef value of (f, 77) 

The differential equation for v, transforms into J 

^ f ~ C 08 *»/)« = 0 

If we assume a solution of this equation of the form 

7 /-F(f)G( 77 ), 

where the factors are functions of f only and of 77 6nly respectively, we see 
that 

Vcf) dp ^ C* 1^) C* 

Since the left-hand side contains f but not 77, while the right-hand side 
contams 77 but not f , J?' (f ) and (77) must be such that each side is a constant, 
A, say, since f and 77 are independent variables. 

We thus arrive at the equations 

_ (^ to,. , _ (?(,) _ 0 

By a slight change of mdependent variable in the former equation, we see 
that both of these equations are linear diferential equations^ of the second 
order, of the form 

^ + (a + 163 cos 2 z) « = 0, 


* The introduction of these variables is due to liamd, who called $ the tTiermometnc parameter 
They are more usually known as confocal coordinates See Sur lee fonctione itwerses des 

transcendantes, Le^on 

t This may be seen most easily by considering the ellipses obtained by giving f various 
positive values If the elhpse be drawn through a definite point (^, 17) of the plane, v is the 
eccentric angle of that point on the elhpse 

X A proof of this result, due to Ijam4, is given in numerous text^books; see p. 401, footnote 
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where a and q are constants* * * § It obvious that every point (infinity ex- 
cepted) IS a regular point of this equation 

This IS the equation which is known as MaihxevJs equation and, in certain 
circumstances (§ 19*2), particular solutions of it are called Mathieu functions 

19 11 The form of the solution of Mathieu*s equation 

In the physical problems which suggested Mathieu's equation, the constant 
a IS not given a priori, and we have to consider how it is to be determined. 
It IS obvious from physical considerations m the problem of the membrane 
that u (oo, y) IS a one-valued function of position, and is consequently unaltered 
by increasing by 27 r , and the conditionf -f- 27r) = 0 (rj) is sufficient to 
determine a set of values of a m terms of q And it will appear later (§§19 4, 
19 41) that, when a has not one of these values, the equation 

G(^ + 27r)=ff(^) 

IS no longer true 

When a is thus determined, q (and thence p) is determined by the fact 
that jP(?) — 0 on the boundary , and so the periods of the free vibrations of 
the membrane are obtained 

Other problems of Mathematical Physios which involve Mathieu functions in their 
solution are (i) Tidal waves in a cylindrical vessel with an elliptic boundary, (ii) Certain 
forms of steady vortex motion in an elhptic cylmder, (lu) The decay of magnetic force 
in a metal cylmderj The equation also occurs in a problem of Rigid Dynamics which 
IS of general interests 

19 12 HilVs equation. 

A differential equation, similar to Mathleu's but of a more general nature, 
arises in G W Hiirs|| method of determining the motion of the Lunar 
Perigee, and in Adams’lF determination of the motion of the Lunar Node 
Hill’s equation is 

+ 2 X ^ncos2n2f)u«=0. 

Ctsr \ / 

The theory of Hill’s equation is very similar to that of Mathieu’s (in spite 
of the increase m generahty due to the presence of the infinite series), so the 
two equations will, to some extent, be considered together 

* Their actual values are a=-4 - g= Ay^(82c*) , the factor 16 is mserted to avoid 

powers of 2 m the solution 

‘14 

t An elementary analogue of this result is that a solation of +au=0 has period 2^ if, 

and only if, a is the B(juare of an integer 

It: R 0 Maolaunn, Trans Oamb Phil Soe xvn p 41 

§ A W Young, Proc Edinburgh Math Soc zxzn p 81. 

II Acta Math vm, (1886) Hill’s memoir was originally pubhshed m 1877 at Cambridge, 
USA 

IT Monthly Notica BAS xxxviii. p 48 
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In the astronomical applications 6i, are known constants, so the 
problem of choosmg them in such a way that the solution may be periodic 
does not arise The solution of HilVs equation in the Lunar Theory is, in 
fact, not periodic 

19 2 Per%od%c solutions of Mathieu's equation 

We have seen that in physical (as distinguished from astronomical) 
problems the constant a in Mathieu’s equation has to be chosen to be such 
a function of q that the equation possesses a periodic solution 

Let this solution be G (z) , then O {z), in addition to being periodic, is an 
integral function of z Three possibilities arise as to the nature of G (z) 
(i) G(z) may be an even function of z, (ii) G (z) may be an odd function of z, 
(ill) G (z) may be neither even nor odd 

In case (iii), i {G (z) + <? (— z)} 

IS an even periodic solution and 

^{Giz)^Gi^z)} 

IS an odd periodic solution of Mathieu’s equation, these two solutions forming 
a fundamental system It is therefore sufficient to confine oui attention to 
penodic solutions of Mathieu’s equation which are either even or odd These 
solutions, and these only, will be called Mathieu functions 

It will be observed that, since the roots of the indicial equation at are 0 and 1, 
two even (or two odd) penodic solutions of Mathieu’s equation cannot form a fundamental 
system. But, so far, there seems to be no reason why Mathieu’s equation, for special 
values of a and q, should not have one even and one odd periodic solution , for com- 
paratively small values of | g | it can be seen [§ 19 3 example 2, (li) and (iii)] that Mathieu’s 
equation his two periodic solutions only m the trivial case in which , the result that 
there are never pairs of periodic solutions for larger valiios of | ^ | is a sj-iooial case of a 
theorem duo to Hillo, Proc London MtUh Soc (2) xxili (1924), p 224 See also Inco, Proc 
Camh Phil Soa xxr (1922), p 117 

19^21 An integral equation satisfied hy even Mathieu functions'^ 

It will now be shewn that, if Q ( 17 ) is any even Mathieu function, then 
G (i)) satisfies the homogeneous integral equation 

J —IT 

where A 7 = V( 325 ) This result is suggested by the solution of Laplace’s 
equation given in § 18 3 

* This mtegral equation and the expansions of § 19'8 were published by Whittal^er, Proe 
Int Congress of Math 1912 The integral equation was known to him as early as 1904 , see 
Traits^ Camh Phil Soc xxi (1912), p 198 
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For, if + = A cosh(^-|-^i 7 ) and if F(J^) and G{rj) are solutions of the 

differential equations 

-(A+ cosh* f) J'(f) = 0, 

4- (J. + m‘h’‘ cos* t}) 0 (rt) = 0, 

then, by § 19 1, F (^) Q (rj) e'^'^ is a particular solution of Laplace’s equation 
If this solution IS a special case of the general solution 



/(A cosh ^ cos 97 cos ^ + A smh f sm 77 sin 5 + iz, 9) dd, 


given m § 18 3 , it is natural to expect that* 

f(vJ)=F(0)e^^<f>(9\ 

where ^ (6) is a function of 6 to be determined Thus 


^ (I) ^ (v) (0) (9) exp [mh cosh f cos 77 cos 9 

+ mh smh | sin 77 sin ^ + m%z} dd 

Smce f and 77 are independent, we may put f = 0 , and we are thus led to 
consider the possibility of Mathieu’s equation possessmg a solution of the 
form 

(? (ri) = r e«*«>oi.,oos« ^ 


19 22 Proof that the even Matheu functions satisfy the integral equation 

It IS readily verified (§ 5 31) that, if <f> {ff) be analytic in the range (— tt, tt) 
and if 0 ^( 77 ) be defined by the equation 

Q (7,) = J' gmhimncoBO ^ 

then Q ( 77 ) is an even penodic integral function of 77 and 
+ {A+ cos* v) 0 (v) 

= j {m* A’ (sin* 7j cos* 0 + cos* ij) — mh cos 17 cos 9 + A] eos’»o<»» ^ (tf) dO 
= — sin 9 coa'r}4>(9) + (d)} e’**®®*’>“**J 

+ r {(/>" (9) + (-4 + m* A* cos* 9) 4> (9)} d9, 

J — IT 

on integrating by parts. 


The oonstant F (0) is inserted to simplify the algebra. 
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But be a periodic {with period 27r) such that 

{6) + (A+ cos® 0) <l> (0) = 0, 

both the integral and the integrated part vanish , that is to say, Q ( 77 ), defined 
by the integral, is a periodic solution of Mathieu^s equation 

Consequently (?(^) is an even periodic solution of Mathieu's equation if 
^ {&) IS a periodic solution of Mathieu’s equation formed with the same con- 
stants , and therefore (Jd) is a constant multiple of G {&) , let it he \Q(6) 

[In the case when the Mathieu equation has two periodic solutions, if this case exist, 
we have (6) + 0% (d) where Gi (3) is an odd periodic function , but 

^mhcosrioQse 

vanishes, so the subsequent work is unaffected ] 

If we take a and q as the parameters of the Mathieu equation instead of 
A and mh, it is obvious that mh = \/(32 j) = h 

We have thus proved that, if ©( 97 ) be an even periodic solution of 
Mathieu's equation, then 

\ r e^cos^oosff Q 

J —IT 


which is the result stated in § 19 21 

From § 11 23, it is known that this integral equation has a solution only 
when X has one of the ‘ characteristic values ' It will be shewn m § 19 3 that 
for such values of X, the integral equation affords a simple means of con- 
structmg the even Mathieu functions. 


Emmple I Shew that tjie odd Mathieu functions satisfy the integral equation 

/: sin {k sin 77 sin 3) O (9) dd 

Example 2 Shew that both the even and the odd Mathieu functions satisfy the 


integral equation 



sinS 


G{fi)d3 


Example 3 Shew that when the eccentricity of the fundamental ellipse tends to zero, 
the confluent form of the integral equation for the even Mathieu functions is 

2 ^^ Jin- *** ^ 


19 3 The construction of Mathieu functions 

We shall now make use of the integral equation of § 19‘2l to construct 
Mathieu functions , the canonical form of Mathieu^s equation will be taken as 

d^U 

+ (a + 163 COS 2 z)u = 0 
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In the special case when q is zero, the pei iodic solutions are obtained by 
taking where n is any integer, the solutions are then 

1 , cos^, co&2z, , 
sin z, sin 2z, 

The Mathieu functions, which reduce to these when j 0 , will be called 
ceo 3), {z, q\ ce^ (z, q\ . , 

Bei{z,q\ se^{z,q\ 

To make the functions precise, we take the coefficients of cos nz and sin riz 
in the respective Fourier senes for ce„(^, q) and sen{z> q) to be unity The 
functions ccn 3 ), se^, {z, 3 ) will be called Mathieu functions of order n 

Let us now construct ceo (z, q) 

Since ceo 0) = 1 , we see that X ^ (27r)”^ as 0 Accordingly we 
suppose that, for general values of q, the characteristic value of X which gives 
rise to ceo (z, q) can be expanded m the form 

(27rX)”^ = 1 + aag + , 

and that ceo (z, g) = 1 + gA (z) + g^/Sa iz) + . . , 

where ai, Oa, are numencal constants and I3i{z), ^z{z\ are periodic 
functions of z which are independent of g and which contain no constant 
term 

On substituting m the integral equation, we find that 

(1 + otig-l- ttag® + ){l + 3A(^) + g-/S2W+ } 

1 r**’ 

= {I-h\/(32g) cos-5Cos^+ 16gcos®^cos“0+ .} 

x{l+g/3,(0) + g»y 8 aW+ ]de 

Equating coeflScients of successive powers of 3 in this result and making 
use of the fact that {z), ySa {z\ contain no constant term, we find m 
succession 

=s 4, {z) = 4 cos 2z^ 

Oa = 14, 02 (z) =»= 2 cos 4iZ, 

• • • j 

and we thus obtain the following expansion 

/ 27 29 \ / IfiO \ 

g') = l + ^ 42 - 28 g*+— j cos 2 ^; + f 2 g= - -y + jcos 4 ^ 

+ (|g''-^g‘+ ^coseir+l^^g*- ^coss^ 

+ )coslO^+., 

the terms not written down being 0 (g®) as g 0 

2^® 29 

The value of a is --32g® + 224g* ^ — 3®+0(3®)> will be observed 

that the coefficient of cos 2z in the senes for cco (z, q) is — a/( 8 g) 
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The Mathieu functions of higher order may be obtamed m a similar 
manner fiom the same mtegral equation and from the integral equation of 
§ 19 22 example 1 The consideration of the convergence of the senes thus 
obtamed is postponed to § 19 61 

Example 1 Obtain the following expansions^ 


(n) ce, (*, 2 ')=cos |(r+l)irl “ (r+1)' (r+l)' 


COS 2 r«, 


+ (r - mr+ a) , + 0 (g-^»)} cos (2r + 1) 

* ( 2*'(7*‘ + 

(m) *«i (*. ?)=«“ |(r+i) i rl + (r + 1) ' (r^V 


(iv) c «2 {z, , 2 ) - 1 - ajc + ^ j* + 0 ( 2 ®)| + cos 2« 


+ (;35^9W^+0(2^«)Jsm(2r+l)^ 


+ S 






r=i \T ' (*•+2) ! 3* 

where, in each case, the constant imphed in the symbol 0 depends on r but not on z 

(Whittaker ) 

Eaatnple 2 Shew that the values of a associated with (i) <;«(,(«, q), (u) eii{z, q), 
(ill) *«! (*, q), (iv) cej {z, q) are respectively 

OlO QO 

(i) --32 j«+2245* q^+0{q% 


(11) 1 - Sg' - 85?®+828 - 1 + 0 {fy 

(ill) H- 8 g'- 832 - 8 g ®-|^+0 (g®), 

(IV) 4+^2*-5g!2*+0(2«) 


(Mathieu.) 


Example 3 Shew that, if n be an mteger, 

c«a»+i(*, ?)=(-)“ *«!»+i (*+]!"•, -q). 

19 31 The integral formulae for the Mathieu fimctions 
Since all the Mathieu functions satisfy a homogeneous mtegral equation 
with a symmetrical nucleus (§ 19 22 example 3), it follows (§ 11 61) that 

j" oem(e,g)oen(e,g!)de = 0 

r sem(e,q)8en(e,q)de^=‘0 (m^n) 

J —IT 

r cem(^,9)sen(e,q)dz’~0 
J — tr 

* The leading terms of these series, as given in example 4 at the end of the chapter (p 427), 
were obtamed by Mathieu. 
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Example 1 Obtain expansions of the form 

(l) cos * oos fl ^ I ^ 

»=0 

OO 

(ii) cos {Jc sin z sin 6)= S B^ce ^ («, j) ce^ (S, q), 

nsO 

00 

(ill) sin {k sin z sin B)= S C^se^ (a, q) sen (^, S'), 

where h—sJ{Z^) 

Example 2 Obtain the expansion 

n=— 00 

as a confluent form of expansions (ii) and (iii) of example 1 

194. Tlfie nature of the solution of Mathieu's general equation, Floquet's 
theory 

We shall now discuss the nature of the solution of Mathieu's equation 
when the parameter a is no longer lestncted so as to give rise to periodic 
solutions, this is the case which is of importance in astronomical problems, as 
distinguished from other physical applications of the theory 

The method is applicable to any linear equation with periodic coeflScients 
which are one-valued functions of the mdependent vanable, the nature of 
the general solution of particular equations of this type has long been per- 
ceived by astronomers, by inference from the circumstances in which the 
equations arise These inferences have been confirmed by the following 
analytical investigation which was published m 1883 by Floquet* 

Let g (z), h {z) be a fundamental system of solutions of Mathieu's equation 
(or, mdeed, of any linear equation in which the coeflBcients have period 2ir ) , 
then, if F{z) be any othei integral of such an equation, we must have^ 

F{z)=Agiz)^Bh{z\ 
where A and B are definite constants 

Since g{z-\- 27r), h{z~\- 27r) are obviously solutions of the equation f, they 
can be expressed m terms of the continuations of g {z) and h {z) by equations 
of the type 

g{z-\‘ 27r) = a^g {z) -H Ckh (z\ h(z-^ 27r) ~ 0ig (z) + (z\ 

where ag, ^2 are definite constants, and then 

F{z -h 27r) = (Aai + B^i) g {z) + {Aa^ + B^i) h {z) 

* Ann de VJ^cole norm sup (2), xn. (1888), p 47 Flo(iuet*B analysis is a natural sequel 
to Pioard’s theoiy of differential equations with doubly-periodio coefficients (§ 20 1), and to the 
theory of the fundamental equation due to Fuchs and Hamburger 

t These solutions may not be identical with ^ (s), h(z) respectiyely, as the solution of an 
equation with penodic coefficients is not necessarily periodic. To take a simple case, uz=e'siu z 

IS a solution of ^ - (1 -j- cot r) w = 0, 
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Consequently F{z 2'7r)=^kF{z\ where k %s a constant*, %f A and B are 
chosen so that 

Atti 4- BPx — kA, -Affa + = kB 

These equations will have a solution, other than = jB — 0, if, and 
only if, 

~ A?, )Si = 0 , 
ofs > ^2 — k 

and if k be taken to be either root of this equation, the function F {z) can be 
constructed so as to be a solution of the differential equation such that 

F{Z‘\- 27r) == kF {z). 

Defining yu. by the equation k= and wiiting <j>(z) for &“^F{z\ we see 
that 

27r) = + 27r) = (j> (z) 

Hence the differential equation has a particular solution of the form 
e^ <!> (z), where (j>(z) is a periodic function with period 2ir 

We have seen that in physical problems, the parameters involved in the 
differential equation have to be so chosen that k = l is a root of the quadratic, 
and a solution is periodic. In general, however, in astronomical problems, in 
which the parameters are given, ki^l and there is no periodic solution 

In the particular case of Mathieu’s general equation or Hiirs equation, a 
fundamental system of solutions f is then e^<f>{z), ^), smce the 

equation is unaltered by writing — ^ for so that the complete solution of 
Mathieu's general equation is then 

u = Ci^4> {z) + 02 ^"^ (— z), 

wheie Cl, Cg are arbitrary constants, and is a definite function of a and g^. 

Example Shew that the roots of the equation 

02 , 

are independent of the particular pair of solutions, g {z) and h {z\ chosen 

19*41 HiWs method of solution 

Now that the general functional character of the solution of equations 
with periodic coefficients has been found by Floquet's theoty, it might be 
expected that the determination of an explicit expression for the solutions of 
Mathieu's and Hill’s equations would be a comparatively easy matter , this 
however is not the case For example, in the particular case of Mathieu’s 
general equation, a solution has to be obtained in the form 

y^e^(f>{z), 

^ The symbol A; is used in this particular sense only in this section It must not be confused 
with the constant A; of § 19 21, which was associated with the parameter g of Mathieu’s equation 

t The ratio of these solutions is not even periodic , still less is it a constant 
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wheie <f> (z) is penodic and /* is a function of the parameters a and q The 
crux of the problem is to determine /a , when this is done, the determination 
of (f) (z) presents comparatively little difficulty 

The first successful method of attackmg the problem was published by 
Hill in the memoir cited in § 19*12 , since the method for HilTs equation is 
no more difficult than for the special case of Mathieu*s general equation, we 
shall discuss the case of Hill’s equation, viz. 

■where J (z) is an even function of z with penod ir Two cases are of interest, 
the analysis hemg the same m each 

(I) The astronomical case when z is real and, for real values of z, J (z) 
can be expanded m the form 

/(x) = ^o + 2dicos 2x + 2dsCos48 + 2djCos6a! + , 

00 

the coefficients dn are known constants and 2 converges absolutely. 

»-o 

(II) The case when 2 is a complex variable and J (z) is analytic m a 

strip of the plane (containing the real axis), whose sides are parallel to the 

00 

real a fin The expansion of J(z) in the Fourier senes + 2 2^^»cos2n2 
IS then vohd (§ 9 11) throughout the intenor of the stnp, and, as before, 

OO 

2 converges absolutely 

Defining d_» to be equal to d„, we assume 

« = 2 6»e*“** 

n»-oo 

as a solution of Hill’s equation 

[In case (II) this is the solution analytic in the stnp (§^ 10 2, 19’4) , in case (I) it will 
have to be shewn ultimately (see the note at the end of § 19 42) that the values of 

which will be determined are such as to make X absolutely convergent, m order to 

nas— 00 

justify the processes which we shall now carry out.] 

On substitution m the equation, we find 

2 (/* + 2ni)*6„«<^+“«* C ^ C ® 

Multiplymg out the absolutely convergent senes and equating coefficients 
of powers of e*** to zero (§§ 9 6-9 632), we obtain the system of equations 

(jk + 2711 ^ 4 “ 2 ^ ^ ^ 2 , — 1 , 0 , 1 , 2 , •• •) 
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If we eliminate the coefficients hn determmantally (after dividing the 
typical equation by ^o — to secure convergence) we obtain* HilFs deter- 
minantal equation 



-d, 

-da 

-da 

-do 

4* -do 

4'‘-do 

- 42 -do 

4^0 

4 *- do 


(i/t+2)*— do 

-d, 

— da 

—da 

2* -do 

22 -do 

2* -do 

2* -do 

22- do 

— dj 

-d, 

(»M)*-d« 

-d, 

— 6i 

0>!-d„ 

02 -do 

02 -do 

02-do 

0*-do 

— da 

-da 

-d, 

(tAt-2)2- 

do — di 

2“ -do 

2*-do 

22 -do 

2*-do 

1 

to 

1 

0 ^ 

-«4 

— da 

— da 

-d, 

(2/*-4)*-do 


4* -do 

42 -do 

42 -d« 

4* -do 


We wnte A (ifi) for the determinant, so the equation determimng fi is 

A {ifj) =s 0 


1942 The evaluation of HilVs determinant 

We shall now obtain an extremely simple expression for Hill’s deter- 
minant» namely 

A (ip) s A (0) — sin* cosec* (Jtt V^o). 

Adopting the notation of § 2 8, we wnte 


A (ip) = 


where 




(ip — 2m)* — ^0 

4m*- 00 ' 


A 


-0. 


4m*-0o 


(m ^ n). 


The determinant la only conditionally convergent, smce the product 

of the principal diagonal elements does not converge absolutely (§§ 2*81, 2 7) 
We can, however, obtain an absolutely convergent determinant, J^i(ip), by 
dividing the linear equations of § 19*41 by 0o““ {ip — 2ny instead of dividing 
by 00 - 4n* We write this determinant A^ (ip) in the form [jB 7 n,n], where 

- 1, (m # «) 


The absolute convergence of 2 6n secures the convergence of the deter- 

nwO 

mmant [JSw,n], except when p has such a value that the denommator of one 
of the expressions vanishes 


* Since the coefficients are not all zero, we may obtain the infinite determinant as the 
eluninant of the system of linear equations by multiplying these equations by suitably chosen 
cofactors and adding up 



416 


THE TRANSCENDENTAL FUNCTIONS [CHAP, XIX 


From the definition of an mfinite determinant (§ 2 8) it follows that 


and so 


A (i/i) = Ai (t/i) lim 

jp-^CO 




A (z/i.) — — Ai (}fiy 


sm V^o) sm ^TT (^/^ + n/^o) 

siii‘*(i7r V^o) 


Now, if the determinant A, (ifi) be written out m full, it is easy to see 
(i) that Ai (^fb) IS an even periodic function of /t with period 2^, (ii) that Ai (x/i} 
IS an analytic function (cf §§ 2 81, 3 34, 5 3) of /i (except at its obvious simple 
poles), which tends to unity as the real part of ijl tends to ± oo 

If now we choose the constant K so that the function D (//»), defined by 
the equation 

jD (/Lc) = Ai {ifl) — K {cot -J-TT (^/i + V ^o) — cot I TT (t/x. — V ^o)}? 

has no pole at the pomt /Li. = ^V^o, then, since D{fi) is an even periodic 
function of //., it follows that D (/a) has no pole at any of the points 

2m + 

where n is any integer 

The function D {fx) is therefore a periodic function of ii (with period 2i) 
which has no poles, and which is obviously hounded as jB (/t) ± oo The 

conditions postulated in Liouville's theorem (§ 5 63) are satisfied, and so D (/i) 
IS a constant , making ft 4- oo , we see that this constant is unity 


Therefore 


and so 


Ai (^ft) = 1+ JT {cot -^TT (^ft + V^u) - cot TT (^ft - V ffo)}, 

A M = - Bmi7r0p-Vd.)sxni7r(ty. + ^ ^ cot (K ^6,) 


Sin®(j7r V^^o) 

To determine JT, put ft = 0 , then 

A (0) = 1 -f 2-K’ cot (-J-TT \/ ffo). 
Hence, on subtraction, 

A / N A sin2(i7rift) 

which IS the result stated 


The roots of, HilVs determinantal equation are therefore the roots of the 
equation 

sm® (^TTifi) = A (0) sm® (^tt V^o) 

When ft has thus been determined, the coefficients bn can be determined 
m terms of bo and cofactors of A (^ft) , and the solution of Hill’s differential 
equation is complete. 
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[In case (I) of § 19 41, the convergence of 2 1 | follows from the rearrangement theorem 

of § 2 82 , for 1 | is equal to 1 6,) | 2 | o I — I o I » where is the cofactoi of 

in Ai (i/i), and 2 1 (7,^,0 1 determinant obtained by leplacing the elements of the row 

through the origin by numbers whose moduli are bounded ] 

It was shewn by Hill that, foi the purposes of his astronomical problem, a remarkably 
good approximation to the value of could bo obtained by considering only the three 
central rows and columns of his determinant 

196 The Lindemann-Stieltjes" theory of Mathieiis general equation 

Up to the piesent, Mathieu’s equation has been treated as a linear 
differential equation with periodic coefficients Some extremely interesting 
properties of the equation have been obtained by Lindemann* by the sub- 
stitution f=cos®>^, which transforms the equation into an equation with 
rational coefficients, namely 

4r(l-r)^‘ + 2(l-2r)^ + (a-165 + 32gO« = 0 

This equation, though it somewhat resembles the hypergeomctric equation, is of highei 
type than the equations dealt with in Chapteis xiv and xvi, inasmuch as it has two 
regular singularities at 0 and 1 and an ii regular singularity at x , whereas the thiee 
singularities of the hypergeometric equation are all regular, while the equation for 
has one irregular singularity and only one regular singularity. 

We shall now give a short account of Lmdemann's analysis, with some 
modifications due to Stieltjesf 

19 61. Lindemann^s form of Floqnet's theorem 

Since Mathieu's equation (in Lindemann^s form) has singularities at 
and 5"= 1, the exponents at each being 0, there exist solutions of the form 

»w0 nwO 

= 2 a„' (1 - rr, Vn « (1 - 0^ S V (1 - S')", 

the first two senes converge when j ?[ < 1, the last two when 1 1 - < 1 

When the f-plane is cut along the real axis from 1 to + oo and from 
0 to - 00 , the four functions defined by these series are one-valued in the 
cut plane , and so relations of the form 

yio == ayoo 4- /Syoi , Vii « 7J/oo + By,, 
will exist throughout the cut plane 

Now suppose that f describes a closed circuit round the origin, so that the 
circuit crosses the cut fiom — oo to 0 , the analytic continuation of y,, is 

* Math Ann xxii (1883), p 117 

t Aitr* Nach cix (1884), cols. 145-162, 261-266 The analysis is very similar to that 
employed by Hermite m his lectures at the iloole Polyteohmque in 1872-1873 [OeuvreSj in 
(Pans, 1912), pp 118-122] m connexion with Lamp’s equation. See § 28 7 

k 

'f 


W M A. 


27 
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a^oo — ySyoi (since yoo is unaffected by the description of the circuit, but 
changes sign) and the continuation of is 7^00 - %oi > so Ay^^ + By^i will 
be unaffected by the desci iption of the circuit if 

A (ayoo + 0yny + -B (7^00 + ^ (ayoo - + S {yy^ - Zyf)\ 

%,e %f Aa^ + ByB — 0 

Also A 2/10® + -8^11® obviously has not a branch-point at ?=1, and so, if 
Aafi + ByB = 0, this function has no branch-points at 0 or 1, and, as it has no 
other possible singularities m the finite part of the plane, it must be an 
integral function of f 

The two expressions 

A^yit + iB^yxr, A^y^ - iB^yn 

are consequently two solutions of Mathieu’s equation whose product is an 
integral function of f 

[This amounts to the fact (§ 194) that the product of and 

(-’z) is a periodic integral function of z] 


19 62 The determination of the integral function associated with MaihieiCs 
general equation 

The integral function + just intioduced, can be deter- 

mined without difficulty , for, if yio and t/u are any solutions of 

^+i'8)|+e«>«-o, 

their squares (and consequently any linear combination of their squares) 
satisfy the equation* 

g + 3P (?) ^ + [P' (0 + 4(2 (?) + 2 {P (?)}=]| 

+ 2[(2'(?) + 2P(?)Q(?)]y = 0, 
in the case under consideration, this lesult reduces to 

+ (a - 1 - 162 + 323?) + l 6 qF (?) = 0 

00 * 

Let the Maclaurin senes for F{^) be 2 on substitution, we easily 
obtain the lecurrence formula foi the coefficients Cn, namely 

^n+i^?»+2 ” UnCn^i "1" 0,^, 


where 




(n 4- 1) {(72 4- 1)* - a -4- 16g| 
16g (2n + 1) 


n (n -1- 1) (272 -h 1 ) 
323(2w-1) 


♦ Appell, Comptes Rendus^ xci, (1880), pp 211-214 , of example 10, p 298 sup) a 
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At first sight, it appears fiom the lecurrence formula that Co and Ci can 
be chosen arbitrarily, and the remaining coefficients Ca, Cs, calculated in 
terms of them, but the third order equation has a singularity at 1, and 
the series thus obtained would have only unit radius of convergence It is 
necessary to choose the value of the ratio Ci/Co so that the series may con- 
verge for all values of ^ 

The recurrence formula, when wntten in the form 


(CnjCn-\-i) — + /" V > 

V Wi+i/ C/w+2/ 

suggests the consideration of the infinite continued fit action 

^n+1 "r ^n+2 I • m 00 (. 4* + ^n+mj 

The continued fraction on the right can be written* 

UnK (n, n + m)/K (71 -h 1, m), 

where K(n, 7i + m)=^\ 1 , Vn+ijUm 0 , 

” ^n+l > 1 > ^n+ 2 /^W+l 


0 


• t( 


-1 

n4-2 J 


The limit of this, as m oo , is a convergent determinant of von Koch’s 
type (by the example of § 2 82) , and since 


2 


Vr+i 


• oo 


Therefore, if 


‘ 0 as n 

it IS easily seen that jK' (n, oo ) -*- 1 as n cjo 

On ^ K(n, X>) 

Cn+I (n -I- 1, 00 ) * 
then Cn satisfies the recuirence foimula and, since Cn+i/cn-*-0 as n oo, the 
resulting series for F (f) is an integral function From the recurrence foitnula 
it IS obvious that all the coefficients are finite, since they are finite when 
IS sufficiently large The construction of the integral function F(^) has 
therefore been effected. 


1963 The solution of Mathieu’s equation m terms o/F(f) 
If and be two particular solutions of 


d^u 




thenf 


WfiWi — WiW^ = C exp 



* Sylvester, Phil Mag (4), v, (1868), p 446 [Math Papers, x p 609] 
t Abel, Journal f Ur Math ix (1827), p 22 Primes denote differentiations with regard to i- 

21—2 
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where 0 is a definite constant Taking and to be those two solutions of 
Mathieu’s general equation whose product is F(f), we have 

ii;/ _ ^ 0 !f!L 4 - 

Wi W 2 ~ f 4 (1 _ jF (f ) ’ uh W 2 F (f ) ' 

the latter following at once from the equation WiW 2 = F(^) 

Solving these equations for Wi/wi and and then integrating, we at 

once get 

where 71 , 72 are constants of integration, obviously no real generality is lost 
by taking Co = 71 = 72 = 1 

From the former result we have, for small values of 1 S'!, 

M;, = l + C’?i + i(c. + C?“)r+0(?*), 

while, in the notation of § 19 51, we have ai/ao = — -J-aH- 85 

Hence C^—lQq — a^Ci 

This equation determines G in terms of a, q and Ci, the value of Ci being 
ir(i,oo)-{i.ois:(o,oo)} 

Emmple 1 If the solutions of Matbieii*s equation be e^^‘^<l>(±z), where </>(«) is 
periodic, shew that , 

Example 2 Shew that the zeros of -P(f) are all simple, unless (7=0 

(Stieltjes ) 

[If Fix) could have a repeated zero, and would then have an essential singularity ] 

19 6 A second method of constructing the Mathieu function 

So far, it has been assumed that all the various series of § 19 3 involved 
in the expressions for ce;^{z, q) and sex^{z^ q) are convergent It will now be 
shewn that cej^(z, q) and se^iz, q) are integral functions of z and that the 
coefficients in their expansions as Fowner series are power series in q which 
converge absolutely when |g^| sufficiently small* 

To obtain this result for the functions g), we fehall shew how to 

determine a particular integral of the equation 
d^ii 

^ + (a + 169' cos 2^) u = i/r (a, q) cos 

* The essential part of this theoiem is the proof of the convergence of the $erie$ which occur 
in the coefficients i it is already known (§§ 10 2, 10 21) that solutions of Mathieu’s equation are 
integral functions of z, and (m the case ctf periodic solutions) the existence of the Fourier 
expansion follows from § 9 11 
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in the form of a Fourier senes convex ging over the whole plane, where 
yjr (a, q) is a function of the parameters a and q The equation (a, q) — 0 
then determines a relation between a and q which gives rise to a Mathieu 
function The reader who is acquainted with the method of Frobemus* as 
applied to the solution of linear diflfeiential equations in power senes will 
recognise the resemblance of the following analysis to his work 

Write a = iV'*-|- 8p, where W is zero oi a positive or negative integer 
Mathieu’s equation becomes 

^ = — 8 (p + 2^ cos 2z) u 


Ifp and q are neglected, a solution of this equation is ii = cos 
say 

To obtain a closer approximation, write ~ 8 (p + 2 j cos 2z) ZTo {z) as a sum 
of cosines, i e m the form 

— 8 {geos (iV'— 2)^+p cos + geos (N 2) z] say 

Then, instead of solving •+* {z\ suppress the termsf in Fi {z) 

which involve cosN’z, i.e consider the function Wi{z) where J 

Wi {z) Vx (z) + 8p cos Nz 
A particular integral of 


IS 


U' 




= JJi (z), say 


Now express — 8 ( p + 2^ cos 2x) £/i (z) as « sum of cosines , calling this 
sum Vt(z), choose a, to be such a function of p and q that Vi{z) + ciaOoaNz 
contains no term m cos Ifz , and let F, (z) + Og cos Nz = l^g (z) 


Solve the equation 


d*W , Tin 


W,{z), 


and contmue the process. Three sets of functions Um(.z), Vmiz), W^iz) 
are thus obtained, such that U^iz) and Wm(z) contain no term in cosJf^r 
when m^O, and 

Wm (z) = r„i (z) + On, cos Nz, F„» (x) = - 8 (p + 2q cos 2z) TI^t. {z), 


where is a function of p and g but not of z 


* Journal fH/r Math jx&vi, (1873), pp. 214-224 

t The reason for this suppression is that the partioalar integral of -g^+N^ti^xoosJV^ 
contains non periodic terms 

X Unless N= 1, m which case Wx (z) = Fj (z ) + 8 (p 4* g) oos « 
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It follows that 

j;^+iy^4 2 Ur^iz)^ 2 WM 

) ffi-0 m=l 

= 2 Vm( 2 ) + ( 2 aw)cosJ\r« 

m-l \m-l f 

n -1 / n \ 

= -8(p + 2gcos2^) 2 Um-iiz)+[ 2 a„Acoa Nz 

mi=0 \iu=l / 

Therefore, if U(z)= 2 Um (.z) be a uniformly convergent senes of analytic 

functions throughout a two-dimensional region in the 2-plane, we have 
(§ 53 ) 

+ (“ + 153 cos 22) U(z) — ->fr (a, q) cos Nz, 

00 

where yjr (a, 5) = 2 

»t=sl 

It IS obvious that, if a be so chosen that (a, 3) = 0, then U (z) reduces 
to c%(-?) 

A similar process can obviously be earned out for the functions (^, 3) 
by making use of sines of multiples of z 

19 61. The convergence of the m les defining Matkieu functioriB 

We shall now examine the expansion of § 19 6 more closely, with a view to investigating 
the convergence of the senes involved 

When w ^ 1, we may obviously write 

U^{z)= 2 */3H,rC0s(W-2r)2+ 2 an,r cos (ir+2r)«, 

rssl r*l 

the astensk denoting that the first summation ceases at the greatest value of r for which 

r^iJsr 

Since ^n+l W = COS We -8 (^ + 23 00 s 2 «) Uniz), 

it follows on equating coefficients of cos {N±2i)z on each side of the equation t that 

a„ + 1 *■ 83 (a,i, 1 H- 3 n, i)> 

?*(r+W)a„+i,,.==2{pa»,,.+3(o,,,,..i+an,r + i)} 2, * )> 

r(r-W) 3 „+i,r= 2 {pi 3 „,,.+ 3 (i 3 ,^,.^l + ^n,r+l)} 

These formulae hold universally with the following conventions J 

W »«,0=^»,0=O (« = 1.2, ). Vi-=^»^r=0 ('■>«)* 

(«) r=ijy, 

t When^=0 or 1 these eqaations must be modified by the suppression of all the coefficients 

r 

• :t The conventions (ii) and (in) are due to the fact that cos^sscos ( -is), cos 22=oos {^2z) 
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The reader mil easily obtain the following special fomiiilae 

ai=8p, (-^Ti^l)! "1 = 8 (p+?)} (-^=1)) 

( 2 g)" jyi 


(I) 

(II) 


(III) an,r aiid Ai,, are homogeneous polynomials of degiee ii in p and q 

00 ^ n 

2 2 


(A) , 

(B) , 


If 

we have '<//'(«, j)= 8^+85' (-di 4 - -^i) (AVI), 

3 ( 3 +A')-4y=2 (-d,„iH--dr + i)} 

r{r-N) 2 (A-i+-®r+i)} 

where Jo=^o=^ subject to conventions due to (n) and (in) above 

Now write Wr-- - q {r {r + N)- 5Lp}'‘\ w;^-q{r{r-N)- 2 /)}-i 

The result of eliminating Ax, dg, Ar-u dr+i, from the set of equations (A) is 

where Ar is the infinite deteimmant of von Koch’s type (§ 2 82 ) 


A.= 


1 , 
l^r+ 2 » 
0 , 


Wr+l, 0 , 0 , 

1 , ««^r+ 2 , 0 , 

^r+ 3 » 1 


The determinant conveiges absolutely (§ 2 82 example) if no denominator vanishes, 
and Ar -^1 as 3*-*- 00 (cf § 19 62 ) If p and q be given such vaJues that Ao«?^0 
2p^r{r^J^\ where r»l, 2 , 3 , , the senes 

S ( - Wi ^2 WrArA(r^ oos {N + 2 r) z 

r*l 

represents an integral function of z 

In hke manner wheie D, is the finite determinant 

0 , 

1 , 'W^r + 2 > 


1 3 ^r + lj 


Pr + 2 j 


the last row being 0 , 0 , 0 , 1 or 0 , 0 , 0 , l + according as 

JIT 18 even or odd 

The senes i («) is therefore 
n*0 

cosiV*+Ao~‘ s (-)’'WiW 2 WrA,cos(JV"+2r)e 

r<iAr 

+Do~> S (-)’'Wi'i«2'. w,'Aco8(-^V'-2»)r, 
r*! 

these senes converging uniformly in any bounded domain of values of *, so that term-by- 
term differentiations are permissible 

Further, the condition ijc (a, q)<=0 is equivalent to 

„ „/WlAi w,'A\ 

I e p^ ^0 - S' (^^1 Ai A+ 'M^i' A ^ 0 ) •“ 0 




If we multiply by 
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the expression on the left becomes an integral function of both p and ^ (a, say , the 
terms of ^ (a, g-), which are of lowest degrees in f and are lespectively ^ and 


Now expand 


— 
2^1 J 


5* (5^ - to } 

P 


+ q) 

(iV’s+Sp, q) dp 


in ascending poweis of g' (cf § 7 31), the contour being a small circle in the^-plane, with 
centre at the origin, and | q | being so small that ^ q) has only one zero inside the 

contour Then it follows, just as in § 7 31, that, for sufi&ciently small values of Ig^j, 
we may expand ^ as a po^ei series in q commencing**^ with a term in q^, and if | q 
be sufficiently small Dq and Aq will not vanish, since both are equal to 1 when ^=0 

On substituting for p in terms of q throughout the senes for U (z), we see that the 
senes involved m ce^ (z, q) are absolutely convergent when | $' | is sufficiently small 
The series involved in {z^ q) may obviously be investigated in a similar manner 


19 7 The method of change of parameter^ 

The methods of Hill and of Lmdemann-Stieltjes are effective in determining /i, but 
only after elaborate analysis Such analysis is inevitable, as /x is by no means a simple 
function of q , this may lie seen by giving q an assigned real value and making a vary 
from — Qo to -b Qo , then /* alternates between real and complex values, the changes taking 
place when, with the HilLMathieu notation, A (0) sm® ( Jw tja) passes through the values 
0 and 1 , the complicated nature of this condition is due to the fact that A (0) is an 
elaborate expression involving both a and q 

It IS, however, possible to expi*ess p and a in terms of q and of a new parameter cr, and 
the results are very well adapted for purposes of numei loal computation when | | is small J 

The introduction of the parameter a- is suggested by the series for cei (z^ q) and sei («, q) 
given in § 19 3 example 1 , a consideration of these senes leads us to investigate the 
potentialities of a solution of Mathieu’s general equation m the form </>(;?), where 
(z ) « sin (« - <r) 4* cos (3^; - <r) + 63 sin (3z - <r) + cos (5^: - o-) + 65 sin (5« - (t) -f , , 

the parameter <r being rendered definite by the fact that no term in cos (z - <r) is to appear 
in </)(z), the special functions sei(Z) q), cei(z, q) are the cases of this solution in which 
<r 18 0 or JjT 

On substituting this expression in Mathieu’s equation, the reader will have no difiioulty 
in obtaining the following approximations, vahd for § small values of q and real values 

of O' 

p, = 4$' sin 2o- - 122-® sin 20- ~ 122^ sm 40- -f- 0 (2®), 

a ■■ 1 + 82 008 2o- + ( - 16 + 8 cos 40-) 2* ~ 83^ cos 20*+ — 88 cos 40-) 2^4-0 (2®), 
a3 «32® sin 2o-+32® sin 4o-+( - sin 2o'4-9 sm Go-) q^+0 (q^), 

63 = 2 4* 2^ cos 20- 4- ( - ^ 4- 5 cos 40-) 2® 4* ( — V cos 20- + 7 cos 60*) 2^4- 0 (2*), 

2or4-|^f2^ sm 4crH-0(2®), 

h «42“4-J2®<5<^® 2<r4-(-^4-f?cos4o')2^4*0(2®), 

^ 2 * sia 2<r 4* 0 ( 2 ^), 67 = i*&2^ 4- 2* cos 2or 4- 0 (q% 

«D = 0(2fi), 6 o«t:J7j2*+0(2«), 

the constants involved in the various functions 0 (q^) depending on o- 


* If N=sl this result has to be modified, since there is an additional term q on the right and 
the term qy{N - 1) does not appear 

t Whittaker, Jp9 oc Edinhw gh Math, Soc xxxii (1914), pp 75--80 

X They have been applied to Hill’s problem by Ince, Monthly Notices of the R, A $, lxxv 
(1916), pp 486-448 

g The parameters q and (r are to be regarded as fundamental in this analysis, instead of 
a and q as hitherto 
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The domains of values of ^ and <r for which these senes converge have not yet been 
determined* 

If the solution thus obtained be called A (z, <r, q), then A (^, cr, q) and A (2, — o-, q) foim 
a fundamental system of solutions of Mathieu^a general equation if /a =#0 

Emmple 1 Shew that, if <r = i x 0 5 and g' = 0 01, then 

a«l 124,841,4 , ? X 0 046,993,5 , 

shew also that, if <r=i and g'=0 01, then 

a=l 321,169,3 , /i=*^x0 145,027,6 

Ea^ample 2 Obtain the equations 

fi=4g' sill 

a=. 1 4* cos 2cr — — 8^63, 

expressing fx and a in finite terms as functions of q, cr, and 
Example 3 Obtain the recurrence formulae 

{ - 4n (n + 1) + Sg' cos 2<r - Sg'fta ± Sg'i (2n + 1 ) (^3 - sm 2<r)} «2» + 1 + («2» -i+^an + s) “ 0, 
where ^+1 denotes or 62n+x-^«2n+i, according as the upper or lower sign is 

taken 

19 8. The asymptotvi solution of Mathieu^s equation 
If in Mathieu’s equation 

^ + (a + ^ cos 2^^ M-O 

we write hBmz^ f , we get 
where if* s a + 

This equation has an irregular singularity at infinity From its resemblance to BessePs 
equation, we are led to write u^e^^ v, and substitute 

1 + (01/1)4- (03/^®)+ . 

in the resulting equation for v , we then find that 
ai= -i 

the general coefficient being given by the recurrence fortnula 
The two series 

•"r‘(i+f+p+ ). .) 

are formal solutions of Mathieu^s equation, reducing to the well-known asymptotic 
solutions of BessePs equation (§ 17 5) when k^O The complete formulae which connect 
them with the solutions e^^^ <l> (±z) have not yet been published, though some steps 
towards obtaining them have been made by Dougall, JProc, Edinburgh Math Soo xxxiv, 
(1916), pp 176-196 

♦ It seems highly probable that, if |gl is sufficiently small, the series converge for all real 
values of <r, and also for complex values of <r for which 1 1 (<r) [ is sufficiently small It may be 
noticed that, when q is real, real and purely imaginary values of <r correspond respectively 
to real and purely imaginary values of /x 
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Miscellaneous Examples 

1 Shew that, if 

27rcco q) = ccq (0, q) cos {k sin z sin 6) ce^ (d, q) dO 

2 Shew that the even Mathieu functions satisfy the integial equation 

Jq {zk (cos z + cos d)} O iff) dB 

3 Shew that the equation 

(o**+ o) ^+2a* (XW+m) tt=0 
(where a, c, X, m are constants) is satisfied by 

is) ds 

taken round an appropriate contour, provided that v {s) satisfies 

ias^ + c) ^ ^ («)«: 0 , 
which IS the same as the equation for u, 

Denve the mtegral equations satisfied by the Mathieu functions as particular cases of 
this result 

* A complete bililiography is given by Humbert, Fonctions de Mathieu et fonctums de Xam4 

(Paris, 1926). 
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4 Shew that, if powers of q above the fourth are neglected, then 
CBx ( 5 , q) = cos z-Vq cos Zz -{- q^ cos 5s - cos 3s) 

4 - q^ cos 7s - cos + J cos Zz) 

-\-q^ 9s- ^ cos 7« + J cos 5^+^ cos Zz\ 

SBi {z, q) — sin « + g' sin 3s + ( J sm 5z + sin 3^;) 

-H q^ sm 7a + ^ sin 5a + ^ sm 3a) 

sin 9a+ A sin 7s + i sm 5a - JgL sin 3s), 
ce 2 (-, q) = cos 2z+q(^ cos 4s - 2) + J r/ cos 6 s 

+5^ (Ar 8s +1^ cos 4s 4-^) 

(dro cos 10 s+iJJ 8 cos Bs) 

(Mathieu ) 


6 Shew that 

cfig (s, g')=cos 3s+^ (— coss+^ cos 6s) 

+ $2 (cos s 4- cos 7s) + ^ cos s + ^ cos 6s 4 ifc cos 9s) 4- 0 (^), 

and that, m the case of this function 

a = 9 + 4g2 - 8^4- 0 

(Mathieu ) 


6 Shew that, if y (s) be a Mathieu function, then a second solution of the corresponding 
differential equation is 

y(*) J {y 

Shew that a second solution ♦ of the equation for ce^ (s, q) is 
sc^o («j q) - sin 2s- Zq^ sm 4s — 


7 If y (s) be a solution of Mathieu’s geneial equation, shew that 

{y (s + 2ir) H-y {z - 27r)} /y (s) 

is constant 


8 Express the Mathieu functions as senes of Bessel functions in which the coefficients 
are multiples of the coefficients in the Fourier series for the Mathieu functions 

[Substitute the Founer senes under the integral sign m the integral equations of 
§ 19 22 ] 

9 Shew that the confluent form of the equations for (e, q) and ae^ (a, g), when the 
eccentricity of the fundamental ellipse tends to zero, is, in each case, the equation satisfied 
by Jn(^cos«) 

10 Obtain the parabolic cylinder functions of Chapter xvi as confluent forms of the 
Mathieu fimctions, by making the eccentncity of the fundamental ellipse tend to unity 

11 Shew that («, q) can be expanded in series of the form 

2 il,nCOs 2 »»» 2 ! or 2 i?,„cos2’»»+iai, 

4n=s0 m«0 

according as ms even or odd , and that these series converge when | cos « | < 1, 


* This solution is called tn^ ( 2 , q ) ; the second solutions of the equations satisfied by Mathieu 
functions have been investigated by Inoe, Proc JEdtnhufgh JUIath Soe xxxixi (1916), pp 2-16 
See also § 19 2 
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12 With the notation of example 11, shew that, if 

ce,. {z, q)=K ce^^d, q) d6, 


then Xn 18 given by one or othei of the senes 
2m 


Ao 2Sm 1)2 ^ 

provided that these series converge 


^0 ^ir\-iJc S 


(27n+l) ^ 


Q m ’ (m-t-1) 


"i 


13 Shew that the differential equation satisfied by the product of any two solutions 
of Bessel’s equation for functions of order n is 

^(^-2«) (2^+2w) (^+1) 

d 

where S denotes z -y 
dz 

Shew that one solution of this equation is an integi*al function of z , and thence, by the 
methods of §§ 19 6-19 63, obtain the Bessel functions, discussing particularly the case in 
which n is an int^r 


14 Shew that an approximate solution of the equation 

4*^ sinh® z) u =0 

IS w ** (7 (cosech z^ sin (k cosh z + c), 

where C and c are constants of integration , it is to be assumed that h is large, A is not 
very large and z is not small 
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ELLIPTIC FUNCTIONS GENERAL THEOREMS AND THE 
WEIERSTRASSIAN FUNCTIONS 

20 1 Douhly-periodic fu,nct%ons 

A most important property of the circular functions sm^f, cos-er, tan-^, 

IS that, if / {z) denote any one of them, 

+ 2-tr) =/(^), 

and hence /(^ + 2n7r)=/(^), for all integer values of n It is on account 
of this property that the circular functions are frequently described as 
periodic functions with period 27r To distinguish them from the functions 
which will be discussed in this and the two following chapters, they ^e 
called singly-periodio functions. 

Let 0 ) 1 , 0)2 be any two numbers (real or complex) ivhose ratio^ is not purely 
real A function which satisfies the equations 

f{z^ 2 o)i) =/ / (£r H- 20)2) ^f(z\ 

for all values of z for which f{z) exists, is called a douhly-penodic function 
of z, with periods 2o)i, 2o)2 A doubly-periodic function which is analytic 
(except at poles), and which has no singularities other than poles in the 
finite part of the plane, is called an elliptic function. 

[Note What is now known as an elliptic integral^ occurs m the researches of Jakob 
Bernoulli on the Elastica Maclaurin, Fagnano, Legendre, and others considered such 
integrals in connexion with the problem of rectifying an arc of an ellipse , the idea of 
‘inverting* an elliptic integral (§ 21 7) to obtain an elliptic function is due to Abel, 
Jacobi and Gauss ] 

The periods 2ci)i, 2a)2 play much the same part in the theory of elliptic 
functions as is played by the single period m the case of the circular 
functions 

Before actually constructing any elliptic functions, and, indeed, before 
establishing the existence of such functions, it is convenient to prove some 
general theorems (§§ 20 11-20*14) concerning^ properties common to all 
elliptic functions, this procedure, though not stnctly logical, is convenient 

^ If (aju-y IS real, the parallelograms defined m § 20*11 collapse, and the function reduces to 
a singly periodic funotion when is rational , and when tajujy is irrational, it has been shewn 

by Jacobi, Journal fih Math xnx (1885), pp 66-56 [Ges Werke^ 11 (1882), pp, 25-26] that the 
funotion reduces to a constant 

t A brief discussion of elliptic integrals will be found in §§ 22 7-22*741. 
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because a large number of the properties of particular elliptic functions can 
be obtained at once by an appeal to these theorems 

Example The differential coefficient of an elliptic function is itself an elliptic 
function 

20 11 Penod-parallelog) ams 

The study of elliptic functions is much facilitated by the geometncal 
representation afforded by the Argand diagram 

Suppose that in the plane of the variable z we mark the points 0, 

2 g) 2, 2a)i + 20)2, and, generally, all the points whose complex coordmates are 
of the form 2mo)i + 2no)2, where m and n are integers 

Join in succession consecutive points of the set 0, 2o)i, 2o)iH-2ft)3, 2o)3, 0, 
and we obtain a paiallelogram If there is no point o) inside or on the 
boundary of this pamllelogram (the vertices excepted) such that 

f{z+o>) =f(z) 

for all values of z, this paiallelogram is called a fundamental penod-parallelo- 
gram for an elliptic function with penods 2wj. 

It IS clear that the ^-plane may be covered with a network of parallelo- 
grams equal to the fundamental peiiod-parallelogram and similarly situated, 
each of the pomts 2mwi + 2««5 being a vertex of four parallelograms 

These parallelograms are called penod-parallelograms, or meshes , for all 
values of z, the pomts z, z-l-2o)i, . z + 2mai + 2no)i, manifestly occupy 
corresponding positions in the meshes , any pair of such points are said to 
be congruent to one anothei The congruence of two points z, ^ is expressed 
by the notation / = ^ (mod 2a)i, 2(»5> 

From the fundamental property of elliptic functions, it follows that an 
elliptic function assumes the same value at every one of a set of congruent 
points , and so lis values in any mesh ate a mere repetition of its values in 
any other mesh 

For purposes of integration it is not convement to deal with the actual 
meshes if they have singularities of the integrand on their boundaries , on 
account of the periodic properties of elliptic functions nothing is lost by 
takmg as a contour, not an actual mesh, but a parallelogiam obtained 
by translating a mesh (without rotation) m such a way that none of the poles 
of the integrands considered aie on the sides of the parallelogram Such a 
parallelogram is called a cell Obviously the values assumed by an elliptic 
function in a cell are a mere repetition of its values in any mesh 

A set of poles (or zeros) of an elliptic function in any given cell is called 
an vrreducMe set , all other poles (or zeros) of the function are congruent to 
one or other of them 
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20 12 Simple pioperties of elliptic functions 

(I) The number of poles of an elliptic function in any cell is finite 

For, if not, the poles would have a limit point, by the two-dimensional 
analogue of § 2 21 This point is (§ 5 61) an essential singularity of the 
function , and so, by definition, the function is not an elliptic function 

(II) The number of zei os of an elliptic function in any cell is finite 

For, if not, the reciprocal of the function would have an infinite number 
of poles in the cell, and would theiefore have an essential singulanty, and 
this point would be an essential singularity of the original function, which 
would therefore not be an elliptic function [This argument presupposes 
that the function is not identically zeio] 

(III) The sum of the residues of an elliptic function, f{z), at its poles in 
any cell is zero 

Let G be the contour formed by the edges of the cell, and let the coiners 
of the cell be i, ^ + 2a)i, t -i- t + 2<»a. 


[Note In future, the periods of an elliptic function will not be called 2a)i, 26>2 
indiffeiently , but that one will be called 2 <ai which makes the ratio 6)2/«i have a positive 
imagmary part , and then, if C be described in the sense indicated by the order of the 
corners given above, the description of C is count&i -clockwise 

Throughout the ohaptei, we shall denote by the symbol 0 the contour formed by 
the edges of a coll ] 


The sum of the residues of f{z) at its poles inside C is 
^ I f(z) dz=^x — + +1 +1 \f{z) dz. 


In the second and thud integials write z-h2(Oi, Z’j-2a>Q respectively for 
z, and the right-hand side becomes 

1 rf-fSwj 1 r#+2«a 


and each of these xntegials vanishes m virtue of the periodic properties of 
f(z) 5 and so J f(z) dz = 0, and the theorem is established 


(IV) Liouvillds theorem* An elliptic function, f{z), with no poles in a 
cell IS me'i ely a constant 

For if f {z) has no poles inside the cell, it is analytic (and consequently 
bounded) inside and on the boundary of the cell (§3 61 corollary n), that is 
to say, there is a numbei K such that \f{z) \ < K when z is inside or on the 
boundaiy of the cell Fiom the periodic properties of f{z) it follows that 


* This modihoation of the theorem of § 5 68 is the result on which Liouvdle based his 
lectures on elliptic functions 
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f{z) IS analytic and |/(^) 1 < iT for all values of z , and so. by § 6 63, / {z) is 
a constant 

It will be seen later that a very large number of theorems concerning 
elliptic functions can be proved by the aid of this result 


20 13 The order of an elliptic function 

It will now be shewn that, li f{z) be an elliptic function and c be any 
constant, the rmmbei of roots of the equation 

/(^) = c 

which lie in any cell depends only on f{z), and not on o , this nunuber is 
called the order of the elliptic function, and is equal to the number of poles 


of/(^) m the cell 

By § 6 31, the difference between the number of zeros and the number 
of poles of/'(z) — c which lie m the cell 0 is 


J_ f 

2TnJcf(^)—f> 


dz 


Since /' (z + 2o,0 =/' (z + 2®,)=/' (*)- V dividing the contour into foui 
parts, precisely as in § 20 12 (III), we find that this integral is zero 

Therefore the number of zeros of f{z) — c is equal to the number of 
poles of /(z)-c, but any pole of/(z)-c is obviously a pole of/(z) and 
conversely, hence the number of zeros of /(z)- c is equal to the number 
of poles of /(z), which is independent of c, the required result is therefore 

estabhshed 

[Notb In determining the ord^r of an elliptic function by counting the number of 
Its irreduoible poles, it is obvious, from § 6 31, that each pole has to be reckoned according 
to its multiplicity ] 


The order of an elliptic function is never less than 2 , for an elliptic 
function of order 1 would have a single irreducible pole , and if this point 
actually were a pole (and not an ordinary point) the residue there would 
not be zero, which is contrary to the result of § 20 12 (III) 

So far as singularities are concerned, the simplest elliptic functions are 
those of order 2 Such functions may be divided into two classes, (i) those 
which have a single irreducible double pole, at which the residue is zero in 
accordance with § 20 12 (III) , (u) those which have two simple poles at which, 
by § 20 12 (III), the residues are numerically equal but opposite in sign 

Functions belonging to these respective classes will be discussed m this 
chapter and in Chapter xxii under the names of^ Weierstrassian and 
Jacobian elliptic functions respectively, and it will be shewn that any 
elliptic function is expressible in terms of functions of either of these 


types 
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20 14 Relation between the zeros and poles of an elliptic function 

We shall now shew that the sum of the affixes of a set of irreducible 
zeros of an elliptio function is congruent to the sum of the affixes of a set of 
irredMcihle poles 


For, with the notation previously employed, it follows, from § 6 31, that 
the difference between the sums in question is 


1 r zf'lz) , 1 ( r<+2<»i |•^+2«•l+2w, ri+Sios n I zf (z\ 

27n!t IJiz) fiz + 2w,) 


J_ f *+2“. I zfjz) _ (^+ 2rc,)f'(z + 2x,)\ , 
2irilt t/(^) ' f(z+ra>,) 


rt+2uti -ff / 

2a>2 I / dz + 2&>- 

U fi.z) 


If r ”1 P "1 ^+2<iDg) 

^ 2«2 |^log/(0)J ^ + 2 <u, l^log/ (^)J ^ I , 


= JL(. 

2iri ( 

= J-L 


on making use of the substitutions used in § 20 12 (III) and of the periodic 
properties of f{z) and /' (z) 


Now /(a) has the same values at the points t + 2wi, t 4-2®j as at t, so 
the values of log/(^r) at these points can only differ from the value oi f{z) 
at t by integer multiples of 2m, say - 2nm, 2iinri , then we have 


2« Jo /(i)' ~ 

and so the sum of the affixes of the zeros minus the sum of the affixes of 
the poles is a period , and this is the result which had to be established 


20 2 The consti'uction of an elliptic function Definition of ^ (z). 

It was seen in § 20 1 that elliptic functions may be expected to have 
some properties analogous to those of the circular functions It is therefore 
natural to introduce elliptic functions into analysis by some definition 
analogous to one of the definitions wffiich may be made the foundation 
of the theory of circular functions 

One mode of developing the theory of the circular functions is to start 
00 

from the series 2 calling this series it is possible 

to deduce all the known properties of sm^;, the method of doing so is bnefly 
indicated m § 20 222 


W M A 


28 
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The analogous method of founding the theory of elliptic functions is to 
define the function p (z) by the equation* 


= 72 + 


2' 


\(js — 2yna)i — (27nG)i + 

where coj, 0)2 satisfy the conditions laid down m §§^01, 2012(111)5 the 
summation extends over all integer values (positive, negative and zero) of 
m and n, simultaneous zero values of m and n excepted 

For brevity, we write in place of ^mcoi 4- 2n&)2, so that 


When m and n are such that | 0^m,n \ is l^rge. the general term of the 
senes defining f{z) is and so (§ 3'4) the series converges 

absolutely and umforraly (with regard to z) except near its poles, namely 
the points n 

Therefore (§ 5 3), p (z) is analytic throughout the whole ^-plane except 
at the points €1^, m where it has double poles. 

The introduction of this function p{z) is due to Weierstrassf , we now 
proceed to discuss properties of p (z), and in the course of the investigation 
it will appear that p{z) is an elliptic function with periods 2ft)i, 2 g )2 

For purposes of numerical computation the senes for p ( 2 ) is useless on account of the 
slowness of its convergence Elliptic functions free from this defect will be obtained in 
'Chapter xxi 

Example Piove that 


20 21 Per%od%city^and other properUe^ of p (0). 

Since the senes for p(z) is a uniformly convergent series of analytic 
functions, term-by-term differentiation is legitimate (§ 5 3), and so 




The funchon p' {z) w a/n odd function of z , for, from the definition of 
p' (z\ we at once get 

p'(-z)^2t {z + n^^nT^ 

m^n 


* Throughout the chapter S will be written to denote a summation over all integer values 

in, n 

of m and n, a prune being inserted (S') when the term for which m=5n=0 has to be omitted 

m,n 

from the summation It is also oustomarj to wnte jp' ( 2 ) for the denvate of p ( 2 ) The use of 
the prime in two senses will not cause confusion 

t Werhcy n (18^6), pp 245-266 The subject-matter of the greater part of this chaptei is 
due to Weierstraas, and is contamed in his lectures, of which an account has been published by 
Schwars, Formeln und LehraUtze zum Gebrauche der elliptuchen Funhtionen, Nach Vorlesunger^ 
und Aufzeichnungen dea Herrn Prof K Weieratraaa (Berhn, 1898) See also Cayley Journal 
Math X (1845), pp 386-420 [Math Papers, i. pp 166-182], and Eiaenstem, Journal filr Math^ 
XXXV. (1847), pp 137-184, 185-274 
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20 - 21 ] 

But the set of points is the same as the set and so the 

terms of p' (- z) are just the same as those of — p'{z), but m a different 
order But, the series for g»' (z) being absolutely convergent (§ 3 4), the 
derangement of the terms dofes not affect its sum, and therefore 

P’(- = 

In like manner, the terms of the -absolutely convergent series 

S' 

m, n 

are the terms of the series 

2 {(^ “ n) ^ n} 

m, n 

m a different order, and hence 

that %s to aay, p (z) %s an even function of z 

Further, p' {z + 2wi) = -2 S (z-fl^n + , 

7n,n 

but the set of points is the same as the set so the series 

for fp'(z + 2oi)j) IS a derangement of the senes foi ^'(z) The series being 
absolutely convergent, we have 

that IS to say, {z) has the period 2o)x , m like manner it has the penod 2o)a 

Since jp' (z) IS analytic except at its poles, it follows from this result that 
{z) %s an elliptic function 

If now we integrate the equation f'{z + 2o)i) = ^/{z\ we get 

p + 2a)i) = jp (^r) + ^ 

where A is constant Putting jzr = — a>x and using the fact that p (z) is an 
even function, we get -4 = 0, so that 

p{z + 2c»i) =» jf> (^) , 
in like manner p(z -h- 2<nj) ss p (z). 

Since p (z) has no singularities but poles, it follows from these two results 
that p (z) is cm elliptic function 

There are other methods of introducing both the circular and elliptic functions into 
analysis ; for the circular functions the following may be noticed 

(1) The geometrical definition in which sin z is the ratio of the side opposite the angle 
z to the hypotenuse in a nght-angled triangle of which one angle is z This is the definition 
given in elementary text-books on Trigonometry , from our point of view it has various 
disadvantages, some of which are stated m the Appendix 

(2) The defimtion by the power series 


. 06 
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(3) 


The definition by the product 


sin z^z 



_?L\ ( 1 ??- 

2^7r2A 327r^^ 


(4) The definition by ‘inversion’ of an integral 

/ 8la« . 

The periodicity properties may be obtained easily from (4) by taking suitable paths of 
integration (of Forsyth, Theoiy of FunctionSy (1918), ^ 104), but it is extremely difficult to 
prove that sm z defined in tins way is an analytic function 

The reader will see later (§§ 22 82, 22 1, 20 42, 20 22 and § 20 53 example 4) that 
elliptic functions may be defined by definitions analogous to each of these, with coiie- 
sponding disadvantages in the oases of the first and fourth 

Example Deduce the periodicity of ^ {z) directly from its definition as a double series 
[It 18 not difficult to justify the necessary derangement ] 


20 22 The differential equation satisfied hy ^ {z) 

We shall now obtain an equation satisfied by whidh will prove to 
be of great importance in the theory of the function 

The function p {z) - which is equal to 2' {{z - is 

m, n 

analytic m a region of which the origin is an internal point, and it is an 
even function of z Consequently, by Taylor’s theorem, we have an expansion 
of the form 

+ lg^zi+0 (z>) 

valid for sufficiently small values of j ^ | It is easy to see that 
5r2=60 X' iTs = 140 X' 

m, ii" m, n 

Thus = + 

differentiatmg this result, we have 

^'(z) = -2z-»+^g,z -r\g,z^ + 0(z>) 

Cubing and squarmg these respectively, we get 

g)* (z) = ~ g^z-^ + lg^ + 0 (z^), 

{z) = 4^-« - 1 g,z-^ - 1 S', + 0 {z^) 

Hence (z) - (z) = - g^z-^ -g^ + O («*), 

and so (z) - (z) + g^^ (z) + gt=0 (z^) 

That IS to say, the function {z) - 4if» (z) + g^ff (z) + g^, which is 
obviously an elliptic function, is analytic at the origin, and consequently 
it IS also analytic at all congruent points But such points are the only 
possible singulanties of the function, and so it is an elliptic function mik 
no singnla'iities , it is therefoie a constant (§ 20 12, IV) 

On making ^—>0, we see that this constant is zero 
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Thus, finally, the function fp (z) satisfies the differential equation 
(z) = 4f)» {z) -g^ip (z) - g„ 

where g^ and g^ (called the invariants) are given by the equation^ 
q, = 60t'n-% ,9r,= 140 2' fl-«„ 

in, n m, n 

Conversely, given the equation 

%f numbers ooi, Wg can be deteyrmned* such that 

gsi = 60 t' 5-3 = 140 2' n~f„, 

»», n m,n 

then the general solution of the differential equation is 

y = P (± ^ + a), 

where a is the constant of integration This may he seen by taking a new 
dependent variable u defined by the equationf y == |) {u\ when the differential 

equation reduces to = 1 

Since IS an even function of z, we have y = p(^±a), and so the 
solution of the equation can be written in the form 

without loss of generality 

Example Deduce from the differential equation that, if 

»«i 

then C2*^2/2‘-* 5, C4*=^3/2^ 7, 3 5^, 

^ si 9^^ . _ 9^ ^9z ^ 

® 2^ 5 7 11’ 2* 3 5® 1*3 "^24 7® 13’ 2® 3 6* 7 11 

20 221 The integral formula for jp {z) 

Consider the equation 

Z = { (4,i?-gtt-g,)~^dt, 

determining z in terms of f , the path of integration may be any curve which 
does not pass through a zero of 4^® — g^t — 

On differentiation, we get 

and so ^ (^; + «), 

where a is a constant 

* The difficult problem of establishing the existence of such numbers and when 
are given is solved in § 21 73 

t This equation in u always has solutions, by § 20 13 



438 


THE TRANSCENDENTAL FUNCTIONS 


[chap XX 

Make f > oo , then 0 —*O, since the integral converges, and so o is a pole 
of the function p, le, « is of the form so ?=(p(2' + fim,n)=§> (■2^) 

«00 

The result that the equation j g^t -- gz)'“^dt is equivalent to 

the equation ?= is sometimes written in the form 

I ( 4 ^ - g^t — g^) 

20*222. An illustration from the theortf of the circular functwns 

The theorems obtained in 20 2-20 221 may be illustrated by the corresponding 
results in the theory of the circular functions Thus we may deduce the properties 

m 

of the function cosec^ z from the series 2 {z—mn)“^ in the lollowing manner 

ms : -00 

Denote the series by/(js) , the senes converges absolutely and uniformly* (with i^egard 
to z) except near the points mir at which it obviously has double poles Except at these 
points, f{z) analytic The effect of adding any multiple of tt to 3 is to give a senes 
whose terms are the same as those occurring ni the original series, since the senes 
converges absolutely, the sum of the senes is unaffected, and 8o/(«) is a ponodio function 
of z mth penod rr 

Now consider the behaviour of f(z) in the strip for which — Jfr < jK (2) ^ ^tt From 
the periodicity of f{z\ the value of f{z) at any point in the piano is equal to its value at 
the corresponding' point of the strip In the 8tiip/(«) has one singularity, namely , 
aiid/(2;) IS bounded as z~*^oo in the strip, because the terms of the senes for f(z are 

00 

small compared with the conesponding terms of the oompanson series 2' 

In a domain including the point z^ 0 ,f{z)-z~^ is analytic, and is an even function , 
and consequently there is a Maelaurin expansion 

n=*o 

valid ■when \z\< 7 r It is easily seen that 

a2„=2n--‘"(2«+l) S 

00 

and so a2=6«’"^ 2 

Hence, for small values of 1 2 1 , 

Differentiating this result twice, and also squaring it, we have 
r(2) = 62-4 + ^ + 0(22), 

It follows that f" {z) — 6/2 (2) 4- 4/ (2) — 0 (z^) 

That is to say, the function /"(«)- 6/^ (2) +4f (2) is analytic at the origin and it is 
obviously periodic Since its only possible singularities aie at the points mir, it follows 
from the periodic property of the function that it is an integral function 

00 I 

* By comparison with the senes S' rnr^ 
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Further, it is bounded as m the strip since f{z) is bounded 

and so is*/'' {z) Hence/" (z) - 6/* («)+4/(;8) is bounded in the strip, and therefore from 
its periodicity it is bounded everywhere By Liouville’s theorem 6 63) it is therefore 
a constant By making ^-^0, we see that the constant is zero Hence the function 
cosec® z satisfies the equation 

/"W = 6/®W-4/« 

Multiplying by 2/' {z) and integrating, we get 

where c is a constant, which is easily seen to be zero on making use of the power senes 
for/' {z) and/ (2!) 

We thence deduce that 22 = f i ^ - 1) “ ^ 

J/M 

when an appropriate path of integration is chosen 

Example 1 liy-^iz) and primes denote differentiations with regard to 2, shew that 

where Ci, 63 are the roots of the equation 
[Wo have y^=4y^-^2^-^3 

=4(y-2i)(y-62){^-«3) 

Differentiating logarithmically and dividing by y, we have 


2^7/2= s 


Differentiating again, we have 


2/" 4/'® i , .0 

75 - 


Adding this equation multiplied by ^ to the square of the preceding equation, 
multiplied by we readil} obtain the desired result 

It should be noted that the left-hand side of the equation is half the Schwarziau 
derivative t of 2 with respect to y , and so 2 is the quotient of two solutions of the 
equation 

Example 2 Obtain the ‘properties of homogeneity’ of the function jp{z) , namely that 

X-“5'3)=X-“P{f, 

wheio P I ***) denotes the function formed with periods ioi, 2«)2 and P(s, ffs) 

denotes the function foimed with invariants gs 

[The foruioi is a diioct consequence of the definition of g) (2) by a double series , the 
latter may then be derived from the double senes defining the g invariants ] 

oo 

* The senes foi (z) may be compared with 2' ?«»■"* 

inm - » 

t Cayley, Orrwb PJnl Trans xiit (1883), p ^ [^ath Papers, xi p 148] 
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20 3 The addition-theorem for the function f (z) 

The function ^ (z) possesses what is known as an addition-theorem , that 
IS to say, there exists a formula expressmg + as an algebraic function 
o{jp(z) and p(y) for general values ♦ of z and y 

Consider the equations 

which determine A and B in terms of z and y unless = f (y), i e unless f 
z^ ±y (mod 2<»i, 

Now considei p' ( 0 “ (0 

qua function of f It has a triple pole at f = 0 and consequently it has 
three, and onl} thiee, irreducible zeros, by § 20 13 , the sum of these is a 
period, by §20 14, and as 5' = ^, f=y are two zeros, the third irreducible zero 
must be congruent to - — y Hence - z — y is a zero of p' (f) - -dp (f) — B, 
and so 

p'(-z-y)=Ap(-z-y) + B 

Elim mating A and B from this equation and the equations by which A 
and B weie defined, we have 

p(z) p'(z) 1 =0 

p(y) jp'(y) 1 

p(z-+y) -p'(z + y) 1 

Since the derived functions occurring in this result can be expressed 
algebraically in terms of p (z), p (y), piz-hy) respectively (§ 20 22), this 
result really expresses p(z + y) algebraically in terms of p (z) and p (y) 
It IS therefore an addition-theorem 

Other methods of obtaining the addition-theorem are indicated in § 20 311 
examples 1 and 2, and § 20 312 

A symmetrical form of the addition-theorem may be noticed, namely 
that, if w 4* V + w = 0, then 

p(u) p'{u) 1 =0 

p(v) p'(v) 1 

p(w) p'{w) 1 

20 31 Another form of the addition-theor em 

Retaming the notation of § 20 3, we see that the values of which make 
p' (f) — Ap (?) — 5 vanish, are congruent to one of the points z,y^—z — y, 

* It IS, of oouise, imnecessary to consider the special cases when y, or jr, or y +«: is a period 
t Tbe function p(^) -p (y), qua function of z, has double poles at points congruent to r saO, 
and no other singularities , it therefore (§ 20 13) has only two irreducible zeros , and the points 
congruent to r = sfcy therefore give all the zeros of p - jf> (y) 
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Hence — {^Ip (?) + jB}* vanishes when f is congruent to any ot the 
points 2 ?, y, — jer — y And so 

4p^ (?) - AY (0 ” (2^^ + 9^) j? (0 - (^ + 9.) 

vanishes when p (?) is equal to any one of p (z), p (y), p (-^ + y) 

For general values of z and y, p (z), p (y) and p (^ + y) are unequal and 
so they are all the roots of the equation 

- (2A5 + g,) = 0 

Consequently, by the ordinary formula for the sum of the roots of a chbic 
equation, 

jp (^) + P (y) + p (i! + = 


and so 


p(^+y)=i 


-fp(z)-jp(y), 


.p(^)-p(y)J 

on solving the equations by which A and B were defined 

This result expresses p + y) explicitly m terms of functions of z and 
of y 

20 311 The duplication formxda for p {z) 

The forms of the addition-theorem which have been obtained are both 
nugatory when y — 5 But the result of § 20 31 is true, in the case of any 
given value of z, for general values of y Taking the limiting form of the 
result when y approaches z, we have 


lim p (-8^ + y) = 7 lim 






-f{z)-hmf{y) 


y-^z 


From this equation, we see that, if ^ is not a penod, we have 
a (2«) = 2 hm + _ 2jp {z) 

■ 4 l'*o|-Ap'(^)+OWl ’ 

* 

on applying Taylor’s theorem to jp + A), jp' {z + h) , and so 

unless 2 - 2 ? is a penod This result is called the duplication formula 
Example 1 Prove that 

qm fimction of «, has no singularities at points congruent with «=0, ±y , and, by making 
use of Liouville’s theorem, deduce the addition-theorem 
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Example 2 Apply the process indioated in example 1 to the function 

FW 1 

P(y) F(y) 1 , 

and deduce the addition-theorem 


Example 3 Shew that 

p (*+y)+«» {»-v)=W (2)-P(y)}“*[W W W+gJCy)}-^*] 

[By the addition-theorem we have 

Replacing P(r) and P(y) by 4g)®(2)-paP aud (j/)-9e respec- 

tively, and reducing, we oWin the required result ] 

Example 4 Shew, by LiouviUe’s theorem, that 


^ (2 - a) g) (2 - 6)} = p (a - 5) {^y (2 - a) + P (« - 6)} - P' (a - 6) {P (* - «) - P (a - 6)} 

(Tnnity, 1905 ) 

20 312 AheVs^ method of ^proving the addition-theorem fo^ p (z) 

The following outhne of a method of establishing the addition -theoiem for p(z) is 
instructive, though a completely rigorous proof would be long and tedious 

Let the invariants of p(z) be g^y gz, take rectangular axes OXy (5F in a plane, and 
consider the intersections of the cubic curve 


with a variable line 

If any point (^ri , ^i) be taken on the cubic, the equation m z 

has two solutions +;Ji, (§ 20 13) and all other solutions are congruent to these two 

Since P'^{z)^Ap^{z)’-g 2 P{z)-gzi we have W=yi*, choose zi Wbe the solution for 
which p* (z{)— +2^1, not -yi 

A number Zi thus chosen will be called jparametev of (^i, y^) on the cubic 

Now the abscissae 0.3, ^3 of the intersections of the cubic with the vaiiablo line 
are the roots of 


<^ (^) s 4^ — 9^2 ^ - ^3 - (7n «? + ny^ = 0, 
and so {x-'V^{!h^Xz) 

The variation m one of these abscissae duo to the variation in position of the line 
consequent on small changes dw, bn in the coefficients rn, n is given by the equation 


(f,' (,Xr) Sm+^&n.=0, 


and so 
whence 


<l>' (Vr) dxy.^2 {mXy +n) (xrbm +B7i)y 
3 bxy. 

ssz 

r=:l 


^ ^ a^bm-\‘b7i 

<#>'W ’ 


,.-1 mxr+n 

provided that Xj, x^, Xz aie unequal, so that <l>' (Xf,)A^0 


* Journal fur Math 11 (1827), pp 101-181, ni (1828), pp 160-190 [Ot'uvicfi, 1 (Christiania, 
1839), pp 141-252] 
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Now, if we put bn)l(\> (^), qua function of into partial fractions, the result is 

3 

r=l 


where 


Af = lim A (x6m+Bn) 

=Xr{XrBm+Bn) lim (*-*,)/</) (a;) 


by Taylor’s theorem 
Putting r— 0, we get 
That is to say, the sum 


of 


= {Xrhm -1- (^r)» 

3 3 

2 fid?,./y,.=0, le 2 5-?,.=:0 

r=l r=l 

the parameters of the points of vate) section is a comtcmt 
e line 


Vary the line so that all the points of intersection move off to infinity (no two points 
coinciding during this process), and it as evident that ^!i+32+^3 is equal to the sum of the 
parameters when the line is the line at infinity, but when the line is at infinity, each 
parameter is a period of p (z) and therefore zi+Zz-^-zs is a period of p (z) 

Hence the sum of the parametens of three collinear points on the cubic is congment to 
zero This result having been obtained, the determinantal form of the addition-theorem 
follows as in § 20 3 


2032 The constants 6 i, 

It will now be shewn that jp (oi), p (©a), p (©s), (where coj = - o)i - Wa)* 
all unequal, and, if then values he Si, 62 , Cj, then Si, ^a, are the roots of the 
equation 4*^® — 5 ^ 2 ^ — = 0 

First consider p' (© 1 ) Since p' (z) is an odd periodic function, we have 
p' (oil) == — jp' (— ®i) — "^P' (2<»i - a>i) “ — p' io>i), 
and so P' («»i) = 0 

Similarly jp' (a^i) = p' (^s) = 0 

Since p' (z) IS an elliptic function whose only singularities are triple poles 
at points congruent to the origin, jp' {z) has three, and only three (§ 20 13), 
irreducible zeros Therefore the only zeros of p^ {z) are points congruent to 

, 0)2 , 

Next consider (z) — «! This vanishes at cdi and, since («»i) = 0, it has 
a double zero at «, Since jp(z) has only tvo irreducible poles, it follows 
from §2013 that the only zeros of ip(z)-ei are congruent to »i In like 
manner, the only zeros of i>(z)-et are double zeros at points con- 

gruent to o), respectively 

Hence ei ^ ^ For if ei = e^, then ip (z) - has a zero at a», which is 

a point nob congruent to wi 

Also, since p'‘ (z) == (z) - (z) - and since p'(z) vanishes at Wj, 

(»j, it follows that 4 jf)“ {z) - g^p (z) - g^ vanishes when p (z) = 61,62 or 6 , 

That IS to say, 61 , eg, 63 are the roots of the equation 

4!«»-pat-p3 = 0 
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From the well-known formulae connecting roots of equations with their 
coefficients, it follows that 

+ 62 + 6$ = 0, 


Example 1 When and gz axe real and the disci iminant - 27^3^ is positive, shew 
that ei, ^ 2 , 63 are all real , choosing them so that 01 > ^2 > « 3 > shew that 


and 


®i= -9it-gz ) " i 

0)3= ““'i’ j (5^3 ^ 


so that 6)1 IS real and 6)3 a pure imaginary 

Example 2 Shew that, in the circumstances of example 1 
meter of the rectangle whose corners are 0 , 6 ) 3 , 6)1 + 6 ) 3 , coi 

20 33* The addition of a half -period to the argument of p (f) 
From the form of the addition-theorem given in § 20 31, we have 


IS real on the peri- 


and so, since 
we have 


1 e 


ft.'*(*)=4 {jf> W-er}, 
p - j» (*) - «1 


on using the result 


2 0 ^= 0 , 

r«l 


this foimula expresses jf) ( 0 + 0 ) 1 ) in terms of ip{z) 

Example 1 Shew that 

(P (i«i) {(«i - ^ 2) («i - ^3)}^ 

Example 2 From the formula for jp( 0 +® 2 ) combined with the result of example 1, 
shew that 

i? (i®l + “*) - «! + {(«1 - «*) («1 - « 8 )}^ /M *1, rp 1 01 , s 

(Math, Trip 1913.) 

Example 3 Shew that the value of jp'(0) J>'(0+«i)^ (« + ® 2 )if^ (j^+ws) is equal to 
the discnminant of the equation ^^—g4-gz^^ 

[Differentiating the result of § 20 33, we have 

^(^+<^ 1 )- -(«l-«2) («l-«8) (P' W {P » 

ft cm this and analogous results, we have 

fp' W P' (^+«»i) P' (^"Hws) P' (^+<^ 3 ) 

^(ei-e2r(e2-esy(es^e,y y*(z) A {P(z)-er}-^ 

rasl 

« 16 (01 - 02 )a (02 - 03 )* («3 ^ fil)*, 

which IS the discriminant ^ 2 ®— 27 ^ 8 ^ m question ] 
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Exa/m/pU 4 


Example 5 


Shew that, with appropnate interpretations of the radicals, 

F (W- -2{(«,-«2)(«,-fi3)}i{(«i-«2)4(«i-Cs)^) 

(Math Trip 1913 ) 

Shew that, with approjDnate interpretations of the radicals, 


+ {p (2*)- e,}i {p (23) - e,}i=p (z) - p (2z) 

t 

204 Quasz-penodtc /iin chons The function* 

We shall next introduce the iunction f {z) defined by the equation 

coupled with the condition lim (z) — zr'} = 0 

«-»-o 

Since the senes for p(z) — z-^ converges umfoimly throughout any 
domain from which the neighbourhoods of the pointsf £l'm,n are excluded, we 
may integrate term-by-term (§ 4 7) and get 

= {p{z)~^^]dz 

J 0 

= ^ S f \{z — ^ n} 

^m,n J 0 

and so = S' * + fA" 7^1 • 

The reader will easily see that the general term of this series is 

0 ( I 0.ni, n I”®) SiS j n | ^0 , 

and hence (cf § 20 2), ^(z) is an analytic function of z over the whole a^-plane 
except at simple poles (the residue at each pole being + 1) at all the points 
of the set 

It IS evident that 

-i:(-^)=i+ S' 

^ fn,n T ^^7n,n 

and, since this senes consists of the terms of the series for ^(z), deranged in 
the same way as in the corresponding series of § 20 21, we have, by § 2 62, 

that is to say, f (z) is an odd function of z 


* This function should not, of course, be confused with the Zeta-function of Biemann, 
discussed m Chapter ziix 

t The symbol C',nn denote all the points C^j^^with the exception- of the origin 

(cf § 20 2) 
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Following up the analogy of § 20 222, we may compare f (z) with the function cot z 
defined by the senes S' {(; 2 ;-m 7 r)"^+(w 7 r)“^}, the equation ^ cot^r= -cosec® s 

«*s= - 00 

d 

corresponding to ^ f (a) = - g? (z) 


2041 The quasi-penodicity of the function i^{z) 

The heading of § 20 4 was an anticipation of the result, which will now be 
*^roved, that ^{z) is not a doubly-penodic function of z, and the effect on 
f {z) of increasing z by 2®! or by will be considered It is evident from 
§ 20 12 (III) that \^{z) cannot be an elliptic function, in view of the fact that 
the residue of S' {z) at every pole is + 1. 

If now we integrate the equation 

g>(^ + 2o)i) = p(^), 

we get ? (- 2 ^ + 26t)i) = fC-s) + 277 i, 

where 27;i is the constant introduced by integration, putting ^ = — coi, and 
taking account of the fact that f {z) is an odd function, we have 

In like manner, ^{z-\- = S’(^) + 2 ? 7 a, 

where ^2 — ? 

Example 1 Prove by Lioiiville’s theorem that, if then 

{f («) + f (y) + f (*)}* + f ' (*) + f ' (y) + f ' (2) =0 

(Frobenius u Stickelberger, Journal fCi/r Math Lxxxvill ) 

[This result is a pseudo-addition theorem It is not a true addition-theorem since 
r if)y C (y)> f ' not algebraic functions of f {x\ ( f {z) ] 

Example 2 Prove by LiouviUe’s theorem that 


2 

1 p («) p («) 

- 

1 g)(*) \^{x) 

= f (* +y + 2) - f (») - f (y ) - f (2) 


1 P(y) P(y) 


1 P(y) P'(y) 



1 P(2) P»(2) 


1 ^>( 2 ) g>'( 2 ) 



Obtain a generalisation of this theorem involving n vanables 

(Math Tnp 1894 ) 

20 411 The relation between % and 
We shall now shew that 

To obtain this result consider f {z) dz taken round the boundary of a 

J G 

cell There is one pole of f {z) inside the cell, the residue there being + 1 
Hence' J ? {z) dz = 2ir% 
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Modifying the contour integral m the manner of § 20 12, we get 
2x1= 1^ {g'(^r)-?(« + 2®s)}di(-j^ {?(«r)-f(« + 2®i)}cfo 

«+2wi 

= — 2i7a j dt'^ 2r]i dtj 

and so S-tti = — 4?72G>i + 47710 ) 2 , 

which IS the required result 


20 42 The function a {z) 

We shall next introduce the function a (z), defined by the equation 

^log<r(«)=2:(«) 


coupled with the condition lim {<r (n)/^} “ 1 


On account of the uniformity of convergence of the senes for except 
near the poles of ^(z), we may integrate the senes term-by-term Domg so, 
and taking the exponential of each side of the resultmg equation, we get 


the constant of integration has been adjusted m accordance with the condition 
stated. 


By the methods employed in §§202, 2021, 204, the reader will easily 
obtam the following results 

(I) The product for cr(z) converges absolutely and uniformly m any 
bounded domam of values of z 

(II) The function <r (.s) is an odd mtegral function of z with simple zeros 
at all the points Q,m,n 

The function <r (z) may be compared with the function sin z defined by 
the product 

the relation ^ log sin z = cot z correspondmg to ^ log a (z) «< f(x) 


20421 The qvast-penodwity of the function <r(z) 

If we integrate the equation 

^{z + 2®i) = ?(«) + 2i,„ 

we get <r(z + 2®i) — 06 *>‘*<r (x), 

where c is the constant of mtegration ; to determine o, we put z ®i, and 
then 


(®i) = — ce“*^“*«r (®i) 
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Consequently c = — , 

and <r(s + 2a>,) *= - <r (z). 

In like manner <r (« + 2<o,) = - <r (z) 

These results exhibit the behaviour of (r(z) when is increased by a 
period of f (z) 

If, as in § 20 32, we write a)j= - Wi - a>t, then three other Sigma-functions 
are defined by the equations 

o-f (z) = e~''’^<r (z + tOr)l<T (fflr) (r = 1. 2, 3) 

The four Sigma-functions are analogous to the four Theta-functions dis- 
cussed in Chapter xxi (see § 21 9) 

Ejbample 1 Shew that, if m and n are any integers, 

<r{z+ 2ma)i + <r ( 21 ) exp {(Swi^i + ^nrj^) z 4- 2m%ci>i + 4^7mrjia2 + , 

and deduce that r]ioi >2 ~ » 72 ®i integer multiple of Jiri^ 

Example 2 Shew that, if g'^Qxp (irifl> 2 /fi>i)> so that | | < 1, and if 

(£) »” (S) {* - “»?+*"}■ 

then F{z) is an integral function with the same zeros as (r{z) and also F(z)l<r{z) is a 
dotibly-periodic function of z with periods 26)i, 2 fi> 2 . 


Example 3 Deduce from example 2, by using Liouville’s theorem, that 


/ \ 2©! 
or {z )= — iexp 


W W»-a a -s’*)® 1 


Example 4 Obtain the result of example 3 by expressing each factor on the right as 
a singly infinite product. 


20 6. Formulae expressing any elliptic function in tei ms of Weierstrassian 
functions with the same peiiods 

There are various formillae analogous to the expression of any rational 
fraction as (I) a quotient of two sets of products of linear factors, (TI) a sum 
of partial fractions , of the first type there are two formulae involving Sigma- 
functions and Weierstrassian elliptic functions respectively, of the second 
type there is a formula involving denvates of Zeta- functions These formulae 
will now be obtained 


20 61 The expression of any elliptic function in terms of p (z) and p' (zi) 

Let f{z) be any elliptic function, and let p (z) be the Weierstrassian 
elliptic function formed with the same periods 2 q)i, 2 g >2 

We first write 

/(^) = I \.m +/(- ^y\ + 1 [{/(^) -/(- ^)) ¥ (^) 


i 
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The functions 

/ (^) +/(- z), [f{z) -/(- z)] 

are both &ien functions, and they are obviously elliptic functions when f{z) is 
an elliptic function 

The solution of the problem before us is therefore effected %f we can 
express any even elliptic function ^ {z\ say^ in terms of ^ (z) 

Let a be a zero of ^ (z) m any cell , then the point in the cell congruent 
to - a will also be a zero The irreducible zeros of ^ (z) may therefore be 
arranged in two sets, say Uj, Oa, a„ and certain points congruent to - Oj, 

In like manner, the irreducible poles may be ananged in two sets, say 

hiy bny and certain points congruent to — ij, — bz, — 

Consider now the function* 

1 fl [ jO (^) - IP (^r) ' 

4> (^) r^lXiP {z) - {br)' 

It IS an elliptic function of z, and clearly it has no poles , for the zeros of 
6(z) are zeros f of the numerator of the product, and the zeros of the 
denominator of the product are polesf of ^ (z) Consequently by Liouville’s 
theorem it is a constant, Ai, say 

Therefore (f) (z) ^ fl 

that IS to say, ^ (z) has been expressed as a rational function of ^ (z) 

Carrying out this process with each of the functions 

/(^)+/(-^), {fi^)-f{-z)}W{z)]-\ 

we obtain the theorem that any elliptic function / {z) can be expressed in terms 
of the Weierstrassian elliptic functions p (z) and {z) with the same periods, 
the expression being rational in p{z) and linear in p'(z) 

20 62 The expression of any elliptic function as a linear combination of 
Zeta-f unctions and their deiivates 

Let f{z) be any elliptic function with periods Zwi, 2<Oi. Let a set of 
irreducible poles o{f(z) be a,, a^, . a„, and let the principal part (§ 5 61) 
of f{z) near the pole a* be 

z- at (z- akf iz~- UkY * ' 

* If any one of tlie points a, or 6, is congruent to tlie origin, we omit the correepondiug 
factor p (r) - jfi (ff,,) or ^(*)-p(6r) The zero (or pole) of the pioduct and the zero (or pole) 
of <l>(z) at the origin are then of the same order of multiplicity In tins product, and m that of 
§ 20 56, factors coriesponding to multiple zeros and poles have to be repeated the appropriate 
number of times 

t Of the same order of multiplicity 


W M A 


29 
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Then we can shew that 

f(z) - Ai + 2^ — a*) - Cji:,a ^ “ “*) + 

cL^ 

where Ai is a constant, and ?■“" (z) denotes ^ ^{z). 

Denoting the summation on the right by F (z), we see that 
F (z + 2(ai) - F (z) = % 2i7iCj,,i, 

i=i 

by § 20 41, since all the derivates of the Zeta-functions are periodic 

But 2 Cjb I IS the sum of the residues of /(z) at all of its poles in a cell, 

J;=l ’ 

and IS consequently (§ 20 12) zero 

Therefore F(_z) has period 2a)i, and similarly it has period 2 ci) 2 , and so 
f(z) — F (z) IS an elliptic function 

Moreover F(z) has been so constructed that f(z) — F (z) has no poles at 
the points Ui, Og, and hence it has no poles in a certain cell It is 

consequently a constant, A^, by Liouville’s theorem 
Thiks the function f {z) can be expanded in the form 

n rje 1 

This result is of importance in the problem of integrating an elliptic 
function f{z) when the principal part of its expansion at each of its poles is 
known , for we obviously have 

I /(z)dz=‘AsZ+S^ Ok , 1 log <r(z-ai,) 

+ 2 Ci,. (z - a»)] + 0, 

5=2 — j 

where (? is a constant of integration 

Exampk Shew by the method of this article that 

and deduce that 

I P W iP' 

where (? is a constant of integration 

20 63 The eofpresston of any elliptic function as a quotient of Sigma- 
functions 

Let /(z) be any elliptic function, with periods 2wi and 2®a, and let a set 
of ineducible zeros of /(z) be a,, • a« Then (§ 20'14) we can choose a 
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set of poles hi, such that all poles of f{z) are congruent to one oi 

other ot them andf 

“I" + Ojn ” "h ^2 H" • "h 

Consider now the function 

n ^ 

r=ri <t {z- hr) 

This product obviously has the same poles anc^ zeros as f{z) , also the 
effect of increasing z by 2(Oi is to multiply the function by 

* exp {2i?i {z - g,)} 
r=i exp {2r)i (z - hr)} 

The function therefore has period 2(0^ (and in like manner it has penod 
2 (*) 2 ), and so the quotient 

^ ^ r=^l<r(z-br) 

IS an elliptic function with no zeros or poles By Liouville’s theorem, it must 
be a constant, say 

Thus the function f(z) can be expressed in the form 

An elliptic function is consequently deteirnmate (save for a multiplicative 
constant) when its penods and a set of irreducible zeios and poles are known. 
Example 1 Shew that 

PM ipM- <T{z^V)<r{z-y) 

Example 2 Deduce by differentiation, from example 1, that 

and by further differentiation obtain the addition-theorem for p {z) 

n n 

Example 3 If 2 S 5^, shew that 

f-aal rtaj 

2 ^i <^T-bi)cr{ar-h) (r{ar-hn) 

♦.«! <r(ar- ai) <r ^ cr {a ^ - a„) “ ’ 

the * denoting that the vanishing factor (r(ap— is to be omitted 
Example 4 Shew that 

p (z) ^er = <r/ (z)l(r^ («) (r = 1, 2, 3) 

[It IS customary to dej^ie {p («)— to mean <r^ {z)lxr{z), not — o-rW/o- («) ] 

Example 6 Bstabhsh, by example 1, the * three-terra equation,’ namely, 

<r(3i4-a) O’ (^s-a) a- (6 + o) <r (6-c) + <r(;?+6)<r (;?- h) <r (o + a) cr (o-a) 

H-or (z+o) or («-o) (T (a+6)o- (<!6- Z))«0 

t Multiple zeros or poles are, of course, to be reckoned according to their degree of multi- 
plicity , to determine h, b^, we choose bi, b^, to be the set of poles in the cell in 

which ai, a^, a,^ he, and then choose b^, congruent to m such a way that the required 

equation is satished. 


29-^2 
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[This result is due to Weierstrass , see p 47 of the edition of his lectures by Schwarz ] 
The equation is characteristic of the Sigma-function , it has been proved by Halphen, 
Fonctions Ell%'ptique9^ i (Pans, 1886), p 187, that no function essentially different from the 
Sigma-function satisfies an equation of this type See p 461, example 38 

2064 The connexion between any two elliptic functions with the same 
periods 

We shall now prove the important result that an algebraic relation exists 
between any two elliptic junctions, f{z) and with the same periods 

For, by §20 51, we can express f{z) and </> {z) as rational functions of the 
Weierstrassian functions p (z) and g)' {z) with the same periods, so that 
f{z) - R, [p {z\ p' (z)h <f>(z)^R. {p (^), p' (z)l 

where iJi and iZg denote rational functions of two variables 

Ehminating p (z) and p' (z) algebraically from these two equations and 
p'^ (z) == ip^ (z) - g 2 p (^) “ gs , 

we obtain an algebraic relation connecting /(z) and <f> (z) , and the theorem 
is proved 

A particular case of the proposition is that every elliptic function is con- 
nected with its derivate by an algebraic relation 

If now we take the orders of the elliptic functions /(z) and <}) (z) to be ni 
and n respectively, then, corresponding to any given value of f(z) there is 
(§ 20 13) a set of m irreducible values of z, and consequently there are m 
values (in general distinct) of <f> (z) So, corresponding to each value of f there 
are m values of (j) and, similarly, to each value of ^ correspond n yalues of / 

The relation between f{z) and ^ (z) is therefore (in general) of degree m 
in <f) and nmf 

The relation may be of lower degree Thus, if f{z) — p (z), of order 2, and 
^ =? (z), of order 4, the relation is 

As an illustration of the general result take of order 2, and 

<l>(^) — p'{^\ of order 3 The relation should be of degree 2 in ^ and of 
degree 3m/, this is, in fact, the case, for the relation is </>* = 4/® — /■— g^ 

Emmple If w, w are three elliptic functions of their argument of the second older 
with the same periods, shew that, in general, there exist two distmct relations which are 
linear in each of w, i?, namely 

A uvw-^-Evw-^^G^au+JDm+E ii+E v + Crw+ff —0, 

A ^uvw 4- ffvx + C'wu -h D'uv + E'u + F'v + 0*w + = 0, 
where -4, , JT' are constants 

20 6 On the integration of {ao^r* 4- ^a^tx^ + QazX^ H- ^a^x + ^4} “ ^ 

It will now be shewn that certain problems of integiation, which are 
insoluble by means of elementary functions only, can be solved by the intro- 
duction of the function p {z) 
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20-54, 20-6] 

Let + 4aiaj® + 4* 403^3? '{• a^=f {x) be any quartic polynomial 

which has no repeated factors , and let its invariants* be 

4(1^ ttg 4* 3ct2*j 

gTg = ttoCf^a^ 4- 2ari_a^a^ - Oa® — - ai®a4 

Let « = I {/(<)} ~^dt, where is any root of the equation f{x) — 0, then, 

j Xo 

if the function jp (z) be construe tedf with the invanants gz and it is possible 
to express x as a o ational /wnction of ^{z y 

[Note The reason for assuming that f{x) has no repeated factors is that, when /(a?) 
has a repeated factor, the integration can be effected with the aid of circular or logarithmic 
functions only For the same reason, the case m which aQ=ai~0 need not be considered ] 

By Taylor’s theorem, we have 

fit) = 4-4.8 {t - ^o) + 6-4a {t - x^Y + 4-4.1 - ^o)* 4“ -do (^ - x^^, 

(since f{x^ = 0), where 

.4.0 “ ^oj -d-i “ a^XQ 4“ Uj, 

42 ~ a^^x^ 4“ ^OiXq 4* Ua# 

48 = ao«7o® + Sui^Efo® 4* 302^0 + as 
On writing {t - x^"'^ = t, (it? — ii?o)“^ == we have 

p<X> 

z^J {44st® + 642 T® 4* 44iT + 4o } ~^dr 

To remove the second term in the cubic involved, wntej 

T = 43 “"^ (o' — ^ 42 ), ^ = 48“' (5 — J4a), 

and we get 

^ = [" {4<r» - (3.4,*- 4 J. 1 J.,) <r - --lo-i.*)} 

The reader will venfy, without difficulty, that 

34,* -4.41^8 and 2-4i-48-l, — -l,*-.4o^s* 
are respectively equal to and ffz, the invanants of the onginal quartic, 
and so 

Now x = Xo + As{s — 

and hence « = i»o + i /' (<»o) (i? S')) - -hf" (a’o)}~S 

so that X has been expressed as a rational function oii^(z, g^, 

* Burnside and Panton, Theory of Equations, 11 p 113 
t See § 21 73 

X This substitution is legitimate since i!ls4s0, for the equation . 43=0 involves f{x)=0 
having ^ repeated root 
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This formula for x is to be regarded as the integral equivalent of the 
1 elation 




EscampU 1 With the notation of this article, shew that 

i/W) -4{g)(2)-5ij/'W 
Example 2 Shew that, if 


= Jjm-iA 


where a is an^/ constant, not necessarily a zero of f(x), &nd/(x) is a quartic polynomial 
with no lepeated factors, then 

2 HP -*/(«)/»''(«) 

the function p (z) being formed with the invariants of the quartic /(:r) 

(Weierstrass ) 

[This result was first published in 1866, m an Inaugural-dissertation at Berlin by 
Biermann, who ascribed it to Weierstrass An alternative result, due to Mordell, Messenger^ 
XLiv (1916), pp 138-141 IS that, if 


^ -xdy 

J a, b ' 


n//H y) ’ 

■where /(a, y) is a homogeneous quartic whose Hessian is h (a, y), then we may take 

x=ap'{z)^f+ip{z)fy+ih, 

2/=hp' 

where /and h stand for /(a, b) and h{a, 6), and suffixes denote partial differentiations] 
Example 3 Shew that, with the notation of example 2, 

(0 (A /'H ,/"H 




207 The umformisaUon'^ of curves of genus unity 
The theorem of § 20 6 may be stated somewhat differently thus 
If the variables x and y are connected by an equation of the form 
y® — a^x!^ + ^a^ix^ + Qa^sc^ + ^a^x + a4, 

then they can be expressed as one-valued functions of a variable z by the 
efiMtions a! = x, + if' (x,) {p (z) - (a!„)}-i \ 

y = -lf' («^o) 9 '{z) {p (z) - ’ 

where fif)^ a^oc^ ^ Qa^ix^ ^iO^x + a^, Xq is any zero of f{x\ and the 
function p {z) is formed with the invariants of the quartic , and z is such that 

z=r[fit)}-ut 

•J tec 

* This term employs the word uniform in the sense ono-vahied To prevent confusion with 
the idea of uniformity as explained in Chapter ixi, throughout the present work we have used the 
phrase * one valued function * as being preferable to * uniform function ’ 
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20 7] 

It 18 obvious that y is a two-valued function of x and a? is a four-valued 
function of y , and the fact, that x and y can be expressed as one-valued 
functions of the variable z, makes this variable z of considerable importance 
in the theoiy of algebraic equations of the type considered, z is called the 
imifoi mimig variable of the equation 

+ 4ai -h 6 c&2^‘" 4- ^a^os -H 

The readei who is acquainted with the theory of algebraic plane curves will be aware 
that they aie classified lujcording to then deficiency oi a number whose geometncal 

significance is that it is the difteience between the numbei of double points possessed 
by the cinve and the maximum number of double points which can be possessed by a 
curve of the same degree as the gu en cm ve. 

Curves whose doficienc}^ is zero are called ximcmml cw ves If f {x, y)=0ia the equation 
of a umcursal curve, it is well known t that ^ and y can be expressed as q ational functions 
of a parameter Since rational functions aie one- valued, this parameter is a unifoxmising 
mnahle for the curve in question 

Next considei curves of genus unity, let /(a?, y)=0 be such a curve, then it has 
been shewn by Clebscht that v and y can be expiessed as i ational functions of ^ and 
where rf^ is a polynomial in ^ of degree three oi foui Hence, by § 20 6, | and rj can be 
expressed as rational functions of g) (z) and g>' (e), (these functions being formed with 
suitable in valiants), and so r and y can be expiessed as one- valued (elliptic) functions of 
which is therefoie a uiuformising vaiiable for the equation undei consideration 

When the genus of the algebraic cuive f{v, y)^0iii greater than unity, the uniformi- 
sation can bo eft’ected by means ol what ai o known as automorphic functions Two classes 
of such functions of genus greater than unity have been constiucted, the first by Weber, 
Qottxnge) Nach (188G), pp 359-370, the othei by Whittaker, PW Tians oxen (1898), 
pp 1-32 The analogue of the period-parallelogram is known as the ‘fundamental polygon ’ 
In the case of Weber’s functions this polygon is ‘ multi ]ily-comiected,’ i e it consists of a 
region containing islands which haio to bo logarded as not belonging to it, whereas in 
the case of the second class of functions, the po^gon is ‘simply-connected,’ i e it contains 
no such islands The latter class ol functions may therefore be regarded as a more 
immediate geueialisation of elliptic functions Of Ford, Introduction to theory of Auto- 
mofphxc Functions^ Edinbuigh Math Tiacts, No 6 (1915) 
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1 Shew that 


2 Prove that 


Miscellaneous Examples 

P (2+y) — r W P' (y) (P W -P(y)}- 

5 ^ +y+ ; ^a«2^W{g)(y)-P(w)}’ 


where, on the right-hand side, the subject of differentiation is symmetrical in z, y, and w 

(Math Tnp 1897) 

3 Shew that 


r(y-^) 

F(^-y) P"(y-ii>) 

P (^-y) P (y-w) (m-s) 




4. If y=F(^)-ei, 

shew that y is oue of the values of 

\i 


r^iz^y) 

P (^-y) P (y-w) g) (w-ii) 

1 1 1 

(Trinity, 1898 ) 
dy 


{^ (^ ■ 5 logy)* + (ei - es) (ei - es)j-^ 


(Math Trip 1897) 


6 Prove that 

2 {p (*) - «} {g> (y)- («-)}* (P (y+w)-«}4{p(y-ir)-«}*=0, 

where the sign of summation refers to the three arguments 2 , y, w, and « is any one of the 
roots 6 ^, 62 , 


6 Shew that 


7 Prove that 


P'(^+<»i) _ ( g>(K)-P(«»i) )» 
I P(«)-g'(®i) J 


(Math Tnp. 1896 ) 


(Math Tnp 1894) 


P (2*') - P M = (F (a)}-* {g> (*) - P (io),)}» {g> (a) - (® 2 +K)}“ 

8 Shew that (Math Tnp 1894) 

p W P (t4)-tg> (a)} 

• (Tnnity, 1908 ) 

9 If g)(«) have primitive penods 2ui, 2®a and /(it)={p(u)-p(a 3 )}i, while Pi(it) 
and/i (m) are similarly constructed with periods 2«.i/m and 2 <» 2 , prove that 

Pi(^)-P(^)+ S {P(ze+2m4uj/n)~p(2mai/n)}, 

m-1 


and 


n-l 

n /(u+2mo)i/n) 

/i(«)=2i=h • 

n /(2m6)i/n) 

Wisal 

(Math Tnp 1914 , the first of the formulae is due to Kiepert, 
Journal fUr Math Lxxvi (1873), p ) 
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10 If ^ = P(w4-a), y=^(^^-a), 

where a is constant, shew that the curve on which {a;, y) lies is 
(ry+c:i?+cy+iy2)®=4(^+y+c) 

(Burnside, Messenger^ xxi ) 
sr" (^0-3^2^' W+y2"=^7 {P {u)-^gzY 

(Trinity, 1909 ) 

12 If 2= J (^+6<!^+e2)-ic)Ja?, 


where c=p(2a) 

11 Shew that 


verify that 


(^)+c» 


— f- 


the elliptic function being formed with the roots — c, (c+e), -J (c- «) 

(Trinity, 1906 ) 

13 If OT be any constant, prove that 

fWW) P(^)-P(y ) ' 

1 f fe " P (*) dzdy 

~ 2rJJ {P(*)-«r}{P(y)-er} ’ 

where the summation refers to the values 1, 2, 3 of r , and the integrals are indefimte 

(Math. Tnp 1897 ) 

14 Let Ji(a!)=Aa!*+Ba!^+Cx^+Da!+JS, 

and let i=<p (ai) be the function defined by the equation 

where the lower hunt of the integral is arbitrary Shew that 

2<f>^ (a) <i)'(a^y)+<l>'(a) . <f>'(<^-y)+<j)^(a) (<3^4-y) - (a?) 

</>(^+y) — ^ (<3f) (<*'+y)‘”<i> W W 

[Hermite, Proc Math Congrm (Chicago, 1896), p 105 This formula is an 
addition-formula which is satisfied by every elliptic function of order 2 ] 

16 Shew that, when the change of variables 

«'««/»?, v=w 

is applied to the equations 


they transform into the similar equations 

,'»+,' (1 +pr)+f'»=0, dm- 

Shew that the result of performing this change of variables three times m succession 
IS a return to the original variables ri , and hence prove that, if ^ and rj be denoted as 
functions of u by JS{u) and P(u) respectively, then 

JSr(2e+4)=j^, F(u+A)'=jis^y 
where A is one-third of a period of the functions E{u) and F(u) 

Shew that 


where 


y2> ysX 


jg/'* ya- - 0/' 216^ 

(De Brun, Ofversigt af K Vet Ako^^ Stockholm^ liv ) 
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16 Shew that 


6 ^( 2 ) — (g + 0)i) fr(g+Q>2)g'(^'~<Ol^<^2 ) 
<r^ (z) <r (cDi) cr (<102) or (coj 4 'C^ 2 ) * 

//!/. /.s Q(r i^+a) <r{z-a) a-{z-hc) cr{z-c) 

^ cr^ (.)?'(■« V'W ’ 


(Math Tiip 1913 ) 


and 
where 

17 Prove that 

p{z-a)p{z-b) = p(,a-b){p{z-a) + p{z-b)-&ia)-p{b)} 

+ p' (a - 5) {f (2 - a) - f (2 - 6) + f (a) - f (6)} 

+P(a)P(6) 

(Math Trip 1895 ) 

18 Shew that 

(Math Trip 1910 ) 

19 Shew that 

C («i) + f (.%) + 1 («3) - f («i + W 2 + ih) 

2 {P (Ml) - tf> (M 2 )} {& M-P (»3)} {P (%) - P K)} 

F (%) {& W - (“ 3 )} +P' {■>h) {g> («3) - P {«l)} + F («3) {P («l) - P (« 2 )} 

(Math Trip 1912 ) 

20 Shew that 

1 p(v) P(:b) 

1 P(^) F(2/) 

1 PW g>'W 

Obtain the addition-theorem for the function p (z) from this result 

21 Shew by induction, or otherwise, that 

1 rw p-'>w 


O' (a +y+z) <r (a- -?/) o- (y-a) cr (r- .a?) _ 1 
O'* (0-) 0^(31) 0'S (*) 2 


1 PM FM p-'>(«i) 


_/ 1 I g I ,, I o'fa+*l+ +OPP'fa-V) 


M*») 


1 1 rw p-‘>(*«) I 

where the product is taken for pairs of all integral values of X and /a from 0 to n, such 
that X < fu 

(Frobeniusu Stickelberger*, /owr/ia? Lxxxiir (1877), p 179) 

22 Express 

1 p(^) p(^) p(^0 

1 &{2/) P(y) P'(y) 

1 g’W PW FW 

1 p(w) P(u) 

as a fraction whose numerator and denominator are products of Sigma-functions 

* See also Kiepert, eToumal /iir lxxvi. (1873), pp 21-83, Hermite, Journal f dr Math, 
LxxxiT, (1877), p 346 
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Deduce that if a=g)(«), 3=g>(y), 7 =^( 2 ), 8=P(m), where ii7+y+2+w=0, then 
(«« - «3) {(a - «i) (^ - «i) (7 - «i) “ «i)}^ 

+ («s - ex) {(a - ea) (|3 - ea) (7 “ ea) (S - ea)}^ 

+ («! - ea) {(fl - 83) O - es) (7 ” *3) (8 - «3)}^ = (ea - es) (33 - ej) (gj - 33) 

(Math Tnp 1911 ) 

23 Shew that 

&" (u) 

2f(2«)-4f(x3)=^^ , 


24 




PW 

g>'(«)-4^aP(«)-S'3g> («)- Afl'a" 


Shew that 


(Math Tnp 1905 ) 


p(«)-ip(«), 

and prove that o- (nu)/{(r (w)}^ is a doubly periodic function of u 

(Math Trip 1912) 

25 Prove that 

, 7 v cr («— 2a + 6) O' (2!-'26 + a) 

(Math Trip 1896) 

26 Shew that, if j^i + 22 + ^3 + ^4 

{sf («r)}®=3 {SCM} {sg> W}+sP (a 

the summations being taken for r==l, 2, 3, 4 (Math Trip 1897 ) 

27 Shew that every elliptic function of order n can be expressed as the quotient of 
two expressions of the form 

aiP (z-hb)+a2p' («-!-&)+ 

where 6, are constants (Painlev^, Bulletin de la 80 c Math xxvii ) 

28 Taking ei> 62 >^ 8 » 

consider the values assumed by 

f(^A) -<(«')/«' 

as u passes along the perimeter of the rectangle whose corners are -<», a>, w + co', -« + « 

(Math Trip 1914) 

29 Obtain an integral of the equation 


1 d^w 
w dz ^ " 


in the form 


dr<r{^+c) _ f zP'i^ 

Jz L<r( 2 )<r (3) P \h-W (0) ^ ) j’ 


where c is defined by the equation 

( 62 - 3 ^ 2 ) g)(c)=3(53+^r8) 


Also, obtain another integral in the form 

, r(3+«i)cr(3+ a j) excp {-.f (a,)-*f (<*3)}, 

{z) 

where P(«i)+g> («s)=6. P'(<h)+P'M=0, 


and neither Oj+Oa nor ai-a^ ib congruent to a penod 


(Math Trip 1912; 


j 
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30 Prove that 

+ + 0- {z + Zf^j<T{Z’\‘Z^ 

O* {2« + J (^1 + ^2 + 2^3 + ^ 4 )} 

IS a doubly-penodic function of such that 
9 W -^9 (« + ® 1) +5r (2! + ©2) + ^ ©1 + ©2) 

= — 2(r {J («2 +^3 ^ •” ^4)} O' (i +^1 — ^2 "* ^4)} O' (2!i + ^ *" ^3 ■“ ^4)}* 

(Math Trip 1893) 

31 If /(«) be a doubly-penodic function of the third order, with poles at Ci , 

«=C3, and if <^(«) be a doubly-penodic function of the second order with the same periods 
and poles at ^;=a, s=/3, its value m the neighbouihood of z—a being 

= i — -+Xi(0-a)-l-X2(«-a)2+ , 

* ” a 

prove that 

iV'* {/"(a)-/"(0)}-X{/' (a)+/'(/3)}l^(e,)+{/(a)-/(|8)} |3\X,+I<> («;s) (#. (c,)} -0 

(Math Tnp. 1894 ) 

32 If X(«) be an elliptic function with two poles «!, CJ2, and if «?!, ^js, . be 
constants subject only to the condition 

«i+«2+ +%«w(ai+a2), 

shew that the determinant whose tth row is 


1> ^ Wj (^i)) X“ («<), Xi («|), X (if^) Xi (04), X® (24) Xi (^^4), X*"® (^4) Xj (Si) 

[where Xi {z^ denotes the result of wnting Zi for z in the denvate of X (ai)], vanisheii 
identically (Math Tnp 1893) 

33 Deduce from example 21 by a limiting process, or otherwise prove, that 


r{z) 


r'» 


= ( - )»“1 {1 1 2 ‘ (71 1) I}2 <r {m)l {<r (v)}^ 


(Kiepert, Journal fWr Math^ LXXVI ) 

34 Shew that, provided certain conditions of inequality are satisfied, 

where the summation apphes to all positive integer values of m and ti, and $^«?exp (7r4«)a/©|) 

. , , (Math Tnp. 1895.) 

35 Assuming the formula 

1-2 o^co 8— 

t \ 2wi 2©i 7r« " * 

prove that 

p(3)=-^4 ./_) cosec*- 2(— 2 -j-i—cos — 

©1 \2®i/ 2®i \®i/ „-i \-q^ ®i 

when z satisfies the inequalities 

(Math. Tnp. 1896.) 
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36 Shew that if 2ar be any expression of the form 2ma)i+ 2nco2 and if 


then O’ IS a root of the sextic 




— AOgiofl - — 5pj*=0, 

and obtain all the roots of the sextic 


(Trinity, 1898 ) 


37 Shew that 


where 


11 OJ. 1 

5's=0, 


*-“+6 


2& 

(Dolbnia, Da^hov^ Bulletin (2), xix ) 


38 Prove that every analytic fiinction / (a) which satisfies the three-term equation 

2 /(a+a)/’(a-a)/(6-hc)/(6-c)=.0, 

o, b, c 

for general values of a, 6, c and is expressible as a finite combination of elementary 
functions, together with a Sigma-function (including a circular function or an algebraic 
function as degenerate cases) 

(Hermito, FoTictiom elliptiqnes^ i p 187 ) 

[Put «=na^6=*c=0, and then/(0)=0, put and then /(a-6)+/(6-a)=0, so 
that/(*) IS an odd function 

If F{z) IS the logarithmic derivate of /(«), the result of differentiating the relation 
with respect to Z>, and then putting is 


Differentiate with respect to 6, and put 5=0, then 

/(g + Ct)/(g~a!) {f (0)P _ / V _ jpt, / X 

If /' (0) were zero, F’ (z) would be a constant and, by integration, /(a;) would be of the 
form A exp {Bz+ Cz^\ and this is an odd function only in the trivial case when it is zeio 

If /' (0)^0, and we write F' («)= - 0 ( 2 ), it is found that the coefEicient of in the 
expansion of 

12/(z+a)/(z-a)/{/(z)}a 


18 6 {z)}^ " («), and the coefficient of in 12 {/(a)}^ {4* (a) - ^ (z)} is a linear function 

of * (z) Hence 0" (z) is a quadratic function of (z ) , and when we multiply this 
function by O' (z) and integrate we land that 

{O' (z)}2=:4 {O {z)Y+lflA {O (z)}2+ 1250 («)4*4(7, 

where -4, 5, (7 are constants If the cubic on the right has no repeated factors, then, by 
§ 20 6, 0 («) = §> (a+a) + ^, where a is constant, and on integration 

/(z)»^<r(z+a) exp(-i^z^-irz-X), 

where K and L are constants , since f(z) is an odd function a«jBr=0, and 

f{z)^<T {z) exp [-^Az^-L] 

If the cubic has a repeated factor, the Sigma-function is to be replaced (cf § 20 222) by 
the sine of a multiple of z^ and if the cubic is a perfect cube the Sigma-function is to be 
replaced by a multiple of 2 ] 
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21 1 The defimUon of a Theta-function 

When it IS desired to obtain definite numerical results m problems 
involving Elliptic functions, the calculations are most simply performed 
mth the aid of certain auxiliary functions known as Theta-functiom These 
functions are of considerable intrmsic interest, apart from their connexion 
with Elliptic functions, and we shall now give an account of their funda- 
mental properties 

The Theta-functions were first systematically studied by Jacobi*, who 
obtained their pioperties by purely algebraical methods , and his analysis 
was so complete that practically all the results contained m this chapter 
(with the exception of the discussion of the problem of inveision in §§ 21 7 
et seq ) are to be found in his works In accordance with the general scheme 
of this book, we shall not employ the methods of Jacobi, but the more 
powerful methods based on the use of Cauchy's theorem These methods 
were first employed in the theory of Elliptic and allied functions by Liouville 
in his lectures and have since been given in several treatises on Elliptic 
functions, the earhest of these works being that by Bnot and Bouquet* 

[Note The first function of the Theta-function type to appear in Analysis was the 

OQ 

Partition function f n of Euler, Introductio in Anaty&in Infimtowm^ l 

ftsal 

(Lausanne, 1748), § 304 , by means of the results given in § 21 3, it is easy to express 
Theta-funotions in terms of Partition functions Eulei also obtained properties of products 
of the type 

n (l±a'*»), n (l±a2«), 5 (llipS"-!) 

«*sil n.®! nssl / 

The associated series S S and 2 had previously occurred in the 

nnO n=0 mb=o 

posthumous work of Jakob Bernoulli, Ars Oonjectandi (1713), p 55 

* Fundamenta Nova Theonae Functionum Ellipticarmti (KSnigsberg, 1829), and Qea Werhe^ 
I pp 497-638 

t The Partition function and associated functions have been studied by Gauss, Comm Soc 
>160 SCI Gottingensis rec i (1811), pp 7-12 [WerkCf ii pp lb-21] and Weikct ni pp 438-480 and 
Cauchy, Comptes MenduSf x (1840), pp 178-181 For a discussion of propeities of various functions 
involving what are known as Basic numbers (which are closely connected with Partition functions) 
see Jackson, Proc Royal Soc lxxiv (1906), pp 64-72, Proc London Math Soc (1) xxvm (1897), 
pp* 476-486 and (2) i (1904), pp 63-88, n (1904), pp 192-220 , and Watson, Cavib Phil Trans 
XXI (1912), pp 281-299 A fundamental formula in the theory of Basic numbers was given by 
Heme, Kugeljunktionen (Berlm, 1878), i p 107 
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Theta-functions also occur in Fourier’s Lcl Theoi le Analytique de la Ghaleur (Pans, 
1822), cf p 265 of Freeman’s translation (Cambridge, 1878) 

Tho theory of Theta-functions was developed fiom the theory of elliptic functions 
by Jacobi m his Fundammita Nova Theonae Functiomim Ellipticarum (1829), reprinted 
in his Ges Werhe^ i pp 49-239 , the notation there employed is explained in § 21 62 
In his subsequent lectures, he introduced the functions discussed in this chapter , an 
account of these lectures (1838) is given by Borchaidt in Jacobi’s Ges Werle^ i pp 497-538 
Tho most important results contained in them seem to have been discovered in 1835, 
cf Kroneckei, Sitmngsbenchte dtr Akad zu Be'ihn (1891), pp 653-659] 

Let T be a (constant) complex number whose imaginary pait is positive, 
and write q = so that 1 | < 1 

Consider the function 3r {z, q), defined by the series 

n-—to 

qua function of the variable z 

If A be any positive constant, then, when we have 

n being a positive integer 

Now d’Alembert’s ratio (§ 2 36) for the series 2 | q is | q 

TICS — 00 

which tends to zero as n. -► oo The senes for ^ (z, q) is therefore a senes of 
analytic functions, uniformly convergent (§ 3 34) m any bounded domam of 
values of z, and so it is an integral function (§§ 6 3, 5 64) 

It IS evident that 

^ (z^, S') = 1 + 2 2 {-Yq'^ cos 2nz, 

»s»l 

and that ^ (z + tt, g) g), 

further ^(^ + 7rT,g)= 2 (_)»g»*»g»»e^** 

- 00 

nss— oo 

and so ^ + wt, g) = - g-^e"*** ^ {z, g). 

In consequence of these lesults, ^ {z, q) is called a quast doubly-penodie 
fwiotion of z The effect of increasing by tt oi ttt is the same as the effect 
of multiplying ^ (z, q) by 1 or - g-'e-»«, and accordingly 1 and - g-ie-““ are 
called the mulhphers or penod%oity factors associated with the periods vr and 
ttt respectively. 

21 11 The four types of Theta-functions 

It IS customary to wiite ^4 (a g) m place of ^{z, q), the other three 
types of Theta-functions are then defined as follows 
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The function (z, q) is defined by the equation 

+ g) = l + 2 2 g"*cos2«5 

\ / «a»l 

Next, (x, q) is defined in terms of ^4 (x, q) by the equation 

^i(«i 3) (« + §’rT, 

= f (_)«g(»+i)%(2n+l)»*, 

*? = — 00 

and hence* Sti (x, g) = 2 2 (— )“g("''‘i)’ sin (2tt + 1) g. 

n=0 

Lastly, ^2 (j^i q) IS defined by the equation 

3) = ^i + = 2 X g(’*+4)*cos(2r^+ l)-8f 

Wntmg down the series at length, we have 

(^9 3) * sin z - 2 q^ sin Sz 4* 2 sm oz — , 

{z, q) = 2^^ cos z + 23* cos 82? + 2gV 

COS 5-0f + , 

^8 (^, 3) = 1 + 2^ cos 2 z + 2g* cos 4^ + 2}® cos Qz + , 

&4 { z ^ 5) S= 1 - 23 cos 242f + 23^ cos 4 ^ — 23® cos 6^ + 

It 18 obvious that ^3 (z^ q) is an odd function of z and that the other 
Theta-functions are even functions of z 

The notation which has now been introduced is a modified form of 
that employed in the treatise of Tannery and Molk, the only difference 
between it and Jacobi*s notation is that ^4 {z, q) is wntten where Jacobi 
would have wntten & {z, 3) There are, unfortunately, several notations in 
use , a scheme, giving the connexions between them, will be found m § 21 9 
For brevity, the parameter 3 will usually not be specified, so that S-i {z), 
will be wntten for (zy 3), When it is desired to exhibit the dependence 
of a Theta-function on the parameter t, it will be written ^ | t) Also 

Sra(O), Srs(O), ^4(0) will be replaced by % respectively, and V will 

denote the result of makmg z equal to zero in the denvate of Sri (z) 

Example 1 Shew that 

3)=*^8(2«, 3^), 

^4(«, q)=Si{2z, 3^)-^(2«, 3*) 

Example 2 Obtain the results 

(*)" -"'&2 *= — iJfS8(2+^7r4’^ffT)= — (^+itrr), 

32(j?)s 5! («+^7rr)» J/3-4 (8f+^7r+ j7rT)= iSj (2!-f-j7r), 

-^4 i^) “ («+ Jffr), 

*^4 (^) “ "" {z + ^wr) *a tMS^ +'j3r + = ^8 (® 4* ), 

where 

* Throughout the chapter, the many valued function is to be interpreted to mean 
exp (Xwit). 
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Example 3 Shew that the multiphers of the Theta-functions associated with the 
periods tt, ttt are given by the scheme 



3i(i) 

5a « 

5s(i) 

54 W 

TT 

-1 

- 1 

1 

1 

ITT 

-E 

N 

N 



where 


Example 4 If ^ {z) be any one of the four Theta-functions and ^ {z) its denvate with 
respect to shew that 


y (;8 + 7r) ^’(z) ^'(04*7rr) ^ « 


21 12 The zeros of the Theta-funchons 

From the quasi-penodic pioperties of the Theta-functions it is obvious 
that if Sr {z) be any one of them, and if z^ be any zero of ^ {z), then 


Zo + mvr + TiTTT 


IS also a zero of Sr (z), for all integral values of ni and n 

It will now be shewn that if (7 be a cell with comers tyt + nr^t + ir + irr^ 
t + TTT, then ^ (z) has one and only one zero inside C 

Since ^ (z) IS analytic throughout the fimte part of the ^-plane, it follows, 
from § 6 31, that the number of its zeros inside G is 


_Lf 

Zm I (j % {z) 


Treating the contour after the manner of § 20 12, we see that 


j_f 

27ri J c ^ (^) 


dz 


= _Lf 

27nJ i 

=— f 

2inJi 


l^(^) 


2%dz, 


y (g + TTT) ) , 1 /•<+’"• I y(^;) 

^(z + ’Trr)} ^ 2m It lSr(^:) 


(z + ’Tt) ) 
^ (0 + tt ) ) 


dz 


by § 21 11, example 4 Therefore 

JLf 1 

27ri J 0 Sr (if) ' 

that 18 to say, S (z) has one simple zero only inside 0, this is the theorem 
stated. 


W M A 


30 
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Since one zeio of {z) is obviously 2 = 0, it follows that the zeros of 
^ 1 ( 2 ) %(^z), %^{z) are the points congruent icspectively to 0 , 1 ^, 

iTT + i^T, -tTT The reader will observe that these four points form the 
2 2 

comers of a parallelogram described counter-clockwise 

21 2 The relntions between the equates of the Theta-functions 
It IS evident that, if the Theta-functions be regarded as functions of a 
single variable 2 , this variable can be eliminated from the equations defining 
any pair of Theta-functions, the result being a relation ♦ between the functions 
which might be expected, on geneial grounds, to be non-algebraic , there 
are, however, extremely simple relations connecting any three of the Theta- 
functions , these relations will now be obtained 

Each of the four functions V W, is analytic for all 

values of 2 and has periodicity factors 1 , q~^e~*^ associated with the periods 
TT, TTT , and each has a double zero (and no other zeros) in any cell 

From these considerations it is obvious that, if a, b, a' and b' are suitably 
chosen constants, each of the functions 

aV ( 2 ^) + V («) a' ^ 1 “ (^) + b'X^(z) 

’ V(^) 

is a doubly-penodio function (with periods w, rrr) having at most only a 
simple pole in each cell By § 20 13, such a function is merely a constant , 
and obviously we can adjust a, Ir, a', b' so as to make the constants, in each 
of the cases under consideration, equal to unity 

There exist, therefore, relations of the form 

V (^) = aV (•») + (4 V (z) = (.z) + V (^) 

To determine a, b, a', V, give 2 the special values i ttt and 0 , since 

2Ca(i-7rT) = 3 -ia„ 2i-4(5'n-T) = 0 , S-i(5'7rT) = ig-ia'4, 

we have V = = V = = 

Consequently, we have obtained the relations 

V (^) V = V (.z) V - V (^) V, V (^) V = ^4“ (^) V - V («) V 

If we write 2 + 5 w for 2 , we get the additional relations 
2 

V (^) V = ^3* («) V - ^3’ (^) V, V {Z) V = V (^) V - V (^) V 

By means of these results it is possible to express any Theta-function in 
terms of any other pair of Theta-functions 

The analogous relation for the functions Biaz and oos« is, of couise, (sin^!)®+(oos^!)®=l 
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Corollary Writing ^!=0 in the last relation, we have 
that IS to say 

165^(1 + ^! 2 + ^2 3 + ^3 4+ )44.(i_2^+2<^-2(?o+ )4 = (l + 2g' + 22* + 2^9+ 

21 21 The addition-formulae for the Thetaf unctions 
The results just obtained are particular cases of formulae containing two 
variables , these formulae are not addition-theorems in the strict sense, as 
they do not express Theta-functions of ^ -1- y algebraically in terms of Theta- 
functions of z and y, but all involve Theta-functions of 5 — y as well as of 
z-\-y, z and y 

To obtain one of these founulae, consider ^3 + y) (-2^ 2/) function 

of z The periodicity factors of this function associated with the periods tt 
and TTT are 1 and = g“2g~4i« 

But the function oHsz {^) + (f) same periodicity factors, and 

we can obviously choose the ratio a 6 so that the doubly-'periodio function 

a!h^^{z)-\-h^^^(z) 

S)r3(2f + y)^s(^-y) 

has no poles at the zeros of \{z^y) ^ it then has, at most, a single simple 
pole in any cell, namely the zero of ^3 {z H- y) in that cell, and consequently 
(§ 20 13) it IS a constant, 1 e independent of z , and, as only the ratio a 6 is 
so far fixed, we may choose a and h so that the constant is unity 
We then have to determine a and h from the identity in 
(1%^ (^) + (z) =%(z + y) ^8 {z - y) 

To do this, put z in turn equal to 0 and g tt + ^ ttt, and we get 

a%^=W{y), i>V(^§’r + i7rT^ =a-8^giir+i7rT + (g’r + gTTT , 

and so a = 5-,’ (y)/ V. b = V (y)/^»“- 

We have therefore obtained an addition-formula, namely 

+ y) ^8 {z - y) V = V (y) V (a) + iy) V (^) 

The set of formulae, of which this is typical, will be found in examples 1 
and 2 at the end of this chapter. 

21 * 22 . Jaoobi^s fundamental formulae* 

The addition-formulae just obtained aie particular cases of a set of identities first given 
by Jacobi, who obtained them by purely algebraical methods , each identity involves as 
many as four independent variables, w, or, y, z 

Let id, d, y\ d be defined in terms of w, x, y, z by the set of equations 

2of wm W^X+y-^-Z, 

2y' sc 

2d ■■ uo-^x-^-y-z 
* Ces Werhe, i p 606. 


30^2 
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The reader will easily verify that the connexion between w, ns, y, z and nf, y’, / is a 
reciprocal one* 

For brevity +, wnte [r] for A, (w) S, (*) 5, (y) 3, («) and [rj for 3, (vf) 3, («') 3^ (/) 3, ( 2 ') 
Consider [3], [1]', [2]', [3]', [4]' qm ftinctions of z The effect of increMing 2 by w or wr 
IS to transfom the functions in the first row of the following table into those in the second 
or third row respectively 



[3] 

[IT . 

[2]' 

[3T 

[4]' 

(v) 

L3] 

-[2T 

-llj 

[4]' 

[3]' 

(irr) 

A^[3] 

-Ar[4]' 

Ar[3T 

iV[2]' 



Foi brevity, N has been written m place of q ^ 

Hen-'e both -[l]'+[2]'+[3J+[4]' and [3] have periodicity factors I and N, and M 
their quotient is a doubly-penodic ftinction with, at most, a single simple pole in any cell, 
namely the zero of Sz (^) 

By ^ 20 13, this quotient is merely a constant, i e independent of z, and considerations 
of symmetry shew that it is also independent of Wy x and y 
We have thus obtained the result 

Ji[3]=-[lT+[2]' + [3j+[4j, 

where A is independent of w, is, y, 2 , to determine A put w=‘X=^y’^z=% and we get 

A33*=32*+3,*+34S 


and so, by § 21 2 corollary, we see that -4 « 2 

Therefore 2 [3]= — [lJ + [2]' + [3]'+[4]' . » W 

This IS one of Jacobi’s formulae, to obtain another, inci-ease vs, r, y, z (and therefore 
also w', y, y', 2 ') by iir , and we get 

2[4]=[1J-[2I+L3]' + [4]' •(“) 

Increasing all the variables in (i) and (ii) by ■Jnr, we obtain the further results 

2[2]=[lJ+[2j+[3y-[4]' («i), 

2[l]=[l]'+[2]'-[3]' + [4]' • . (>v) 

[Note There are 266 expressions of the form 3p (w) 3, («) 3, (y) 3, (s) which can be 
obtained from % (vs) (js) (y) W by increasing w, x, y, z by suitable half-penods, but 
only those in which the sufSxes p, q, r, » are either equal in pairs or all different give nse 
to formulae not containmg quarter-periods on the right-hand side ] 


Example 1 Shew that 

[l]+[2]=[lL+[2]'. [2]+[3]=[2]'-t-[3]', [l]+[4]=[l]'-h[4]', [3]+[4]=[3T+[4]', 
[l]+[3]=[2]'+[4]'. [2]+[4]=[l]'+[3]' 

• In Jacobi’s work the signs of vs, x', y’, s' are changed throughout so that the complete 
symmetry of the relations is destroyed , the symmetrical forms ]nst given aie due to H J S Smith, 
Proc London Math Soc i (May 21, 1866, pp 1-12) 

+, The idea of this ahndged notation is to be traced in H J S Smith’s memoir It seems, 
however, not to have been used before Kroneoker, JoutmlfUi Math on. (1887), pp 260-272 
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Example 2 By wnting x+^ir for w, x (and consequently y'+iw, 

for i?'), shew that 

[3344] +[2211]= [4433]' + [1 1 22]', 
where [3344] means ^3 (w) ^3 (a) ^4 (j/) ^4 (z\ etc 
Example 3 Shew that 

2 [1234]=[3412]' +[2143]' - [1234]' + [4321 J 
Example 4 Shew that 

21 3 . Jacobi's expressions for the Theta-functions as infinite products* 

We shall now establish the result 

(where 0 is independent of z), and three similar formulae 
Let /(ir)= n (l-32n-ig2i2) n (1 - e-^^) , 

n«l M=1 

each of the two products converges absolutely and umformly in any bounded 
domam of values of 2:, by § 3 341 , on account of the absolute convergence of 

00 

2 hence f(z) is analytic throughout the finite part of the ^^-plane, 

n«l 

and so it is an integral function 

The zeros oif(z) are simple zeros at the points where 

gaw _ gCan+Dw - 2, - 1, 0, 1, 2, ) 

1 e where 2w = (2n + 1) mr + 2mm , so that f{z) and ^4 (z) have the same 
zeros, consequently the quotient %{z)lf{z) has neither zeros nor poles m 
the finite part of the plane 

Now, obviously /(z + tt) =/ {z) , 
aftd f(z + ttt) = n (1 - n (1 - 

nssi »=»1 

= -q-^e^f(z) 

That ts to say f(z) and (z) have the same periodicity factors (§ 21 11 
example 3 ) Therefore ’ittizy/iz) is a doubly-penodic function with no 
zeros or poles, and so (§ 20'12) it is a constant Q, say, consequently 

^4 {z)=GU(l- 2q ^-^ cos 2z + ?*«-») 

[It will appear m § 21 42 that Q= II (1 - q’^) ] 

Write z + \n‘ iox z m this result, and we get 
2 

% (^) = (? n (1 + 2g»»-^ cos 2z + 

»=1 

* Of Fmdamenta Nova^ p 146 
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Also (2) = - 19* e« (« + 1 '"•t) 

= - iqi e“ G fl (1 - 9“* H (1 - 9“""“ e-^) 

n=l 

= 20 qi sm 2 fi (1 - 9“‘e«0 IT (1 - q^e-^), 
and so (2) = 2%^ sm 2 fi ( 1 - 22*» cos 22 + g*») 

n~l 

while ^2 (2^) = + 5 

= 26 ^ cos 2 n a + 29““ cos 22 + 9^“) 

n=l 

ExoMplBt Shew that^ 

I 5 (1-9«»-o}*+16? I^S (1+9*»)|-* = { * 


(Jacobi ) 


214 The differential equation satisfied by the Theta-functions. 

We may regard as a function of two independent vanables ^ 

and T , and it is permissible to differentiate the series for Sg I ■*“) 
number of times with regard to z or t, on account of the uniformity of 
convergence of the resulting series (^47 corollary) , in particular 

y ^8 I *0 — ^ 4 2 n® exp (r^*7^^T + 2 mz) 

dz^ n*— CO 


4 

m dr 


Consequently, the function &•, (2 1 t ) satisfies the partial differential equation . 

The reader will readily prove that the other three Theta-functions also 
satisfy this equation 


21*41 A relation between Theta-functions of zero argument 
The remarkable result that 

V (0)- ^2(0) ^3(0) ^4(0) 

will now be established! It is first necessary to obtain some formulae for 
differential coeiB&cients of all the Theta-functions. 


* Jacobi describes this result (Fund Npva, p 90) as ‘ aequatio identioa satis abstrusa/ 
t Several proofs of this important proposition have been given, bnt none are simple 
Jacobi’s original proof [Ges Weike, i pp 515-617), though somewhat more difacult than the 
proof given liere, is well worth study For a different method of proof of the preliminary formula 
^iven m the text, see p 490, example 21 
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21-4, 21 41] 

Since the resulting senes converge uniformly, except neai the zeros of 
the respective Theta-functions, we may differentiate the formulae for the 
logarithms of Theta-functions, obUinable from § 21 3, as many times as we 
please 

Denoting differentiations with regard to z by piimes, we thus get 

j 1 + e-.. , 1 + e-"* J ’ 

»» K^) 1^^ I ^ ^2,.-. g2« ^ 1 + qiltr-l g-2«J 

(!"+ g“"-> e^y «“i (1 + 9‘"-‘ ' 

Making 2 : ^ 0, we get 

00 (7^’*’’"^ 

(0) =0, (0) = — 8^^ (0) (1 + ^2)1-1 ^2 

In like manner, 


V (0) = 0, V' (0) - 8^4 ( 0 ) 2 

n=l "" V 


.271-1 \i ’ 


V(0)-o, V( 0 )=^ 2 ( 0 ) 


[-1^8 I 

L »«i 


(1 4- 


and, if we write ( 2 ?) = sin 2 : <!> {z\ we get 

00 fjm 

4>'i0)^0, f'(0) = 8<#>(0) 

If, however, we differentiate the equation (z) = sin <f> («) three times, 
we get 


(0) = <!> (0), ar (01 = s<f>’' (0) - <(> (0) 


Therefore 




«rt (1 - ?*»)’ 


-1, 


and 

, , V(0) , V(0) , V(0) 

A T’ c\ /n\ t pv /r\\ 


^,(0) ^ %(0) ^4(0) 

ft r 5 r _ ? , I r-* 

“ L" (1 + D* »-i (1 + »-i (1 - r-'y} 


o r V <f V 3 " 


2 


r»J ’ 


on cogibining the first two senes and writing the third as the difference of 
two senes If we add corresponding terms of the first two senes iii the last 
line, we get at once 


1 I 


V(0)^V (0) , V(0). 

CS. /A\ 


>24 2 


. 1 I 


V'(0) 
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Utilising the differential equations of § 21 4, this may he wntten 
1 dV(0|T) 


(0 1 t) dr 


d%iO\T) 1 

■ “T I 


d&.(0lT) 1 d^,(0 t) 

^&2(0|t) dr ■^Sy,( 0 lT) dr ^4(0|t) dr 
Integrating with regard to t, we get 

V(0. q)^c%(0, q)%{Q, q)%(0, q), 

where C is a constant (independent of q). To determine C, make q-*0 , since 


limq i^i' = 2, lim 5 ~i &2 = 2 limS'8 = lj 

^(-►0 g-»-0 


we see that 0 = 1, and so 
which IS the lesult stated 


S'! — ^2^3^4> 


lim&4 = 1, 


21 42 The value of the comtant 0 

From the result just obtained, we can at once deduce the value of the 
constant Q which was introduced m § 21 3 

For, by the formulae of that section, 

V = 0(O) = 23 i(? n %-=2qiG S (l + 3“)>, 

n«l 

11(1 + ^4 = <? n (1 - 

n=l 

and so, by § 21 41, we have 

n (1 - = 0® n (1 -f- q^^y n (1 + ^^^y n (i -- q^-^y 

n-\ »=1 7»=1 

Now all the products converge absolutely, since 1 J | < 1, and so the 
following reairangements are permissible 

. n (1 - n (1 - q^)] . { n (1 + q^^) n (i + q^)\ 

^»=l w— 1 ) (n— I nssl j 

= n (1 - 5 ») n (1 + <t) 

«=1 »=*! 


= n(i-jn 

«=1 

the first step following from the consideration that all positive integers are 
comprised under the forms 2n — 1 and 2n 

Hence the equation determining O is 


00 


and so 6? = ± n (1 — g^) 


n {i^q^y^Q\ 

«=1 
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To determine the ambiguity in sign, we observe that G is an analytic 
function of q (and consequently one-valued) throughout the domain 1 5 1 < 1 ? 
and from the product for ^- 3 ( 2 ^), we see that (r — >1 as >0 Hence the 
plus sign must always be taken , and so we have estabhshed the result 

W = 1 

Example 1 Shew that 
Ea ample 2 Shew that 

^4= n {(l-^2n-l)(l„jn)} 
w=X 

Example 3 Shew that 

1+2 1 n{(l-^2n)(l+g,&i-l)2} 

n=l n=l 


21 43 Gonnemon of the Sigma-function with the Theta-fmctiom 
It has been seen (15 20 421 example 3) that the function <r(z\ ©i, ( 02 ), formed with 
the periods 2o)i, 2 « 2 > is expressible in the form 

wheie O' = exp (7riw2/«i) 

If we compaie this result with the product of § 21 4 for 3i {z | t), we see at once that 

To express rji in terms of Theta-functious, take logarithms and differentiate twice, 
so that 

- « =!; - {0 is) + {0 [fw ■ iiW] ’ 

where and the function <l> is that defined in § 21 41 

Expanding in ascending powers of z and equating the terms independent of z in this 
result, we get ^ ^ , 

sW \W <PW’ 


and so 


12«), »i' 


Consequently <t{is\ <i> 1 ) as) can be expressed in terms of Tlieta-funotions by the 
formula , . 

/ I \ ( ^^*^1 ^ Q ( ® 2 \ 

I 0 ,., (--pr) ^1 I -J . 

where v^\irzl 0 i 

Example Prove that 

^ TTl \ 


21 6 The expression of elliptic functions by means of Theta-functions 
It has just been seen that Theta-functions are substantially equivalent 
to Sigma-fijnctions, and so, corresponding to the formulae of §§ 20 6-20 63, 
there will exist expressions for elliptic functions in terms of Theta-functions 
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From the theoretical point of view, the formulae of §§ 20 5-20 63 are the 
more important on account of their symmetry in the penods, but m practice 
the Theta-function formulae have two advantages, (i) that Theta-functions 
are more readily computed than Sigma-functions, (ii) that the Theta- 
functions have a specially simple behaviour with respect to the real peiiod, 
which IS generally the significant peiiod in applications of elliptic functions 
in Applied Mathematics 

Let / {z) be an elhptic function with penods 2a)i, 2 ( 0 ^ , let a fundamental 
set of zeros («i, Og, of^) and poles (^i, Ai) be chosen, so that 


2 (ar-^r) = 0, 

as in § 20 53 

Thefa, by the methods of § 20 63, the leadei will at once veiify that 

(irz — irOLr I ©jN (irz — TrySy | 

I ©1/ " ^ V 


where is a constant , and if 


2©i 


?)}■ 


mr 

^ Ar^ m \ 
m~l 


be the principal part of f{z) at its pole then, by the methods of § 20 52, 

/(^) = J,+ 2 { ^ T v - 

>«i lw=si — 1) dz \ 2©i okJ 

where A a is a constant 

This formula is important m connexion with the integiation of elhptic 
functions An example of an application of the formula to a dynamical 
pioblem will be found in § 22 741 
Example Shev7 that 


and deduce that 


fi- V ^I'W 4 . /'I A W 


21 61 J (icobt's %mag%naTy iromfo^ motion 

If an elhptic function be constructed with periods 2©i, 2©a, such that 

I (©a/wi) > 0, 

it might be convement to regard the penods as being 2 © 2 , — 2©i for these 
numbers are penods and, if /(©a/©i)> 0 , then also J(— ©i/© 2)>0 In the 
case of the elhptic functions which have been considered up to this point, 
the penods have appeared in a symmetncal manner and nothing is gained 
by this pomt of view But in the case of the Theta-functions, which are 
only quasi-penodic, the behaviour of the function with lespect to the real 
penod TT IS quite different from its behaviour with respect to the complex 
penod TTT Consequently, in view of the result of § 21 43, we may expect to 
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obtain transformations of Theta-functions in which the period-ratios of the 
two Theta-functions involved are respectively t and — 1/t 

The transformations of the four Theta-functions were first obtained by 
Jacobi*, who obtained them from the theory of elliptic functions , but Poissonf 
had previously obtained a formula identical with one of the transformations 
and the other three transformations can be obtained from this one by ele- 
mentary algebra A direct proof of the transformations is due to Landsberg, 
who used the methods of contour integrationj The investigation of Jacobi s 
formulae, which we shall now give, is based on Liouville’s theorem , the precise 
formula which we shall establish is 

^3(^|T)=(-^T)-iexp(^) 

where (- ^T) " ^ is to be interpreted by the convention j arg (- it) | < ^ w 

For brevity, we shall write - 1/t = t', g' = exp('7rtT') 

The only zeros of and (t 1 t') are simple zeros at the points 

at which ^ 

Z = mir + n7rr + iv+l7rr, t'z = m'Tr + n'TTT +|w+g‘7rT' 

respectively, where m, n, m', n take all mteger values, taking m' = -re-l, 
Ti' = m, we see that the quotient 

t (^) = exp 


IS an integral function with no zeros 
Also ■>lr(z + 7rT)-ylr (z) = exp 

while ■\fr(z-'7r)-yfr{z) = exp ^ ^ X g ‘e = 1. 

Consequently is a doubly-penodic function with no zeros or poles, 
and so (§ 20 12) f (z) must be a constant, A (independent of z) 

Thus ASr, (,2 1 t) = exp (itV/tt) (zt' | t' ) ; 

and writing z + ^'tt, z + ^ ttt, -t- 1 tt + 1 wt in turn for z, we easily get 
(« 1 t) == exp (tr'z^/ tt) % (zt' 1 t'), 

A.^2 (■» 1 t) = exp (ir'z’‘lir) ^4 (z^t' | t'), 

AS-i (z\r)‘=-i exp (it z’/w) (rr' | t') 

* Journal fUr Math in (1828), pp 403-404 [Ota Werlte, i (1881), pp 264-266] 
t Mim da VAcad dea Set \t (1827), p 692, the special case of the fonaula in wtaoh*=0 
had been given earher by Poisson, Journal da vAcola polyUehnlqw, xa. (oahier xn), (1828), 

1 This method is indicated m example 17 of Chaptei vi, p 124 See Landsberg, Journal fUr 
Math CXI (1893), pp 284-253 
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We still have to prove that il=(— it)^, to do so, differentiate the last 
equation and then put -2: = 0 , we get 

-4^/ (0 1 t) = — %T S-/ (0 1 r) 

But V (0 1 r) = (0 1 r) ^3 (0 1 r) ^4 (0 1 r) 

and V (0 1 t') = (0 1 r') ^3 (0 1 r) ^4 (0 1 /) , 

on dividing these results and substituting, we at once ggt A~^ = — it\ and so 

4. = ± (— 

To determine the ambiguity in sign, we observe that 

both the Theta-functions being anal3H:ic functions of t when 7 (r) > 0 , 
thus A IS analytic and one-valued in the upper half r-plane Since the 
Theta-functions are both positive when t is a pure imaginary, the plus sign 
must then be taken Hence, by the theory of analytic contmuation, we 
always have 

A = + (-tr)i, 

this gives the transformation stated 
It has thus been shewn that 


Emmple 1 


when tt'cs -1 


00 1 * 

n^s-oo n*5— » 


Shew that 

^4(0|r) ^2(010 

^3(0|r) ^3(0|rO 


Eihamyle 2 


Evamyle 3 


Shew that 





^2(0 


Ll) 


Wl 

r+l) 54(0 

k) 

Shew that 




OQ 

TT 1 

n - 

sa + 2 ^ 0'^ n 1 


IX 1 
n=l 


_1 I — S' 11 1 

/ nal 



and shew that the plus sign should be taken 


21 52 LanderCs type of ti ansformation 

A transformation of elliptic integrals (§ 22 7), which is of historical 
mterest, is due to Landen (§ 22 42), this transformation follows at once 
from a transformation connecting Theta-functions with parameters r and 2t, 
namely 

which we shall now prove 

The zeros of {z | r) (z | t) are simple zeros at the points where 
+1^ 7r4- +1^ TTT and where = mw + ^71 4- ^Wt, where m and n 
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take all integral values , these are the points where 2z = mir + tt 2 t, 

which are the zeros of ^4 {2z \ 2r) Hence the quotient 

5-,(^|T)a-4(g| t) 

^4(2^12t) 

has no zeros or poles Moreover, associated with the periods tt and ttt, it 
has multipliers 1 and — = it is therefore 

a doubly-per iodic function, and is consequently (§ 20 12) a constant The 
value of this constant may be obtained by putting z = 0 and we then have 
the result stated 

If we wnte z + for z, we get a corresponding lesult for the other 
Theta-fiinctions, namely 

^j(^1t)^i(^|t)_^8(0|t)^4(01t) 

^4(2^12r) ar4(0|2T) 

21 6 The differential equations satisfied hy quotients of Theta-functions 

From § 21 11 example 3, it is obvious that the function 

has periodicity factors — 1, + 1 associated with the periods tt, ttt respectively, 
and consequently its derivative 

(z) % {z) - V (^) (^)1 - V (^) 

has the same periodicity factors 

But It IS easy to verify that Sra(i() (^’)/V (^) has periodicity factors - 1, 
+ 1 , and consequently, if (z) be defined as the quotient 
{^1' (e) (e) - W (e) (z)} - {^a (z) (z)}, 

then <l> (z) IS doubly-periodic with periods tt and ttt , and the only possible 
poles of <f> (z) are simple poles at points congruent to i tt and i w + ^ wt 

Now consider ^ + g , from the relations of § 21 11, namely 

(< + § '"■T j ^ ^4 (2). ^4 + § ’tt) = tg ~ ^ e “ Sti (^). 

S)-a(^« + g7rT) = g"ie"“^.(A Sra(|^r+|wT) = g-ie-'*^,(«), 
we easily see that 

TTT^ = {— ( 0 ) (z) + ^1' {z) ^4 (z)} — {% (z) S-fi {z)] 

Hence {z) is doubly-periodic with periods tt and i ttt , and, relative to 
these periods, the only possible poles of (f>{z) are simple poles at points 
congruent - tt 
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Therefore (§2012), (f>(z) is a constant, and making s-* 0 , we see that 
the value of this constant is {Stj' ^4} — {^2^3} = ^4^ 

We have therefore established the important result that 

iiVi)l_c.2W h(f} 

cJ^tS' 4 ( 2 ')j * Sr 4 (^:) a- 4 (^^)’ 

writing I = ^1 (■2)/^4 (^) and makmg use of the results of § 21 2, we see that 

{¥f “ 

This differential equation possesses the solution (^)/^4 (^) 
difficult to see that the general solution is ol)/% (z + a) where a 

IS the constant of integration, since this quotient changes sign when a is 
increased by tt, the negative sign may be suppressed without affecting the 
generality of the solution 
Example 1 Shew that 

d {S,{z)] . 2 ^^) 

<iz\h ht)] ® Siiz) 

Example 2 Shew that 

^ PsWl 

dz\h{z)] ' ^4W ^4(3) 


2161 The genesis of the Jacobian Elliptic function"^ snu 

The differential equation 


S) = (v-rvxv-rv), 

which was obtained in § 21 6, may be brought to a canonical form by a slight 
change of variable 

Writef = y> ^ j 

then, if be written m place of %/^s, the equation determining y m terms 
of is 


This differential equation has the particular solution 

The function of u on the right has multipliers - 1, + 1 associated with 
the periods 7 rT%\ it is therefore a doubly-periodic function with 
periods 27 rV, In any cell, it has two simple poles at the points 

congruent to Jttt^ and ttV + and, on account of the nature of the 

quasi-periodicity of y, the residues at these points are equal and opposite m 
sign , the zeros of the function are the points congruent to 0 and tt&j* 

* Jacobi and other early writers used the notation sin am in place of an 
t Notice, from the formulae of § 21 3, that when | | < 1, except when ^^asO, in 

which case the Theta-fonctions degenerate, the substitutions are therefore legitimate 
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It IS customary to regatd y as depending on k lather than on q , and to 
exhibit If os a function of u and A, we write 

y = sn(ii, k\ 

or simply y = Mi« 

It 18 now evident that sn (u, k) is an elliptic function of the second 
of the types described in § 20 13 , when </— >0 (so that Ar-^O), it is easy to see 
that Hn(({. A)-+sin u 

The constant A is called the modulus, it so that A.= + A:'’=l, 

k' IS called the complementat y modulus The quasi-penods wV, irrV are 
usually wiitten 2K, 2iK\ so that sn(({, L) has peiiods 4>K, 2iK' 

From § 2151, mo .see that 2A:' .= | t'), so that K' is the same 

function of t' as K is ot r, when tt' = — 1 
£mm/jle 1, Shew tliut 

dz$i{z) 

and deduce that, if 

Ktamph ^ Sliew that 

Tz^iZ) 

B B (t) 

and deduce that, if Tfi) then 

Emmpti 3. Obtain the following reeulte 

-9,-l+2y + 2«< + 2j»+ 

^'^^^^■-■9i>"l~2g' + 2s^+22i'-. , 

[These resulte are oouveniout for oaloukting k, if, K, A" when g u given ] 

21'62. Jaoohi’s earlier notation*. The Theta-function 0(m) and the 
Jita-fanotion H (m). 

The presence of the factors in the expression for sn {a, h) renders it 
sometimes desirable to use the notation which Jacobi employed in the 
Fundementa Nova, and subsequently discarded. The function which is of 
primary importance with this notation is 0 (u), defined by the equation 

so that the penods associated with 0 (u) are 2K and 2i.fi!''. 

* Thia ti tb* notation amployad tbroughont th« Funiammta Nm«, 
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The function &(n + K) then replaces and in place of %(z) we 

have the function H (m) defined by the equation 

H (m) (m + tK') = (uV“ I t), 

and {z) IS replaced by H (u + K) 

The reader will have no difficulty in translating the analysis of this 
chapter into Jacobies earlier notation 

Example 1 If e' ^ shew that the singularities of are simple poles 

at the points congruent to (mod 2jBr, ^iK ') , and the residue at each singularity is 1 

Example 2 Shew th^t 

H' (0) =i7rZ-i H (iST) e (0) e {K) 

21 7 The pi ohlem of Inversion 

Up to the present, the Jacobian elliptic function sn (u, k) has been 
imphcitly regarded as depending on the parameter q rather than on the 
modulus k , and it has been shewn that it satisfies the difierepitial equation 

(l—k^ sn^ u), 

where k^ = (0, q)l%* (0, q) 

But, in those problems of Applied Mathematics in which elliptic functions 
occur, we have to deal with the solution of the differential equation 

in which the modulus k is given, and we have no a pi ion knowledge of the 
value of q, and, to prove the existence of an analytic function sn(t^, k) 
which satisfies this equation, we have to shew that a number t exists* such 
that 

*2 = V(0|t)/V(0|t) 

When this number t has been shewn to exist, the function sn (u, k) can 
be constructed as a quotient of Theta-functions, satisfymg the differential 
equation and possessing the properties of being doubly-periodic and analytic 
except at simple poles , and also 

lim sn {% k)/u = 1 

te-^O 

That IS to say, we can invert the integral 

^ fy d« 

“""io 

so as to obtain the equation y = sn {u, k) 

* The existence of a number r, for which I (r) > 0, involves the existence of a number q such 
'that I g I < 1 An alternative procedure would be to discuss the differential equation directly, 
after the manner of Chapter x 



THE THETA FUNCTIONS 


481 


21 7, 21-71] 


The difficulty, of course, arises in shewing that the equation 

c=V(0|t)/V(0|t), 

(where c has been written for has a solution 

When* 0 < c < 1, it is easy to shew that a solution exists From the 
identity given in § 21 2 corollary, it is evident that is sufficient to prove 
the existence of a solution of the equation 

1~c = V(0|t)/V(0|t), 


which may be wntten 


1- 


c = 


n 


n=l 


Vi + 


Now, as q increases from 0 to 1, the product on the light is continuous 
and steadily decreases from 1 to 0 ; and so (§ 3 63) it passes through the 
value 1 — c once and only once Consequently a solution of the equation 
in T exists and the problem ot inversion may be regarded as solved 


2171. The problem of mmsioR tor complex values of c The 'tnodidai fwticUons 
f(r\g(r\h{r) 

The problem of inversion may be i-egarded as a problem of lateral Calculus, and it 
may be proved, by somewhat lengthy algebraical in\estigations involving a discussion of 

the behaviour of / (1 - ^2) " i (1 - l^t^) “ i dt^ when y lies on a ‘Riemann surface ’ that the 
J 0 

problem of inversion possesses a solution For an exhaustive discussion of this aspect of 
the problem, the retider is lofeiied to Hancock, Elliptic Functiom^ i (New York, 1910) 


It 18 , hovve\or, more in accordance with the sinnt of this woik to pioveby Cauchy’s 
method (§ 6 31) that the equation 0=^2“* 1 I lying in a certain 

domain of the r-plane and that (subject to certain limitations) this root is an analytic 
function of c, when c is regarded as vaiiable. It has lieen seen that the existence of this 
root yields the solution of the inversion problem, so that the existence of the Jacobian 
elliptic function with guon modulus Jh will have been demonstrated 

The method just indicated has the advantage of exhibiting the potentialities of what 
aio known as modulm functioiis The general theory of these functions (which are of 
great importtince in connexion with the Theories of Transfoimiation of Elliptic Functions) 
has been considered in a treatise by Klein and Fricket 


Let 




~V(0|r)’ 


X fl 8 


^4^(0 1 r) 

■V(Olr)’ 


A(r)= - f ( r ) l ^( r ) 

Then, if tt'*= — 1, the functions just intioduced possess the following properties 
/<t+2)=/(t), f ( r )+ g ( T ) = l , 

/(r + l)=A(T), f(T')=‘g{r), g{r')=/{r), 

by §§ 21 2 corollary, 21 51 example 1 


* This IS the case which is of practical impoitance 

t F Klein, Vorlesungcn Uber die Theoru der elliptitchen Modulfunktionen (ausgearbeitet ujid 
vervoUstiindigt von 11 Frioke) (Leipzig, 1690 ) 


W M A 


31 
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It IS easy^to see that as /(r)-»-+«), the functions /i W 9 (r) tend to 

unity, uniformly with, respect to R (r), when — and the denvates of t ese two 
functions (with regard to r) tend umformly to zero* in the same circumstances 


21711 The principal solution of f(T)—e^O 

It has been seen in § 6 31 that, if /(r) is analytic inside and on any contour, 2^1 times 
the number of roots of the equation /(r)—c=0 inside the contour is equal to 

1 dfjr ) , 


/. 


f{T)-^c dr 


'■dr, 


taken tround the contour m question 

Take the contour ABCDEFE'D'C’BA shewn in the figure, it being supposed 
temporarily t that/(T) — c has no 2ero actually on the contour 



The contour is constructed in the following manner 

FE IS drawn parallel to the real axis, at a large distance from it 

AB IS the inverse of FE with respect to the circle 1 t | « 1 

BC is the inverse of ED with i-espect to | r |= 1, i) being chosen so that D\ ^AO 

By elementary geometry, it follows that, since C and D are inverse points and 1 is its 
own inverse, the circle on Dl as diameter glasses through C , and so the arc CD of this 
circle IS the reflexion of the arc AB in the line R 

The left-hand half of the figure is the reflexion of the right-hand half in the line 
R{r)^0 


, * This follows from the expressions for the Theta-functions as power senes m q, it being 

observed that | a 1 -*■ 0 as Z (r) -*• + ® 

t The values of f (r) at points on the contour are tliseussed in § 712 
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It will now be shewn that, unless* c ^ 1 or c^O, the equation /(r) — c=0 has one, and 
only one, root inside the contour, piovided that FE is sufficiently distant from the real 
axis This root will be called the primipal root of the equation 

To establish the existence of this root, consider ( :t74 — ^-^dr taken along the 

JAt)-c dr ® 

various portions of the contour 
Since /(T+2)=/(r), we have 

If +f I ' 

IJdjS I JBD J /(t)~C dr 

Also, as T describes BC and EC\ T'(==~l/r) describes E'D' and ED lespectively , 
and so 

if +f I _J_^^)^=if +f l 1 

\] BO j C'JB'l /( t)-0 (h- Use J O'S'I ff(r')~0 dr 

= if +f 

UED' lj[>E)g{r)-C dr' 

=0, 

because g (r'+2)=^(T'), and consequently corresponding elements of the integials cancel 
Since y(T + 1) « A (r), we have 

' If } ‘ 

lJj>'C' J CD) f(r) -C dr J jb'AB A (r) - 0 dr 

but, as r' desonbes B'AB, r describes EE\ and so the integral round the complete contour 
reduces to 


{ 

J SB 


f ^ mr) , 1 

Vw-e- dr 


d/t(T') 


dr '^f(r')—c dr 


dfir'y 




dr 


J I 

jBB'\f{T)-c dr 


dh{T) 


dg (r)' 


dr 


-c 4 ( t )} dr g{T)^c dr 

Now as EE' moves off to infinity t, /(r)— c-»--c=t=0, ^(r)-c-^l -C4:0, and so the 
limit of the integral is 

=1,™ f W - <1128^(1)1 dr 

h(r) [ dr dr j 

But 1- c A(r)-^1, /i(r)-^l, and so the limit of the 

integral is 


/ iridr^ 
/ JE?'F 




Now, if wo choose EE' to be initially m fai fioni the real axis that / 1 — c A(r\ 

^(t)-o ha\o no zeros when r is alKne EE\ then the contour will paws ovoi no zeros 
of f{T)~c as EB' moves oft to infinity and the radii <»f the aus C7A D*C\ JrAB dimmish 
to zero, and then the integial will not change us the c<mtoui is inochlitd, and so tlio 
original oontoui integial will be ^tti, and tho nuinhti ol zcios of f{r)-^ nifside the original 
c<mtonr will bo pieciseh i>no 

* It is shewn in § 21 712 that, it t >1 oi r^O, tbcn/(T) - c has a /cio on the contour 
t It has bten supposed teinpoiaiiH that ct 0 and c»tsl. 


31— J 
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21 712 The valuee of the mod\ila/r fiiriction fir) on the coniout coTieidered 


We now have to discuss the point mentioned at the beginning of § 21 711, concerning 
the zeros of /(t)-c on the lines* joining ±1 to ±1 + qo i and on the semicircles of 
05(71, (-1)(7'^0 

As T goes from 1 to l + ooi or from -1 to -l + ooz,/(r) goes from - oo to 0 through 
real negative values So, if c is negative, we make an indentation in DE and a corre- 
sponding indentation in D* E' ^ and the integrals along the indentations cancel in virtue of 
the relation /(t-1-2)+/(i) 

As T describes the semicii cle 05^71, r' goes fi om — l + xzto — l, and/ (r) = ^ (t') *= 1 —fiT ), 
and goes from 1 to 4 -qo thiough real values , it would be possible to make indentations in 
BG and B'C' to avoid this difiieulty, but we do not do so for the following reason the 
effect of changing the sign of the imaginary part of the number c is to change the sign of the 
real part of r Now, if 0 < 5 (c) < 1 and 1 (c) be small, this merely makes t cross OF by a 
shoit path , if jR(c)<0, t goes from BE to EE' (or vice veisa) and the value of q altei-s 
only slightly , but if R (c) > 1, r goes from BC to B' C\ and so q is not a one-v allied function 
of c so far as circuits round c = -f 1 are coiicei ned , to make q a one-valued function of c, 
we cut the c-plane from -f-1 to +qo , and then for values of c in the cut plane, q is 
determined as a one-v’-alued analytic fimction of c, say q (c), by the formula q 


where 


r(c) 


2rrlJ/(T)-C dr 


dr, 


as may be seen from § 6 3, by using the method of § 6 22 

If c describes a circuit not sui rounding the point c=l, q{c) is one-valuod, but r (c) is 
one-valued only if, in addition, the circuit does not suriound the point c«0 


21 72 The i cgat ded as functions of the nwdulus 

Since Ar= JttV (0, q) ''V’e see from 21 712 that K is a one-valued analytic function of 
when a cut from 1 to 4-oo is made in the c-plane, but bince we see 

that K' is not a oue-valuecl function of c unles'^ an additional cut is made fiom 0 to - oo ; 
It will appear later (§ 22 32) that the cut from 1 to -l-oo which was necessary so far as 
K is concerned is not necessary as legards A' 

21 73 The invei sion-pi ohlem associated ^oith Welelst)as^n)l elliptic fu7ictions 

It will now be shewn that, when invariants ^^^d arc guen, such that it 

IS ijossible to construct the Weierstiassian elliptic function with these invariants, that is 
to say, we shall shew that \t is possible to comti uctt peiiods 2a)i, 2 a >2 euch that the function 
p ( 2 1 coi, co^) has vnva) lants g^ and g^ 

The pioblcm is sohed if we can obtain a solution of the diffeieutial equation 

of the foi-m I 

We proceed to effect the solution of the eciuation wuth the aid of Theta-funotions 
Let v=Az, wheie A is a constant to be detei mined picscntly 


* We have seen that EE' can be so chosen that f (r) -c has no zeros eithei on EE' or on 
the small cnculai arcs 

t On the actual calculation of the peiiods, see B T A Innes, Proc Edinbuiujh Royal hoc 
XXVII (1907), pp 357-368 
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21 712-21-8] 

By the methods of § 21 6, it is easily seen that 

(O 5i (O - (y) (-) h (») h W ■»!!*. 

and hence, usmg the results of § 21 2, we have 

Now let 631 roots of the equation 4y®--^2iy— ^3=0, chosen in such an order 

that (ei - e 2 )/{ei - e^) is not* a real number greater than unity or negative 

In these circumstances the equation 


^1 - ^2 _ *^4^ (Q 




<3i-€3“^3*(01t) 

possesses a solution (§ 21 712) such that /(r) > 0 , this equation determines the parameter 
r of the Theta-functions, which has, up till now, been at our disposal 

Choosing r in this manner, let A be next chosen so thatt 

^4* =>61—62 


Then the function 


satisfies the equation 


y=4>|J^j-^j33M0|r)V(0|r)+ai 


(I) 


= 4(y-ei)Cy-®2){y-e3) 

The penods of 3^, qua function of z, are irA^ nr I A , calling these 2(i>i, 2fi)2 we have 

/(0)2/<»l)>0 

The function | coi, to^) may be constructed with these penods, and it is easily 
seen that 1 t) V(0| r)- 61 is an elliptic function with no pole at 

the origin t , it is therefore a constant. O', say 

If ^2, be the invariants of ip(« [ <»i, <o^\ we have 

W - ^2P W - <3^8“ r (z) -a-e,} {p W - C- 62} {p {z) - (7- 6s}, 

and so, companng coefficients of powers of p («), we have 
0«12(7, (?2-^2-12C2, 

Hence C7=0, 

and so the function P (« | ©i, «2) with the required invanants has been constructed 

21 8* The mmencal computation of elliptic functions 

The senes proceeding in ascending powers of q are convenient for 
calculating Theta-functions generally, even when 1 5 | is as large as 0 9 But 
it usually happens in practice that th4 modulus k is given and the calculation 


* If then0<^i^<l, andif then and 

6i-6fc Zi-Pj 6<-6* 6<-6;(. 


The values 0, 1, 00 of (61 -62)/(6i - 63) are excluded since ^ 27^3® 

t The sign attached to -4 is a matter of indifference, since we deal exclusively with even 
functions of v and z ^ 

% The terms m cancel, and there is no term in because the function is even 
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of K, K' and q is necessary It will be seen later (§§ 22 301, 22 32) that 
K, K' are expressible in terms of hypergeometnc functions, by the equations 

5, 1, !=■), I 1. i^-). 

but these senes converge slowly except when | k 1 and | Id | respectively are 
quite small , so that the series are never simultaneously suitable for numencal 
calculations 

To obtain more convenient senes for numencal work, we first calculate q 
as a root of the equation k = (0, q)IW (0> ?)» then obtain K from the 

formula | (0, q) and from the formula 

Z' = 7r-^Zlog,(l/2) 

The equation k => (0, q)/%^ (0, q) 

IS equivalent to* = % (0, q)/% (0, q) 

1 — jJc' T 

Wnting 2e = , (so that 0 < e < ^ when 0 < A < 1), we get 

9 — ^8 g) ?) _ ^2 (0> q*) 

q)+%{0,q)^%(0,q^) 

We have seen (§§ 21 71-21 712) that this equation in q* possesses a 
solution which is an analytic function of whto i e | < i , and so q will be 
expansible m a Maclaunn series in powers of e in this domamf 

It remains to determine the coefficients in this expansion from the 
equation 

q-hq^ + q^^ 

^~l + 2q*+2q^<‘+ ’ 

which may be written 

j = € + 22*6— g® -i- 22^®e — g®® + , 

the reader will easily verify by continually substitutmg e + 2g^e — g® + . * 
for g wherever g occurs on the nght that the first two termsj are given by 

g = e + 2€® + 16€® + 160e^® 4- 0 ( e'O 
It has just been seen that this senes converges when | e [ < i 

[Note The first two terms of this expansion usually suffice , thus, even if jfc be aS 
large as J{0 8704) =0 933 2f6=0 0000609, 0000002 ] 

Example Given calculate g, Ky K' by means of the expansion just 

obtained, and also by observing tliat r^iy so that g=e""’ 

[g=0 0432139, 854076 ] 

* In numerical work 0 < X; < 1, and so g is positive and 0 < ijid < 

t The Theta-funotions do not vanish when |g|<l except at g=0, so this gives the only 
possible branch pomt 

"X This expansion was given by Weierstrass, Werhet ix (1896), p 276 
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21 9] 

21 9 mtoMona employed for the Theta-fanctiom 

The following scheme indicates the principal systems of notation which have been 
employed by various writers, the symbols in any one column all denote the same 
function 


{irz) 

^2 

(ttz) 

3 (ir«) 

Jacobi 

5i(s) 


53(*) 

5«(.) 

Tannery and Molk 

Bi (wz) 

^2 («>«) 

Bz (ciz) 

5(<1()2) 

Bnot and Bouquet 

«iW 

5j(«) 

5s w 

5o(*) 

Weierstrass, Halphen, Hancock 

e{£) 

OiW 

i 5s « 

52« 

Jordan, Harkness and Morley 


The notation employed by Hermite, H J S Smith and some other mathematicians is 
expressed by the equation 

6 ^ , (^)= S (-r , (;x=0, 1 , v=0, 1) 

nw'oo 

With this notation the results of § 21 11 example 3 take the very concise form 

(?^,„(a>+a)=( ->• («), («) 

Cayley employs Jacobi’s earlier notation (§ 21 62) The advantage of the Weieistrassian 
notation is that unity (instead of it) is the real penod of ^3 {z) and (z) 

Jordan’s notation exhibits the analogy between the Theta-functions and the three 
Sigma-funotions defined m §20 421 The reader will easily obtain relations, similar 
to that of § 21 43, connecting B^ (z) with u-r (2<»i«) when r=l, 2, 3 

REFERENCES 

L* EnitBR, Opera Omnia, (1), xx (Leipzig, 1912) 

C G J Jacobi, Fundamenta Nova* CKOnigsberg, 1829), Qee Math Werhe^ i 
pp 497-638 

0 Hbrmitb, Oemrea Math4mat\qme (Pans, 1906-1917 ) 

F Klein, Vorleemg^ ilher die Theone der elhptiechen Modidfunktionen (Ausgear- 
beitet und vervollsthndigt von R Fncke) (Leipzig, 1890 ) 

H Weber, Elliptuoke Funktionen vmd algehraieohe Zahlen (Brunswick, 1891 ) 

J Tannery et J Molk:, Fcnotione Ellyptiquee (Pans, 1893-1902 ) 

M1 SOELLA.NEOUS Examples 

1 Obtain the addition-formulae 

h (y+*)^ (y -*) V- V (y) V(*) - V (y) W (*)=5i® (y) V W - V (y) W. 

(y +*) (y -*) V - V (y) V (*)- V (y) V (*)= V (y) V (*)-■»»’ (y) ■!>i* (*). 

5s (y + *) ^ (y - *) - h* (y) V W - V (y) V W = •Ss* (y) V (*) - W (y) V W. 

5« (y +*) 5* (y-*) (y) V W - h' (y) V «=■»** (y) V W (y) (*>• 

* (Jacobi ) 

' ^ Reprinted xn hi$ Gm, Mat/i Werhe, t (1881), pp 49-289 
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2 Obtain the addition-formulae 

^4 (y-t-®) «4 (y-«) (y) V (*) + V (y) V (*) =Ss* (y) V W + V (y) V (®), 

54(y-b*) a;(y- 2) y,==3,* (y) 53^ (2) + V (y) 5.* (2)=33S (y) V (2)+y,2 (y) (z) , 

and, by mcreaaing y by half periods, obtaui the corresiiondiiig formulae foi 

•9i-(y+*)'»r(y-*) V And 3, Cy-i-«)ll,.(y- 2 ) V) 

wherer=l,2, 3 (Jacobi) 

3 Obtain the formulae 

J >1 Cy ± Z) 5* (y + 2 ) 53^4 = $1 (y) $2 (y) 5, ( 2 ) ^4 ( 2 ) ± S, (y) ^4 (y) •»! (2) ( 2 ), 

•»1 (y ± 2) (y + 2) = •»! (y) ■Ss (y) 52 (a) 3t ( 2 ) ±^2 (y) 54 (y) 5i (a) 53 ( 2 ), 

5i (y ± 2 ) 54 (yT 2 ) 32^3=54 (y)54(y)S2 ( 2 ) 3s ( 2 )±S 3 (y) ^ 3 (y) 3) ( 2 ) 34 ( 2 ), 

^2 (y ± 2 ) 3g (y + 2 ) 323s = 32 (y) 3s (y) 3 > (s) 3s ( 2 ) ^ 3i (y) 34 (y) 3i ( 2 ) 34 ( 2 ), 

53 (y ± 2 ) 34 (y + 2 ) 3334= 33 (y) 34 (y) 33 ( 2 ) ^4 (2 j + 3i (y) 33 (y ) 3i ( 2 ) 33 (a), 

58 (y ± 2 ) 34 (y + 2 ) 3 ^ 34 = 3s (y) 34 (y) 33 ( 2 ) 34 ( 2 ) qp 3i (y) 32 (y) 3i ( 2 ) 3b ( 2 ) 

-- (Jacobi ) 

4. Obtain the duplication-formulae • 

52 (2y) 5254* = 52= (y) 34 = (y) - 3i= (y) 3*= (y), 

5, (2y) 3334==3,= (y) 34 = (y) -3i= Cv) 52= (y), 


54 ( 2 y) 34 = =53%)-53«(y)=34«(y)-3i«(y) 

5 Obtain the duphcation-formula 

^1 (2y) ^ 2 ^ 3 -» 4 = 2 ^i (y) ^2 (y) -^3 (y) -^4 (y) 

6 Obtain duplication-formulae from the results indicated m example 2 

7 Shew that, with the notation of § 21 22, 

[1] -[2]=[4]'-[3]', [l]-[3]=[l]'-[3]', [l]-[4]=[2]'-[3]', 

[2] -[3]=[l]'-[4]', [2]-[4]=[2]'-[4]', [3]-[4]=[2j-[iy 

8 Shew that 

2[1122]=[1122j-t-[22117-[4433J-t-[33447, 

2 [1133]=[1133J-(-[3311 J - [4422J-I- [2244J, 

2 [1144]=[1144]'-H[4411J -[33227-1- [22337, 

2 [2233]= [22337 -|-[33227 - [4411]'-1-[11447, 
2[2244]=[22447-|-[44227-[33117+[11337, 
2[3344]=[33447-1-[44337 -[221 17-I- [11227 

9 Obtain the formulae 

2ir-=£'l:i=2ji n {(1 -?=*)* (1-2®"-=)-=}, 

n=:l 

n {(l-h2®")*(l- 2*"-=)-*} 

nail 

10 Deduce the following results from example 9 

n (l+2®*-‘)*=22*(i&F)-i, 


(Jacobi ) 
(Jacobi ) 


(Jacobi ) 


n (l-gra.-i)«=2yiF,t-i, 

»ail 

n (l-2*»)« =2ff-»o-4>fePjr*, 
n (l-2“)* =4jr-»2“*J^i<*A'», 


»=1 


n (i+2*»)« =i2“*^'*. 

nail 

n(l-H5*)« 


(Jacobi ) 
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11 By considenng j y ^ taken along the contour formed by the parallelogram 

whose corners are -itr, ^tt, ^+ 7 rr, — *^+ 7 rT, shew that, when n is a positive integer, 

and deduce that, when \I{z)\<\I (ttt), 

n*i l-q^ 

12 Obtain the following expansions 

-tau*+4 i 

Si(z) l-s«» ’ 

^z(^) “ (-)”3'’‘sin2w2i 

^3^“ nfi 1-2^ ’ 

each expansion being valid in the stnp of the ;?-plane in which the senes involved is 
absolutely convergent 

(Jacobi ) 

13 Shew that, if | / (y) [ < J (wr) and \ I ( 2 )\< I (ttt), then 

^ t f r\ • = cot y + cot g + 4 S S 3'2«*"sin(2my+27w) 

*^1 (y) *^1 (^) »««1 nel 

(Math Tnp 1908) 

14 Shew that, if | /(«) | < -J/ (tit), then 

SlJ^ d 00 

^ anC08 2«2, 

TT ^4 ( 2 ; n=l 


where «»=2 s (_)m,/»*+i)(i»+'»+» 

“ (Math Tnp 1903 ) 

[Obtain a reduction formula for «# by considenng J {5* (*)}"*«•"**<& taken round the 
contour of example 11 ] 


16. Shew that 


5i(») 


-[■ 


cot;?+4 S 


sin 2 g 


2**] 


Tfc«x l-2g'^cos22!+g'^ 

IS a doubly-penodic function of z with no singularities, and deduce that it is zero 


Prove similarly that 


^2« 


-tan«-4 S 

«wl 


sin 2 g 
1+22'^ 008 


•^s'W A 5 2^"isin22! 

hiz ) “ n-i 1 + 22^"^oos2;j+2*»-«’ 


^ 4 ' {z) . » SIQ 2 g 

n-i l-2^»»-icosae+2^-2 

16 Obtain the values of Jc^ K, K' correct to six places of decimals when 
[/fc«0 896769, iJ?'«=0 444618, 

2 262700, JS:'=1 668414] 
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17 Shew thatt if io+a;+y+<=0) then, with the notation of § 21 22, 

[33+[1]=[2]+[4], 

[1234]+[3412]+[2143]+[4321]-.0 

18 Shew that 

K(y) „ o ^(y)^(*)5i(y+») 

^*(y) *«(*) 3,(y+*) 

By putting w^Zn in Jaoobi’s fundamental foimulae, obtain the following 

results 

Si» («) 8i (3*) +V (*) ^4 (3»)=34» (2®) 34, 

3»* («) 3. (a») -34» (*) 34 (8«)-3,» (2») 3*, 

3j«(«)3,(3»)+34» (») 84 (3*)-3,* (2») 38 

SSO Dednoe from ezamjde 19 that 

W (®) Si (Ste) 34« + 3** (*) 34 (a») 34*} * + {V (*) 3, (3*) 3,» - 34* (») 34 (5to) 38*} * 

-W (*) 3* (3*) 38»rf-34» (*) 34 (3») 3,*}* 

(Trinity, 1882 ) 

21 Deduce from LiouviUe’s theorem that 

2^ (z) $2 ( ^) ■Sb (g) (g) 

IS constant, and, by making z -^0, that it is equal to 1 

Hence, by companng coefficients of «« m the expansions of 

by Maclavumi’s theorem, deduce that 

jL!(0)_V(0) , V(0) , 34"(0) 

3i'(0) 3,(0) ^ 3,(0) 34(d) 

Hence, after the manner of § 21 '41, deduce that 

3i'(0)=3, (0)3, (0)34(0) 
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THE JACOBIAN ELLIPTIC FUNCTIONS 

22 1 Elliptic functions with two simple poles 

In the course of proving general theorems concerning elliptic functions 
at the beginning of Chapter xx, it -was shewn that two classes of elliptic 
functions were simpler than any others so far as their singularities were 
concerned, namely the elliptic functions of order 2 The first class consists 
of those with a single double pole (with zero residue) in each cell, the second 
consists of those with two simple poles in each cell, the sum of the residues 
at these poles being zero 

An example of the first class, namely p {£), was discussed at length in 
Chapter xx, m the present chapter we shall discuss various examples of 
the second class, known as Jaeohian elliptic functions* 

It will be seen (§ 22 122, note) that, in certain circumstances, the Jacobian 
functions degenerate into the ordinary circular functions, accordingly, a 
notation (invented by Jacobi and modified by Gudermann and Glaisher) will 
be employed which emphasizes an analogy between the Jacobian functions 
and the circular functions 

From the theoretical aspect, it is most simple to regard the Jacobian 
functions as quotients of Theta-functions 21 61) But as many of their 
fundamental properties can be obtained by quite elementary methods, 
without appealing to the theory of Theta-functions, we shall discuss the 
functions without makmg use of Chapter xxi except when it is desirable to 
do so for the sake of brevity or simplicity 

22T1* The Jacobian elliptic f motions, sn u, cn u, dn u 

It was shewn in § 21 61 that if 

the Theta-functions being formed with parameter r, then 

where (0 1 t)/S', (G | r). Conversely, if thfe constant ^ (called the 

inodvl'uaf) be given, then, unless or &*^0, a value of t can he found 

* These funotioas were introduced by Jeoobi, but many of their properties were Obtained 
independently by ^A^bel, who used a different notation See the note on p 612 

+ If and $ is the acute angle auoh that 0 is called the rncdular angl^^ 
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(§§ 217-21712) for which (0 | T)/Sr,‘ (0 1 t) = so that the solution 
of the differential equation 

subject to the condition = 1 is 

7 / — ^ 

^ &2^4(VV)’ 

the Theta-functions being formed with the parameter t which has been 
determmed. 

The differential equation may be written 

^(1 _ kH^)-idt, 

Jo 

and, by the methods of § 21 73, it may be shewn that, if y and ii are con- 
nected by this integral formula, y may be exj^essed in terms of w as the 
quotient of two Theta-functions, m the form already given 

Thus, if 

u == r (1 (1 -- dt, 

Jo 

y may be regarded as the function of u defined by the quotient of the Theta- 
functions, so that y IS an analytic function of u except at its singularities, 
which are all simple poles , to denote this functional dependence, we write 

y^an(u, k), 


or simply sn u, when it is unnecessary to emphasize the modulus* 
The function sn u is known as a Jacobian dhpUc function of w, and 



.(A) 

[Unless the theory of the Theta-functions is assumed, it is exceedingly difficult to shew 
that the mtegral formula defines y as a function of u which is analytic except at simple 
poles Cf Hancock, Mhptic FuncUom^ i (New York, 1910 ) ] 

Now write a! 

(B), 


(C) 

Then, from the relation of § 21 6, we have 


d 

j-sntt=5= cnwdnw 
du 

(I), 


The modulus will always be mserted ■when it is not ife 
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and from the relations of § 21 2, we have 

sn® -f cn® w = 1 . (II), 

¥ sn ^ u H- dn® u^l . (HI), 

and, obviously, cn 0 = dn 0 = 1 (IV) 

We shall now discuss the properties of -the functions sn w, cn le, dn u as defined by the 
equations ^A), (B), (C) by using the foui relations (I), (II), (111), (IV) , these foui relations 
aie sufficient to make snw, cna, dnw determinate fu^||||^yf u It Mill be assumed, 
when necessary, that sn cn w, dn u are one-valued fun^lPIrof analytic except at their 
poles , it will also be assumed that they are oue-\ allied analytic functions of when cuts 
are made m the plane of the complex variable from 1 to -f-oo and from 0 to — co 

22 12 sn n, cn u, dn 26 * ^ 

From the “ i (1 - ~ ^ dt, it is evident, on writing 

- 1 for t, that, if th^ sign of y be changed, the sign of it is also changed 


Hence sn u is an odd function of u 

Since sn (- 1 ^) = — sn ii, it follows from (II) that cn (— u) = + cn u , on 
account of the one-valuedness of cn by the theory of analytic continuation 
It follows that either the upper sign, oi else the lower sign, must always be 
taken In the special case u = 0, the upper sign has to be taken, and so it 
has to be taken always, hence cn(-- 26 ) = cn 26 , and ojxu is an even function 
of u In like manner, dn u is an even function of u 

These results are also obvious from the definitions (A), (B) and (C) of 
§ 22 11 

Next, let us differentiate the equation sn* 26 4 - cn* on using equation 

(I), we get 

denu j 

— — sn 2 i dn 26 , 
da 


m like manner, from equations (III) and (I) we have 


22 121 The mnplementary modulus 

If ■= 1 and // -► + 1 as 1 -*-0, kf is known as the complementanj 

modulus On account of the cut in the A^-plane from 1 to + x , fc' is a ono- 
valued fdnction of k 

[With the aid of the Thota-fiinotioiis, we can make X'i oue-valued, by defining it to lie 
Exurnple Show that, if 

J V 

y=Ul («, 1 ). 


tlieu 
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Also, shew that, if m= 

J V 

then ^=dn(u,k) 

[These results are sometimes written in the form 

;ciiw J dnu ■' 


22122 Glatsher^s notation* for quotients 

A short and conveniliill|fliotatioii has been invented by Glaisher to express 
reciprocals and quotients of the Jacobian elliptic functions, the leciprocals 
are denoted by reversing the order of the letters which express the function, 
thus 

ns = 1/sn % nc 24 = 1 /cn w, 

while quotients are denoted by writing in 
numerator and denominator functions, thus 


orc^^K fi 


first letters of the 


sc M = sn 24 /cn 24, sd 24 = sn w/dn 24 , cd xi = cn w/dn 24 , 
cs 24 = cn 24 /sn 24, ds 24 = dn 24 /sn 24, dc 14 = dn 24 /cn ii 

[Note Jacobi’s notation for the functions sn 24, cn 24, dn 24 was sinam 24, cosani 24, 
Aam 24 , the abbreviations now in use being due to Gudennann t, who also wi*ote tii 24, 
as an abbieviation for tanani24, in place of what is now wiitten sc 24 

The reason for Jacobi’s notation was that he regarded the inverse of the integral 

« = J * (1 - ii:* sm« 5) - i 

aa fundamental, and wrotej </»=amtt, he also wrote AA-fl-it* for 1 

^ du ^ 

Example Obtain the following results 

J J CRft 

rstiw 1 , /*o6 

"/ dt= f (<“+!•*)- 4, ft 

® J d«tt 

-i (l-f*)~4(l_i2t2)-ij;j ^r‘ («J-l)~4(«S_X2)-4,ft 

J (]eu 

» 1“" (<*-!)■ 4 (A'M+itJ)-4rf« 

] ** 1 1 


22 2 T/ie udihtion-theoi eni fm the function &ii « 

We shall now shew how to oxpiess sn (« + i ) in terms of the lacobmn 
elliptic tunctions uf u and v, the lesnlt will he the addition-theoiem foi the 
function sn , it will be an addition-theoi em in the strict sense, iis it can 
be wiitten in the foim of an algobiaic relation coiiiiectiiig sn if, snw. sn (// + ul 

* ^TeaneufiL) or IfttihemafifK, \i. p 

+ Joinml rUr JJodt xvut pp 12,20 

FundauuHtH Xoiit, \) 30 A» am 
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[There are numerous methods of establishing the result , the one given is essentially 
due to Euler*, who was the first to obtain (in 1756, 1767) the integral of 

_n 

in the form of an algebraic relation between x and y, when X denotes a quartic function 
of X and Y is the same quartic function of y 

Three t other methods are given as examples, at the end of this section ] 

Suppose that u and v vary while remains constant and equal to a, 
say, so that 

^ 

Now introduce, as new variables, Si and ^2 defined by the equations 

Si = sn u, $2 = sn v, 

so that J ^ 1 ® = (1 — 5i®) (1 — 

and 4® = (1 - Si?) (1 - since v^ = l 

Differentiating with regard to u and dividing by 2$i and 2^ respectively, 
we find that, for general values § of u and v, 

Si==-{l’hl(?)si + 2k^s?, ~ - (1 + ^2 + 

Hence, by some easy algebra, 

SxSg’-S^Si _ 2J(^$iSi(Si^ 82^) 

"" (V - ^1*) (1 - ' 


and so 


(^I^a — ^ (^i^a ““ '^2^1) — (1 — , 


on integrating this equation we have 

$1 82 ^j Si ^ Q 

where 0 is the constant of integration 

Replacing the expressions on the left by then; values in terms of u and v 
we get 


cn u dn n sn + cn 1 ; dn v sn it 
1 — ft*sn®itsn®v 




^ Acta Pftropolttana, vi. (1761), pp 85-57 Euler had ohtamed some special oases of this 
result a lew years earlier 

+ Another method le gi^en by Legendre, Font'UoiiB JElUptiqucB, 1 (Pans, 1825), p, 20, and an 
interesting geometrical proof \vas given by Jacobi, Jomnal filr Math in (1828), p 876. 

For brevity, we shall denote differential coefficients with regard to n by dots, thus 

dv dH 

§ I e. those values foi which cu ?4 dn m and cn v dn » do not vanish 
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That IS to say, we have two integrals of the equation + dv = 0, namely 

(i) + V == a and (ii) 

sn 14 cni; dn i; -f sn von u dn u ^ 

1 — sn* sn® i; "" ’ 

each mtegral involving an arbitrary constant By the general theory of 
differential equations of the first order, these integrals cannot be functionally 
independent, and so 

sn 14 cn i; dn t; + sn y cn xi dn \i 
1 - sn® \i sn® v 

IS expressible as a function of w -f v , call this function f{u^-v) 

On puttmg i; = 0, we see that f{u) = sn w , and so the function / is the 
sn function 

Me have thus demonstrated the result that 


sn {u+v) = 


sn 14 cn V dn t; + sn i; cn u dn u 
1 ~ A® sn-* u sn® v ' 


which IS the addition-theorem 


Using an obvious notation*, we may write 


sn (44 4- v) = 


02(^2 4 * 62^1^1 

1 - 


Example 1 Obtain the addition-theorem for sin u by using the results 

(-du~) 

Example 2 Prove from first prmciples that 

fl 

Vdt; duj 1— ’ 
and deduce the addition- theorem foi sn u 

(Abel, Journal fict 2futh n (1827), p 106 ) 

Example 3 Shew that 

sn (?« -fv) = + _ *1^1024*2^^1 

*^02^2 ” *2^1^! C 2 4 *1 difl?24^^*l*2^1^2 

(Cayley, Elliptic Fimctioiis (1876), p 63 ) 

Example 4 Obtain the addition-theorem for sn % fiom the results 

( 2 ^ 43 ) -^4 (y-^) = ( 3 ^) ^4(y) ( 2 ) ^3 W4^2 (y) (y) ^1 {z) ^4 («), 

^4 (y 4^) ^4 (y-^) V (y) W - V ^) (^), 

given in Chaptei sxi, Miscellaueous Examples 1 and 3 (pp 487, 488) (Jacobi ) 

Example 5 Assuming that the coordinates of any point on the ciuve 

y^-(l-A*2)(l-/fcV) 

can be expiesscd in the form (sn le, cn u dn obtam the addition-theorem for sn % by 
AbePs method (§ 20 312) 


This notation is due to Claisher, x (1881), pp 92, 124 
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[Oonsider tlie intersections of the given curve with the variable curve y— \ + 7 ^ 30 + 710 ^^ , 
one 18 (0, 1) , let the others have parameters wg, wg, of which may be chosen 

arbitrarily by suitable choice of m and 71 Shew that + is constant, by the 

method of § 20 312, and deduce that this constant is zero by taking 

m=0, n=— 

Observe also that, by reason of the relations 

we have \ & oj , 

(1 — j?2*) = ^3 “ _ ^2) 2w^i2r2=^3 ” (iFi +^2+^3) 

= (^1 +572 + ^3 — rUCi 572573) — (5?1 + 572) — 2771^1^2 — 7l57i572 (57i + 573) 


22*21 The addition-theo^ em^ for ca u and dn u. 
We shall now establish the results 


cn {u + v) 


cn ^ cn ^ u sn V dn M dn V 
1 — sn* sn® V 


dn (u + v) — 


dn dn t; — A;“ sn u sn V cn It cn 2 ; 
1 — A;® sn® sn® 2; 


the most simple method of obtaining them is from the formula for sn (u + v) 
Using the notation introduced at the end of § 22 2, we have 
(1 - k^SiWy cn^ (^4 + v) = (1 - {1 - sn^ (u + y)} 

= (1 — — {SiCiCk H- s^CidiY 

= 1 -- + k^s^W - 5i“ (1 - ^2®) (1 - 

— ^2^ (1 — (1 — k^Sj^) — 2^1 SjCi Cadi cZq 

« (1 - ^1=) (1 - + 51=52^ (1 - k%^) (1 - k^S,^) 


SiS^did^^ 


25]^^2Ci Cgdida 


and so cn(u + v) = + 

^ - i-k%W 

But both of these expressions are one-valued functions of u, anal 3 rbic 
except at isolated poles and zeros, and it is inconsistent with the theory 
of analytic continuation that their ratio should he + 1 for some values of % 
and — 1 for other values, so the ambiguous sign is really definite , putting 
26 = 0, we see that the plus sign has to be taken The first formula is 
consequently proved 


The formula for dn (u + v) follows in like mannei from the identity 

(1 dif 

= (1 - (1 ^ k%^) + (1 - s,^) (1 - 52 ») - 2k^s^8^c,c,d,(k. 

the proof of which is left to the reader 


w M A 


32 
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[chap XXII 


Example 1 Shew that 

(Jacobi ) 

[A set of 33 formulae of this nature connecting functions of u+v and of v is gn en 
in the Fxi/ndamentoi Nova^ pp 32-34 ] 

Example 2 Shew that 

0 cn'M+cnv _ 0 on-M+cnv 
cv, sn w dn + sn 2? dn ct; sn w dn a;+sn V dn w ’ 

so that (cn w+cn i;)/(sn oa dn i; + sn dn 24) is a function of «+ i? only , and deduce that it is 
equal to {1 + cn (2« + v)}/sn {u-{-v) 

Obtain a corresponding result for the function («iC 2 +« 2 Ci)/(rfi+c? 2 ) 

(Cayley, Messenger^ xiv (1885), pp 66-61 ) 

Example 3 Shew that 

1— gn2 (M--y)=(l— (l-jt^sn^v) (1 - ^sn^ 

cn2 {% + v) cn® {u-'o )— (^® + ^ on^ v) {kf^ + B cn* 2 ?) (1 - Jc^ sn ® 24 sn® v) " ® 

(Jacobi and Glaisher ) 

Example 4 Obtain the addition-theorems for cn(tt4“y), dn(w+ 2 ?) by the method of 
§ 22 2 example 4 

Example 5 Using Glaisher’s abridged notation {Messenger , x (1881), p 106), namely 
c, fl?=sn 24, cn 24, dn 24 , and /S', 0, Z)=sn 224, cn 224, dn 224, 

prove that 

^ ^scd ^ 1 - 2524.^^4 ^ l~ 2 /fc 2 « 2 +^ 2 s* 

l-ife2«4 » "l-W” ’ 

(i+iisr)^+(,i-kS)^ 

Example 6 With the notation of example 6, shew that 

1 -/) D--C 

, Z)+O_i)4-i&*0'->&'® k^{l-D) /fe'2(H-(7) 

ifc®(H-a) ^J^{E--C)~'E^+D-k^C^ 

D+C E^{l-C) k'^l+D) 

^ ~ 1+D “l + C7“ D-C 

(Glaisher ) 

22 3 The constant K 
We have seen that, if 

w = f * (1 - «*)"* (1 - 

Jo 

then y = 8n(M, fc) 

If -we take the upper hmit to be unity (the path of integration being 
a straight bne), it is castomary to denote the value of the integral by the 
symbol K, so that sn (X, A) = 1 

[It Will be seen in § 22 302 that this defimtion of E is equivalent to the definition as 

^^®in§2161] 


I 
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It IS obvious that cn AT = 0 and dn ir= ± Ar' , to fix the ambiguity in sign, 
suppose 0 < A, < 1, and trace the change in (1 - as t increases from 0 to 1 ’ 
since this expression is initially unity and as neither of its branch points (at 
t = ± & >) IS encountered, the final value of the expression is positive, and so 

It IS +k', and therefore, since dn Z is a continuous function of At, its value is 
always -l- k' 

The elliptic functions of K are thus given by the formulae 
sn^==l, cuJr = 0, dnZ = r 
22 301 The expression of K in terms of k 
In the integral defining K, write t = sin and we have at once 

fir 

(l-k‘8in’‘<j>)-id(f> 

When I A: I < 1, the integrand may be expanded in a series of powers of k, 
the senes converging uniformly with regard to ^ (by § 3 34, since sm«*^ $ 1) ’ 
integratmg term-by-term (§47), we at once get 

where c = A:* By the theory of analytic continuation, this result holds for 
all values of 0 when a cut is made from 1 to + 00 in the c-plane, since 
both the integrand and the hjrpergeometnc function are one-valued and 
analytic in the cut plane 
Example Shew that 

(Legendre, Fonotions Elhptiques, i (1825), p 62 ) 

22 302 The equivalence of the definitions of K 

Taking m § 21 61, we see at once that sn (i7rV)==l and so cn(i3r582)=0 

Oonseciuently, 1— snw has a double zero at Therefore, since the number of poles 

of snw m the cell with corners 0, 27r V, (r+l).982 a- (r- 1) V is two, it Mows from 
§ 2013 that the only zeros of 1— sn^4 are at the points 'W=^7r(477i+l+2nr) where 
w and are integers Therefore, with the definition of § 22 3, 

Jtt {fiin -f 1 -h 2nr) 

Now take t to be a pure imaginary, so that 0<^< 1, and iT is real , and we have 
7t=0, so that 

Jtt (4m + X) ^ 3* = (1 - ^)“ i d<l>f 

where m is a positive integer or zero , it is obviously not a negative integer 

If m M a positive integer, since J * (1 - ^ sm* <f)) ~ i is a continuous function of a and 

so passes through all values between 0 and JT as a increases from 0 to iw, we can find 
a value of a lees than Jw, such that 

sn(i»rV)-siaa<l, 


and so 

^hioh IS untrue, since 


32^2 
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Therefore m must he zero, that is to say we have 

But both K and are analytic functions of Is when the c-plane is cut from 1 to 
+ 00 , and so, by the theory of analytic continuation, this result, proved when 0 <1, 

persists throughout the cut plane 

The equivalence of the definitions of K has therefore been established 
Example 1 By considering the integral 

shew that sn 25'— 0 

Example 2 Prove that 

siiiJr=(l+Fr^, onir=Fi(l+F)-4 

[Notice that when cn2w=0 The simplest way of determining the signs to 

be attached to the vanous radicals is to make ^-^0, ^-#-1, and then sn ?«, cii w, dn u 
degenerate into sm u^ cos w, 1 ] 

Example 3 Prove, by means of the theory of Theta-functions, that 

cs ^5=dn ^5=^'^ 


2231 The periodic properties {associated with K) of the Jacobian 
elliptic functions 

The intimate connexion of K with periodic properties of the functions 
sni6, cn^/, dn^^, which may be anticipated from the periodic properties of 

Theta-functions associated with | tt, will now be demonstrated directly from 
the addition-theorem 


By § 22 2, we have 

Bii{u-\- K) — 


snucaK dnK + sn E cn u dn u 
1-^ u sn^ K 


— xidu 


In like manner, from § 22^21, 

cn {u -i- E) = — k'sd u, dn (a + E) — k' nd u. 

XT / . s)i7\ + i'sdtA 

^ ^ dn{u^E) k'ndu ' 


and, similarly, cn {u -h 25^) = — cn u, dn {u ■+ 2E) = dnu 

Fmally, sn + 4iE) = - sn (-w -h 2E) = sn w, cn (u ■+■ 4ir) ^cnu 

Thus 4iE 1 $ a period of each of the functions sn u, cn u, while dn u has 
the smaller penod 2E 

Example 1 Obtam the results 


sn (w4-5)=:cd w, cn (tt+5)= - tsd u, dn (^+5)=*;?;' nd u, 
directly from the defimtions of sn u, cn ti, dn w as quotients of Theta-functions 
Example 2 Shew that cs t* os (5 - u) = /{;' 
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22 31, 22-32] THE Jacobian elliptic functions 

22 32 The constant K' 

We shall denote the integral 

[\l 

JO 

by the symbol K', so that K' is the same function of A'® (= c') as is of 
A^(=c), and so 




when the c'-plane is cut from 1 to + oo , i e when the c-plane is cut from 

0 to — 00 

To shew that this definition of K' is equivalent to the detinition of § 21 61, we observe 
that if tt' = — 1, jK" is the one-valued fanctiou of in the cut plane, defined by the equations 

-«;2=S2MO|r)-V(OiT), 

while, with the definition of § 21 51, 

(0 I r'), (0 1 rO- V (0 | r'), 

SO that K' must be the same function of as K is of P , and this is consistent with the 
integral de^ition of K' as 

It Will now be shewn that, if the c-plane be cut In >111 0 to - 00 and from 

1 to -h 00 , then, m the cut plane, K' may be defined by the equation 

K'= -ids. 

First suppose that 0<&<1, so that 0< A7'< 1, and then the integials 
concerned are real In the integral 


make the substitution 


'0 


which gives 

1)4 = Pt (1- I (1 - A2,s“)4 = (1 - 

ds ^ k'H 
dt 

it being understood t.hat the positive value of each radical is to be taken 
On substitution, wo at once got the 1 osult stated, namely that 

provided that 0 < / < 1, the result has next to be extended to complex values 
of k 
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Consider (1 - (i .^^ 2 ) - i 

the path of integration passing above the point 1, and not crossing the imaginary axis* 
The path may be taken to be the straight lines joining 0 to 1 - d and 1 + d to together 

with a semicircle of (small) radius 5 above the real axis If (1— and 
reduce to +1 at ^=0 the value of the former at 1 +d is c-^8i(2+8)i=-i(«2_i)4, where 
each radical is positive , while the value of the latter at i=l is +k' when k is real, and 
hence by the theory of analytic continuation it is always 

Make d-^O, and the integral round the semiciicle tends to zero hke , and so 
(1 -ist2)-4 dt^K+i dt 

which t IS analytic throughout the cut plane, while A' is analytic throughout the cut plane 
Hence 

IS analytic throughout the cut plane, and as it is equal to the analytic function £[' when 
^ ^ equality persists throughout the cut plane , that is to say 

JP (t‘ - 1 )“^ (1 

when the c-plane is cut from 0 to - oo and from 1 to + oo 

Since + dt, 

J 0 

we have sii(K + %K') = l/k, dn (K + %K') = 0 , 

while the value of c.n{K + iK') is the value of when t has followed 

the prescribed path to the point l/^•, and so its value is — xk'lh, not + tk'jk 

Example 1 Shew that 

1 P_^{-H^-t)(i-kk)}-^dt^^ {tit-1) (i-i^t)}-idt=ji:' 

Example 2 Shew that E satisfies the same linear difieiential equation as K i% 22 301 
example) 


22 33. The periodic pt opertiest (associated with K + iK') of the Jacobian 
elliptic functions 


If we make use of the three equations 

sn (K + iK') = k-\ cn (K + lE') = - ik'jk, dn (K + iK') = 0, 

* A (A:)> 0 because | arg c | < x 

t The path of integration passes above the point u^h 

t Xhe doable peuodioity of snu may be inferred from dynamical considerations 
Whittaker, Analytical 2^yiiaviics (1917), § 44 


See 


V 
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we get at once, from the addition-theorems lor sn cn le, dn the following 
results 

rr rrtK sn uGn{K %K) dn {K -h %K') + sn (iT -f cn w dn 2^ 

= dc 26 , 

and similarly cn (u + + %K') = — nc w, 

dn {u^ K -{■ iK') = ik' sc u 
By repeated applications of these formulae we have 
sn (w + 2Jr + 2iK') = - sn 2^, 

^ cn + 2Z + 22^') = cn u, 

[dn (u H- 2K + 2iK') = - dn 26, 

Hence the functions sn u and dn u have period 4Jf + 42iC', while cn u has 
the smaller period 2K + 2iK' 

22 3A The periodic properties (associated with iK*) of the Jacobian 
elliptic functions 

By the addition-theorem we have 

sn (u 4- iK') - sn (-16 - -ST + JST + lE') 

— dc (26 — K) 

- ns u 

Similarly we find the equations 

cn (u + lE') — — ilcr^ ds u, 
dn (u + lE') = — 2 cs 26. 

By repeated applications of these formulae we have 

' sn (u + 22ir') = sn 26, sn (26 + 4iiE') == sn u, 

- cn (26 -H 22jBr') = - cn 26, - cn (22 -f 42ir') « cn 26, 

,dn (26 + 2iK') = - dn 26, {dn (u ■+• 42if ') = dn 26 

Hence the functions cn u and dn 26 have period 4iiE'f ivhile sn 26 has the 
smaller period 2iE' 

Example Obtain the formulae 

sn ( 66 + '^mK - 1 - 2 mIC) «(-)”* sn w, 
on (26H-2»2A'+2niiSr')=‘(-)’^‘’’’* on 26, 
dn (26 -h 2»i A 4- 2 mA''} « ( — dn 26 

22341 The behaviour of the Jacobian elliptic functions near the origin 
ayid near lE' 

We have 

d d^ 

^ an M = cn 26 dn 26, sn 26 = sn’* 26 cn 26 dn 26 - cn 26 dn 26 (dn® 26 4- A® cn® 26) 


’ sn (26 4- 4iE 4- 42 JSr') = sn u, 
■ cn (26 4- 4^^ 4- 42jSr') = cn u, 
,dn (26 4- 4iK 4- 4 iAl ') = dn i6 
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Hence, by Maclaunn’s theorem, we have, for small values of |m|, 

sn « = ^ (1 + + 0 (?t'), 

on using the fact that sn m is an odd function 

In like manner 

cnM = l-itt» + 0(M"), 
dn M = 1 — i + 0 (m4) 

It follows that 

sn {u + %K') = ns u 

and similarly cn (« + %K') = ^ + »“ + 0 (w»), 

dn (u + zIC') 1- ?- ^ tu+ 0 (ti*) 

It follows that at the point iK' the functions sn v, cn v, dn v have simple 
poles with residues k~^, —ikr^, —iiespectively 

Example Obtain the residues of snw, cum, dn« at iK' b> the theory of Theta- 
fvinctiouH 

22 35 Genei al description of the functions sn u, cn u, dn w 

The foregoing investigations of the functions snu, cn it and dnit may be 
summarised in the following terras 

(I) The function snw is a doubly-penodic function of u with periods 
^K, 2iK' It IS analytic except at the pomts congruent to iK' or to 2K + iK' 
(mod 4^r, 2i]£ ) , these points are simple poles, the residues at the first set all 
being Ar* and the residues at the second set all being - A;-' , and the function 
has a simple zero at all points congruent to 0 (mod 2K, 2iK') 

It may be observed that su u is the only function of u satisfying this description , foi 
If 4> (u) were anothei such function, sn (it) would have no smgulanties and would be 
a doubly-penodic function, hence (§ 2012) it would be a constant, and this constant 
vamshes, as may be seen by putting it=0 , so that ^ (tt) =sn u 

When 0< A*< 1, It IS obvious that K and K' aie leal, and snw is real foi 
leal values of u and is a pure imaginary when u is a pure imaginary 

(II) The function cnw is a doubly-penodic function of u with periods 
4,K and 2^ -i 2iK' It is analytic except at jioints congruent to iK' or to 
2 ^- 1 - iK' (mod 4iK, 2K + 2iK'), these pomts are simple poles, the residues 
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at the first set being — and the residues at the second set being , 
and the function has a simple zero at all points congruent to K (mod 2Ky 2%K') 
(III) The function dnu is a doubly-penodic function of u with periods 
2K and It is analytic except at points congruent to or to diK' 

(mod 2K, 4i%K'), these points aie simple poles, the residues at the first set 
being - 'i, and the residues at the second set being % , and the function has 
a simple zero at all points congruent to if + (mod 2K, 2iK^) 

[To see that the functions have no zeros or poles other than those just specified, 
recourse must be had to their definitions in terms of Theta-functions ] 

22 351 . The connexion between Weierstiassian and Jacobian ellvptic functions 
If Ciy 02 > ^3 be any thiee distinct numbers whose sum is zero, and if we write 

61 — 63 

ky 

we have =4(ei— ej)*X*na®XMCs*\MdB*XM 

= 4 (61 - 63)2 X® iis2 \u (ns® \u - 1) (ns® Xw - F) 

« 4X® (ex - 63) " ^ (y - ^3) (y - ^1) {y “ (^1 " ^3) - ^3} 

Hence, if X®^^: 61 -63 and F-(62"-«3)/(ei-e3), then y satisfies the eqiiation^^ 

and ho e3+(«i— 

where a is a constant. Making w-^-0, we see that a is a period, and so 
#> (m . S'a. ys) = «3 + («! - «8) ns* {jt (ci - «3)*}. 
the Jacobian elliptic function having its modulus given by the equation 

Ci-t'j 

22 4 Jacobi’s imagmai y ti ansfoi niation\ 

The result of § 21 51, which gave a tiansfonnAtion from Theta-functions 
with paranietor t to Theta-functions with par<imeter r = — 1 /t, naturally 
produces a transformation of Jacobian elliptic functions, this transformation 
IS expressed by the equations 

sn (lu, li) = ^ sc (a, k'), cn (iv, k) = nc (w, fc'), dn (lu, k) = dc (it, k ) 
Suppose, for simplicity, that 0 < c < 1 and y > 0 , let 

[ '*' (1 - 1*) ' * (1 - kH ^) " irft = w, 

Jo 

so that ly => sn (lu, k) , 

take the path of integration to be a straight line, and we have 
cn {lu, k) = (l + y*)i, dn {lu, k)==(l+ %’ )* 

* The values of and are, as usual, 263 63 and 

t Sundainenta Nova, pp B4, 86 Aliel {Journal fUt Math 11 (1827), p 104) derives the 
double periodicity of elliptic functions from this result. Of a letter of Jan 12, 1828, from Jacobi 
to Legendie [Jacobi, Ges yVerhe, i (1881), p 402] 
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Now put y = »;/(l — where 0 < »; < 1, so that the range of values 

of t IS from 0 to 117/(1 — and hence, if t = tti/(l — the range of 
values of ti is from 0 to 17 

Then cfi = t(l - (1-0* = (1 

1 - = (1 - h'%^) - i (1 - i 

and we have lu = [”(1 - ti»)-i(l - *'%») ' hdt,, 

J 0 

so that i7 = sn(ii, jfc') 

and therefore y = sc (it, k') 

We have thus obtamed the result that 
sn (tit, &) = t sc (u, ¥) 

Also cn (tit, A) = (1 + y»)i = (1 - - i = nc (ii, k'), 

and dn (tit, *) = (!- = (1 - kS’')^ ( 1 - 17*) ~ i = dc ( it, k') 

Now sn (tw, A) and t sc (it, ¥) are one-valued functions of it and ifc (m the 
cut c-plane) with isolated poles Hence by the theory of analytic continuation 
the results proved for real values of it and k hold for general complex values 
of u and k 

2241 Proof of Jacobi’s imaginary transformation by the aid of Theta- 
functions 

The results just obtamed may be proved very simply by the aid of 
ineta-functions Thus, from § 21 61 ^ 


su 


where 


(tit,l:) = M^^i V^) 

^ ^ &.(0|t)^,(u|t)’ 

^ = m/V(0|t), 


and so, by § 21 51, sn (tit, jfc) -A(W| t') 

S-j(tXT'|T') 

= -tsc(i;, k'), 

where n = t^r' V (0 | r') « wt' (-tT)V(OlT)^ it, 

so that, finally, sa (tit, A) = t sc (it, k') 

funotr'' ' hy the aid of Theta- 

Example i Shew that 

sn iiiE', i)=i sc (iA-', P) = 

cn (iiZ', l!)=(i+k-)i k-i^ dn (fiZ', >fc)=(i+i)i 

[There is great difficulty m determining the s^ of sn AtA" cn A» )r> Hn a. x> 
method other than Jacobi’s tiansfonnation is used ] * ’ ^ ^ > 
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Example 3 Shew that 

dn i (Z +^A') = 

Example 4 If 0 < 1 and if ^ be the modular angle, shew that 

sni (A'+tZ')=«^"*^V(co8eod), cn^ (A+tA'j=e'*” V(cotd), 
dn J ( A+ J A'') VCcos 6 ) 

(Glaisher ) 

22 42 Landen’s transformation* 

We shall now obtain the formula 

j (1 — ^i*sin’<Ji)“^d0i = (l + Ai') J (1 — i®sin®0)"^d0, 

where sin = (1 + A') sin ^ cos (1 — sin* 

and *, = (1-A')/(1 + *') 

This formula, of which Landen was the discoverer, may be expressed by 
means of Jacobian elliptic functions m the form 

sn {(1 -I- k') u, /cjI = (1 + A,') sn (u, k) cd (u, k), 
on writing <^ = am «, <j>i = am Uj 

To obtain this result, we make use of the equations of ^ 21 52, namely 
(r l^T) 1 r) _ (a | r) Vll t) _ &,( 0|t)»,( 0| t) 

■l^4(2aT2^) ” ^^(22|2 t) ~ ^4(012t) 

Wntef Ti = 2 t, and let &i. A, A' be the modulus and quarter-periods 
formed with parameter ti , then the equation 

(a t '^) I t) _ ^ii2£| Ti) 

^,(a|T)&4(a| t) a-4(2alTi) 
may obviously be written 

k sn (2Kzl'n-, k) cd (2Kzl'rr, k) = sn (iiAzfv, ki) (A) 

To determine ki in terms of k, put a = j tt, and we immediately get 

A/(l H- A ) = A-i^, 

which gives, on squaring, Aj = (1 — A')/(l + A'), as stated above 

To determine A, divide equation (A) by a, and then make a — > 0 , and 
we get 

2ifA = 4A,iA, 

so that A = ^ ( I + A') if 

* Phil Tram of the Moyal Soc lxv (1775), p 285 

t It mil be supposed that | (r) 1 < 4, to avoid difficulties of sign which arise if R (n) does 

not he between d* 1 This condition is satished when U<^<1, for r is then a pure imaginary 
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Hence, writing u m place of 2Kzl7r, we at once get from (A) 

(1 -I- k') sn (Ui k) cd {u, k) s= sn {(1 -h ¥) % k^y 
since AiAzJir = 2AulK = (1 -f A?') , 

so that Landen’s result has been completely proved 

Example 1 Shew that A'lA=2K'IFy and thence that A' = (l +k') K' 

Example 2 Shew that 

cn {(1 H-^) Xi} ={1 - (1 +X') sn2 (w, X)} nd (-m, X), 
dn{(l+X')w, Xi} = {P+(l-X')cn2(M, X)}nd(t4, X) 

Example 3 Shew that 

dn X)=(l -X^) cn {( 1 4-XO Xi}+(H-X') dn {(1 +X') «, Xi}, 
where X=2Xii/(l+Xj) 

22*421 Traneformatiom of elliptic functwm 

The formula of Landen is a particular case of what is known as a transformation 
of elhptic functions , a transformation consists m the expression of elliptic functions with 
parameter r in terms of those with parameter (a+5r)/(c+c?r\ where a, 6, c, d are integers 
We have had another tiansformation in which a= -1, 6=0, c=0, tf=l, namely Jacobi’s 
imaginary transformation For the general theory of tiansformations, which is out- 
side the range of this book, the reader is referred to Jacobi, Fundaments Nova, to Klein, 
Vorlemngen uher dte Tkeorie der ellxptischen Modulfunktionen (edited by Frioke), and to 
Cayley, Elliptic Functions (London, 1895) 

Example By considering the transfoimation r 2 =r±l, shew, by the method of 
§ 22 42, that 

sn {Eu, sd («, X), 

where X 2 = ±tX/X', and the uppei or lowei sign is taken accoiding as (r) < 0 or (r) > 0 , 
and obtain foimulae for cn (X'w, k^ and dn(X'w, 


22'S Infinite products for the Jvtcohan elhptic functions'^ 

The products for the Theta-functions, obtained in § 21 3, at once yield 
products for the Jacobian elliptic functions, writing u^2Kxj7r, we obviously 
have, from § 22 11, formulae (A), (B) and (C), 

1 cos 2x + ] 

1 - 2g^«-rcos 2^ + ’ 


sn u =; 2giX i sin x 11 


cn« = 22ijfc'4*-ico8«n I 

[l — 2q^-^ cos 2x + ’ 

dn«= t'i n 

n=i (1 - 25^-1 cos 2x + 

From these lesults the products for the nine reciprocals and quotients can 
be written down 

Theie are twenty-four other foimulae which ma^ be obtained in the following manner 
From the duplication-formulae (§ 22 21 example 6) we have 


l-cn24 1 j 1 
— = sn - dc - 1 


iH-dnw , 1 1 

= ds - nc - Uy 

sn w 2 2 ’ 


dnw+cni4 1 , 1 

— CU ^ (Jg _ 

sn 2 2 


Fundimenta Nova, pp 84-116 


&n w 


sn u 



22 421 , 22 5] the jacobian elliptic functions 

Take the first of these, and use the products for aniu, on dn-^ii , we get 
l-cnw_l-cosr * fl~2(- j)^cos^+g'^'l 

Sn W ^ Sin^ tl + 2 + ’ 

on combining the various products 

Write w+ A" for for and we have 

I + sin^ « f 1 j- 2 ( - g)” s m v + 

(7 li _ 2 sin :rr+g' 2 nj 
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cn u cos X 

Writing w+tJE*' for u in these formulae we have 

and the expression for i& cd m + iJb' nd u is obtained by writing cos v for sin x in this product 

From the identities (1 - cn it) (1 +cn it) s sn^ tt, (Jc sn it+i dn it) sn v — i dn it) s 1, etc , 
we at once get four other formulae, making eight in all , the other sixteen follow in the 
same way from the expressions foi ds^itnc^it and cn^itds-Jit The reader may obtain 
these as an example, noting specially the following 


— /»4n — 3 4 


sn it4-icuit«ie~*® [( iUg 4 ft~i 
Example 1 Shew that 




— g'4n--S g 

dn j n_ a;-«} 


2ia!M 

raS)} 


1(1-"^®"-*) (1+12^ 

n A-(- 1 

• Example 2 Deduce from example 1 and from ^ 22 41 example 4, that, if 6 be the 
modular angle, then 

S /Izl- 

and thence, by taking logarithms, obtain Jacobi’s result 

2 (--)”' arc tan O'” '*’^== arc tan -^9^ — arc tan v^2®+ arc tan > 

»=«o 

* quae inter formulas elegantissimas censeri dehet ’ {Fund Ff om^ p 108 ) 

Example 3 By expanding each term in the equation 
log sn w = log (Sgi) - i log ^ + log sin x + ^ i ^ {log (!-<?*" 

+ log (1 - - log (1 - ^ - log (1 - jSh-I ^ - 2 te) j 

in powers of and rearranging the resulting double series, shew that 

29 ***oos 2 wm; 

log sn 2 ^«log ( 29 *) log ^+log sin ^ {iT^^) ’ 

when \I{z)\<^‘irI (t) 

Obtain similar senes for log cn log dn , 

(Jacobi, Fundammta Nova^ P ) 

Example A Deduce from example 3 that 
rjsr 

I log anudu^— — -J JST log k 
^ (Glaisher, Free Royal Soc xxix ) 
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22 6 Foun&r senes for the Jacobian elliptic functions* 

If 'w = 2Jua?/7r, sn u is an odd periodic function of a? (with period 27r), which 
obviously satisfies Dinchlet s conditions (§ 9 2) for real values of a? , and 
therefore (§9 22) we may expand sn?« as a Fourier sine-series m sines of 
multiples of a?, thus 

00 

sn'M= S bn sm nos, 

»=i 

the expansion being vahd for all real values of x It is easily seen that the 
coefficients are given by the formula 

=1 sn exp (nios) das 
J — TT 

To evaluate this integral, consider Jsnu exp (mas) dx taken round the 
parallelogram whose comers are — w, ar, ttt, — 2^ + ttt 

From the periodic properties of sn u and exp (mat), we see that f" cancels 

r J ir 

- ’T + 5 ’tt and i WT are the only poles of the integrand 
(gtna function of x) inside the contour, with residuesf 

- ar/irj exp mw + 1 nmrj 

respectively, we have 

{/-. exp(mat)dat=^^ginii 

Writing a; - TT + WT for a, in the second integral, we get 

{1 + (-)« 3 »} sn u exp (mat) da; = ^ (1 _ (_)nj 

Hence, when n is even, 6n = 0 , but when n is odd 

A gi” 

Consequently 


/ 


sniAs 


27r 

^Ek 


Kk 1 ~ 

i'^sma? , <y^sm3a? . < 7 ^ sin 5a? 1 

1-! +Tr^+-ir5r+ . 


Wien . .. b„t are J 

^ exp (nias^ and exp (— nias) both tATirl 

IwndffldeBanalytioMceptattliepoleBofsuw,^**^ ** and the left- 

uwause we are dealing with sn (2Xa?/ir) 
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22*6, 22 61] 

Hence both sides are analytic in the stop (in the plane of the complex 
variable x) which is defined by the inequality | J (r) | < ^ 

And so. by the theory of analytic continuation, we have the result 
_ 27r ^ g”'*'^sin(2n + r)<c 

(where u — ^KxIrr), valid throughout the strip [ / (ii?) [ < | tt/ (t) 

Example 1 Shew that, if w=2A'j?/7r, then 

27r “ 0'’* cos (271+1) 07 , TT 27r ^ cos 2710? 

‘«=rA„!o — i+g'*-' » 


on 1 




( a I « 2o»‘sin27W7 

= I antdt^x-\‘ S --^7, . ."v » 
jo 11=1 n{l-^q^)' 


these results being valid when \ I {x) \ <^7v I {r) 

Example 2 By writing 07+ for o? in lesults already obtained, shew that, if 
^Kxlir and \ I{x)\<^7rl (t), 

2"- ? (-r2"+*sm(2» 
'Kklf ,„* l+2S»+» 

_• 0_a 00 / \lt y>n A/Nb Om /V* 

ndti: 


, 27r * cos (271+1)^7 j 27i 

then 


"2AT'‘'^/E?'n=i l+tf®*' 


22 61 Fourier senes for reciprocals of Jacobian elliptic functions 
In the result of § 22 6, write u + iK* for u and consequently it? + i ttt for it?, 
then we see that, xf 0 > / {xy> — tt/ (t), 

sn fit + iK'^ - 2 + + 

® ^ ^ ^“Syfc„„o 1-3“*+' 
and so (§ 22 34) 

mu = (-i7rlK) I 3«+i{3«+4e(‘»+«w-3-»-ie-'“*+»“}/(l-3“+') 

n«*0 

-(-iw/jE") S {2t3“+'sin(2n + l)a! + (l-3-"*-')e-<-‘’‘+*i*»}/(l-3“*+') 

71 "<0 

27r I 3“*+' sm (271 + 1)0! w | 


That IS to say 

ir . 27r 2, 3 *”+' sm (27i + 1) aj 

iijiffi -' - - 

But, apart firom isolated poles at the points x^n-ir, each side of this 
equation is an analytic function of a m the strip in which 

TT J (t) >/(»)>— TT J (t) 

— a stop double the width of that in which the equation has been proved to 
be true ; and so, by the theory of analytic continuation, this expansion for 
ns w IS valid throughout the wider stop, except at the points x ■» nv. 
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Exuaiiple Obtain the following expansions, vabd throughout the strip | / (x) | < vl (r) 
except at the poles of the first term on the nght-hand sides of the respeotive expansions 

o gSn+i 8 ih(2w+ 1) a; 

.0 " ~ ’ 

2n- “ y** sin %ax 

1+^21. ■ > 

* (-)“j**»+ieos(2n+l)a; 

»=o l-gi»+i ’ 


j AT 2ir 

a8t«=^ coseca?--^^ 


cs»=^cotai 


dc«=^ sec a; + 


sc tan a; +| 


(-)”S®*+icos(2«+l)a; 

r+^ 


22 7 Elhphc integrals 

An integral of the form J R (w^ so) dx, where jR denotes a rational function 

of w and and w'^ is a quartio, or cubic function of x (without repeated 
factors), IS called an elliptic integral* 

[Note Elliptic integrals are of considerable historical importance, owing to the fauct 
that a very large number of important properties of such integrals were discovered by 
Euler and Legendre before it was realised that the inverses of certain standard types of 
such integrals, rather than the integrals themselves, should be regarded as fundamental 
functions of analysis 

The first mathematician to deal with elliptic functions as opposed to elliptic integrals 
was Gauss (§ 32 8), but the first results pubhshed were by Abelt and Jacobi J 

The results obtained by Abel were brought to the notice of Legendre by Jacobi 
immediately after the pubhcation by Legendre of the Traiti des fonctions elliptiques In 
the supplement (tome iii (18S8), p 1), Legendre comments on their discoveries in the 
following terms “A peine mon ouvrage avait-il vu le jour, k peine son titre pouvait-il 6tre 
connu des savans 4ti angers, que j'appris, avec autant d’^tonnement que de satisfaction, 
que deux jeunes g^omfetres, MM Jacobi (C -G-J ) de Koenigsberg et Abel de Christiania, 
avaient r^ussi, par leurs travaux particulars, k perfectionner consid^rablement la thdone 
des fonctions elliptiques dans ses points les plus ^le^ds.’’ 

An mteresting correspondence between Legendre and Jacobi was printed m Journal fur 
Math, Lxxx (1876), pp 206-279, in one of the letters Legendre refers to the claim of 
Gauss to have made in 1809 many of the discoveries published by Jacobi and Abel The 
validity of this claim was established by Schenng (see Gauss, Werhe, iii (1876), pp 493, 
494), though the researches of Gauss {Werke, m pp 404-460) remained unpublished until 
after his death ] 

We shall now give a bnef outline of the important theorem that every 
elliptic integral can be evaluated by the aid of Theta-fiinctions, combined 

* Strictly speaking, it u only called an elliptic integral when it cannot be integrated by 
means of the elementary functions, and oonsegnently involves one of the three kinds of elhptio 
integrals introduced in § 22 72. ^ 

t Journal fiir Math u (1827), pp 101-196 

$ Jaoobi announced his discovery m two letters (dated June 13, 1827 and August 2, 1827) to 
Sohumaoher, who published extracts from them in A»tr NaeJi. vi (No 123) m September 1827— 
the month in which AbePs m^oir appeared 
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With the elementary functions of analysis , it has already been seen (§ 20 6) 

that this process can be carried out in the special case of jw-^dx, since 

the Weierstrassian elliptic functions can easily be expressed in terms of 
Theta-functions and their derivates (§ 21 73) 

[The most important case practically is that m which A is a real function of,® and w, 
which aie themselves real on the path of integration , it will be shewn how, in such 
circumatances, the integral may be expressed in a real form ] 

Since R (w, x) is a rahonal function of w and x we may write 

R (w, x) = P (w, x)/Q (w, x\ 

where P and Q denote polynomials in w and x, then we have 


wQ{w,x)Q(-w,x) 

Now Q(Wt x) IS a rational fimction of vj^ and x, since it is 

unaffected by changing the sign of w, it is therefore expressible as a 
rational function of x. 


If now we multiply out wP (w, x) Q (- w, x) and substitute for in terms 
of X wherever it occurs in the expression, we ultimately reduce it to a poly- 
nomial in X and w, the polynomial being linear in w We thus have an 
identity of the form 

R {w, x) = (jBi { x ) -b wRz {oo)]lw^ 

by reason of the expression for -w;* as a quaitic in a?, where R^ and R^ denote 
rational functions of x 


Now jjRj {x) dx can be evaluated by means of elementary functions only*, 

so the problem is reduced to that of evaluating Jw^'^Ri (x) dx To carry out 

this process it is necessary to obtain a canonical expression for which we 
now proceed to do 


22 71 The expression of a quartio as the product of sums of squares 

It will now be shewn that any quartic (or cubiof) in x {with no repeated 
factors) can be expressed in the form 

{A^ {x - ay + {A, (x - «)« + B,(x^ , 

where, if the coefficients in the quaitic are real, Au B^ A^, a, /3 are all 
real 

* The integration of rational functions of one variable is discussed in text hoolts on Integral 
Calonlus 

t In the following analysis, a cubic may be regarded as a quartic in which the coefficient of 
X* vanishes. 


W M A 


33 
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To obtain this result, we observe that any quartic can be expressed m 
the form 8:^8^ where 8i, 8^ are quadratic in x, say* 

8 i = Oi^ + 261^? 4 - Cl, Sg = 4 - 262^ 4 - C2 

Now, X bemg a constant, Si —\Sa will be a perfect square in x if 

(jCLi Xctg) (ci XCj) (hi ^ 

Let the roots of this equation be Xj, Xg, then, by hypothesis, numbers 
a, y 8 exist such that 

81 Xi ^2 = “ Xi^) (j^ "* i 81 “ = (di — XgClg^ 9 

on solving these as equations in Si, S^t we obviously get results of the form 

Si = Ai(x- ay + Bi (x — ^y, 82 = ^2 (ic - ay 4 - £2 ) 8 )“, 

and the required reduction of the quartic has been eflPected 

[Note If the quartic is real and has two or four complex factors, let 81 have com- 
plex fEictors , then Xi and Xa are real and distinct since 

(xi — X^) (cj — Xcg) -• — Xi&g)^ 

18 positive when X =0 and negative + when X^aijoa 

When and >^2 have i*eal factors, say (^-$2) (^-&')> fhe condition 

that Xi and Xg should be real is easily found to be 

(«i-&) (^l'-&)(^l-^ 2 ') (f/"&')>0, 

a condition which is satisfied when the zeros of and those of 82 do not interlace , this 
was, of course, the reason for choosing the factors 81 and 82 of the quartic in such a way 
that their zeros do not interlace ] 

22 * 72 . The three kinds of elliptic integrals 

Let a, j 8 be determined by the rule just obtained in § 22 71 , and, m the 
integral Jur^Jti (x) dx, take a new vanable t defined by the equationj 

t={x-a)l(x-S), 

we then have —=4 ^ , 

^ ''{{Ait^ + Bi){A2t^ + B2)\i 

* If the coefficients m the quartic are real, the factorisation can be carried out so that the 
coefficients in 81 and 82 are real. In the special case of the quartic having four real linear 
factors, these factors should he associated in pairs (to give and 82) m such a way that the 
roots of one pair do not interlace the roots of the other pair , the reason for this will be seen in 
the note at the end of the section 

t Unless ai a2^hi &2, in which case 

5i»ai (a;- a)2+J5i, + 

t It 18 rather remarkable that Jacobi did not realise the existence of this homographio 
substitution , in liis reduction he employed a quadratic substitution, equivalent to the result of 
applymg a Landen transformation to the elliptic functions which we shall introduce 


515 


22 72] THE JACOBIAN ELLIPTIC FUNCTIONS 

If we write Ri {x) m the form ± (a — /9) iJa (<)> where js rational, we get 
CRi (x) dx __ r iJg (t) dt 

Now R, (t) + R, (- t) = 2R, (i^), R, (t) - R, (- 1) == 2tR, (t% 
where R^ and R^ are rational functions of t% and so 

jRg (i) sr R,^ -f- tRji (i®) 

But j 4- jBi) ( + £ 2 )} ” ^tRs dt 

can be evaluated in terms of elementary functions by taking as a new 
variable*, so that, if we put R^it^) into partial fractions, the problem of 

mtegrating j R (w, x) dx has been reduced to the integration of integrals of 

the following types 

J + £ 1 ) + 5 ,)} - idt, 

j(l + + £,) (Ast^ + 5a)} - ^dt , 

in the former of these m is an integer, m the latter 7n is a positive integer 
and 

By differentiating expressions of the form 

+ BO (A,t‘ + 5a)}* t (1 + [{Ao^ + BO {A,f + 5,)}* 

It IS easy to obtain reduction formulae by means of which the above 
integrals can be expressed in terms of one of the three canonical forms . 

(i) J{(A^t^ + B0(A,t^ + B0}-idt, 

(li) {(A^t^ + BO (A,t‘ + BO] - idt, 

(m) j(l + m*)-^ {(AO^+BO (A,t» + B0}-^dt. 

These mtegrals were called by Legendref elhptw integrals of the first, 
second and third kinds, respectively 

The elliptic integral of the first kind presents no difficulty, as it can be 
integrated at once by a substitution based on the integral formulae of 
§§22121, 22122, thus, if A,,, B^, A^, B.j are all positive and AiBi>AiBi, 
we write 

A,U=B,iea (u, k). [k* - (^i5a)/(^a5.).] 

* See, e g , Hardy, Integration of Fuiu:ttont of a single Variable (Oamb Math Tracts, No 2). 
t Exerctcee de Calcul Integral, i (Tans, 1811), p 19 


38—2 
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Exam^e 1 Venfy that, in the case of real integrals, the following scheme gives 
aU possible essentially different arrangements of sign, and determine the appropriate 
substitutions necessary to evaluate the corresponding integrals 



•f 

+ 

-■ 

+ 

+ 

- 

Bx 

+ 

- 


- 

- 

+ 

A2 

+ 

+ 

+ 

+ 

- 


Bi 

+ 

+ 

-H 

- 

+ 

+ 


Example 2 Shew that 


/ , 1 , l~/&cdtt 




J dnudic—e 

f ds u du = - log 
J 2 ®l+cnM’ 


Jcnu aic tan sd ! 

dn^^+Xr' 


dn w - X?' ’ 


j BO Udu=^ 

f dc udii = ^ log 
J 2 ® 1 - sn ’ 


and obtain six similar formulae by writing -it-l- A'for u 

. (Glaisher ) 

Example 3 Prove, by differentiation, the equivalence of the following twelve 
expressions 


X;2 Jsn2 udu^ 
jdn^udu, 

w+dn -M sc X?'2 Jnc^ w d%^ 
dn sc J sc^ u dii^ 
u + X*2 sn w cd u-k^\ cd^ il du^ 
^2 w — dn w cs w - J ds2 u duy 
Example 4 Shew that 


k^u-\-¥ \cTy^udu^ 

2 ^— dn -M cs M — J ns^ u dw, 
sn iiQdu-\-k^l 

k- + Xr2 sn w cd w + kH'^ J sd^ %(, du, 
- dn w cs M— J cs^ u du^ 

24+dn Mscw— Jdc^ udu 


d^ sn’^^ u 

- ^^^2 = “ 1) - 01 ^ {I +k^) sn” u + 7i{n+l)k^ sn” + 2 


and obtain eleven similar foimulae for the second differential coefficients of on” n, 
dn«w, nd”w What is the connexion between these formulae and the reduction 
formula for dtl 

(J acobi , and Glaisher, Messenger ^ XI ) 
Example 5 By means of § 20 6 shew that, if a and ^ are positive, 

J (^^+^^)}~^dx=J^ (43^-g2^-ff3)~^dSy 
wheie e^ is the real root of the cubic and 

and prove that, if ^ 2 = 0 , then a and )3 are given by the equations 

12^3 1^ 
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Example 6 Deduce from example 5, combined with the integral formula for cnw, 
that, if ^3 IS positive, 

J" rfs=2 (4«8+5'3)"*<&=2 K\ 

where a2=(V3~|) ( 2 ( 9 r 3 )i, ^2,= (V3+|) and the modulus is a(aH^®)“^ 


22 73 The elliptic integral of the second kind The function* E{u) 

To reduce an integral of the type 

J P {(ill + A) (il2<’ + -82)} ~ Ht, 

we employ the same elliptic function substitution as in the case of that 
elliptic integral of the first kind which has the same expression under the 
radical We are thus led to one of the twelve integrals 

[an^uduj [cn^udu, fild^udu 


By § 22 72 example 3, these are all expressible in terms of u, elliptic 
functions of u and fdn^udu , it is convenient to regard 


E(u)=r 

Jo 


dn^udu 


as the fundamental elliptic integral of the second kind, in terms of which all 
others can be expressed , when the modulus has to be emphasized, we write 
E(u, k) in place of E{u). 

We observe that 

dE (v) 


du 


■ = dn®u, j&(0) = 0 


Further, since dn^ w is an even function with double poles at the points 
%mK + (271 + 1) the residue at each pole being zero, it is easy to see that 
E{u) IS an odd one-valuedf function of u with simple poles at the poles 
of dnw 


It will now be shewn that E{^ may be expressed m terms of Theta- 
functions , the most convenient type to employ is the function @ {n) 


Consider 


(0>)) 

du ’ 


at 18 a doubly-penodic function of u with double poles at the zeros of @ (w), 
1 e at the poles of dn % and so, if be a suitably chosen constant, 


dn% — -d 

du 


&{uy 

@(w) 


* This notation was introduced by Jacobi, Journal filr Math iv (1829), p 378 [Qes Werhe^ 
I (1881), p 299] In the Fundumenta Nova^ he wrote E (am u) where we write E (u) 

+ Since the residues of dn^w are zero, the integral defining E (u) is independent of the path 
chosen (§ 6 1). 
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IS a doubly-penodic function of u, with penods 2K, 2iK', with only a single 
simple pole in any cell It is therefore a constant , this constant is usually 
written in the form EjK To detennme the constant A, we observe that 
the principal part of dn= u at tK' is - (m - by § 22 341 , and the 

residue of @'(m)/@(m) at this pole is unity, so the principal part of 

^ 1 IS - (« - Hence ^ = 1; so 



E_ 

[©(it) ^ K 


Integrating and observing that @'(0) = 0, we get 


E (u) = &' (u)[® (u) + uEjK 
Since ©' (if) = 0, we have E{K) = E, hence 

S=j^dn-udu=^j\l-k‘sm^,i>)id<l> = l^F{-l, I, 1 , 

It IS usual (cf § 22 3) to call K and E the complete elliptic integrals of the 
first and second kinds Tables of them gm, functions of the modular angle 
are given by Legendre, Fonctwns ElhpUques, II 

Erample 1 Shew that where w is any integer 

ExampU 2 By expressing e (u) in terms of the function ^4 (ivulK), and expanding 

about the point M-.ijS'', shew that 




22 731 The Zeta-fwnchon Z (m) 

The function E(u) is not penodic m either 2K or m 2%E', but, associated 
with these penods, it has additive constants 2E, {1%K'E - m]IK , it is 
convenient to have a function of the same general type as E(u) which is 
smgly-periodic, and such a function is 


Z(m) = @'(u)/@(w), 
from this definition, we have* 

7,{u) = E (m) - uEfK, @ (m) = @ (0) exp jj” Z («) dt| 

22 732 The addition-formulcie for E (14) dud Z {u) 

Consider the expression 

+ @'(t4) &(v) , 

W{u+v) “^~@^+*“®“snDsn(u + i;) 


* The integral m the expression for e (u) is not one-valued as Z (t) has residue 1 at its poles , 
but the difference of the integrals taken along any two paths with the same end points is 2nwl 
where nis the number of poles enclosed, and the exponential of the integral is ther^ore one- 
valued, as it should be, since 0(i^) is one valued 
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qua function of u It is doubly-periodic* (periods 2K and ') with simple 
poles congruent to %K' and to iK' — v , the residue of the first two terms at 
%K' IS — 1, and the residue of snusnv sn {u H- v) is sn v sn (zK' + v) = 
Hence the function is doubly-penodic and has no poles at points 
congruent to zK' or (similarly) at points congruent to zK'-v By 

Liouville’s theorem it is therefore a constant, and, putting u — we see 
that the constant is zero 

Hence we have the addition-formulae 

Z (w) + Z {v) - Z («^ + d) = ik* sn sn V sn (w -h v\ 

E{v) + E {v) -’E{u + v)^k^snusnvsn{u-\- v) 

[Note Since Z (li) and E {u) are not doubly periodic, it is possible to prove that no 
aXgeh aio relation can exist connecting them with sn w, cn w and dn so these are not 
additwn^theorems in the strict sense t ] 


22 733 Jacohis zmagzna'i y tran$formatzon% of Z (u) 

From § 21 51 it is fairly evident that there must be a transformation of 
Jacobi’s type for the function Z (u) To obtain it, we translate the formula 

% (ta? I t) - (— zr)^ exp (— zto^Itt) ^4 ('^t' 1 r) 
into Jacobi’s earlier notation, when it becomes 


and hence 


H (t« + K, k) = (- ^T)i exp ® (u, k'), 

1 (iM, k) - (- it) exp j (0 I t) 0 (lu, k) ‘ 


Taking the loganthmic ditferential of each side, we get, on making use of 
§22 4, 

Z (iu, &) = i dn (m, k') sc (u, k') — %Z (u, k') — mul(2KK'). 


22734. Jacobi’s imaginary tram/ormation of E(u) 

It 18 convenient to obtain the transformation of E (u) directly from the 
integral definition , we have 

ria rw 

E(iu,k)== dn* (t,k)dt= dn* (if, k) idi' 

Jo Jo 

= i f“dc>(t', k')dt', 

Jo 

on writing t — it' and making use of § 22 4 

^ 2 iK* IB a penod sinoe the additive constants for the first two terms cancel 
t A theorem due to Weierstrass states that an analytic function,/ ( 2 ), possessing an addition- 
theorem in the strict sense must be either 

( 1 ) an algebraic function of Zy 

or (n) an algebraic function of exp (Triz/w), 

or (in) an algebraic function of p ( 2 1 wi , W 2 ) 7 

where w, wi, «2 are suitably chosen constants See Forsyth, Theory of Fwnctions (1918), Oh xiii 
J Fundamenta Nova, p. 161 
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Hence, from § 22 72 example 3, we have 

E A) = ^ dn K) sc {% k') - J dn* {t\ ¥) , 

and so E {tUj A) = ^ dn (u, k') sc {u, ¥) — %E {u, W) 

This IS the transformation stated 

It IS convenient to write E^ to denote the same function of fc' as is of fc, 
1 e E' ^E {K\ fc'), so that 

E{^%K\ k)^2i{K'^E') 


22 736 Legendre's relaUon^ 

From the transformations of E(u) and Z{u) just obtained, it is possible 
to derive a remarkable relation connecting the two kinds of complete elliptic 
integrals, namely 

I!K' + E'K-KK'=\w 

a 

For we have, by the transformations of §§ 22 733, 22 734, 

E (^^/, *) - Z {%u, h) [E {% h') - Z {u, ¥)] + 7nul{2EK'), 

and on making use of the connexion between the functions E (u, k) and 
Z A), this gives 

luEjE = 1 [uEjE] + 7nul{2EE') 

Smce we may take the result stated follows at once from this 

equation , it is the analogue of the relation *“ which arose in 

a 

the Weierstrassian theory (§ 20411) 

Eascm/ple 1 Shew that 

Example 2 Shew that 

^(2z ^ = E i%u) + 2i {E - E') 

Example 3 Deduce from example 2 that 

E{u-\r %E) = ^E {%u + %iE) 4- sn® {u + %E) sn (2^ + ^%E) 

= (w) 4-cn ds w +z (Z' - 
Example 4 Shew that 


E (^4^-Z^-^Z')=Z(^^)— sn u dc^^+Z+^ {K' ^E* 
Example 5 Obtam the expansions, valid when | I{x) |< Jtt / ( t ), 

■Zz (Wt) ^ 2Tr S 


(/i:5')asn*« = £'2-ir^-2n-* I 22l£2!|^_ 


«=1 


sin ^%x 

l-^2n 


(Jacobi ) 

* Exerexces de Calcul Integral, i (1811), p 61 For a geometrical proof see Glaisher 
Mesiengex , iv (1874), pp 95-96 ’ 
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22 736 Properties of the complete elliptic integrals, regai ded as functions 
of the modulus 

If, in the formulae JS= (1 — sin® we differentiate under the 

Jo 

sign of integration (§ 4 2), we have 

^ &sin®<^(l--ib®sin®<^)“id0=:^^-^^ 

Treating the formula for K in the same manner, we have 

^ ss A;sin®<^(l — = i f sd^udu 
afc J Q Jo 

-HH’ 


by § 22 72 example 3 , so that 


dK^J^^K 
dk kJcf^ k 


^ dc 

Example 1 Shew that 


“ = o', these results assume the forms 

? E-K 

^dK E-Kd 

c ' 

2 -j- = 7 — 

do cc 

1 

„dK' cK'-E' 

dc d ’ 

do cd 


Excm/ple 2 Shew, by differentiation with regard to c, that EK' ^-E'K—KK* is 
constant 

Example 3 Shew that K and K' are solutions of 

and that E and E' - are solutions of 

(Legendre) 

22 737 The values of the complete elliptic integrals for small values ofk 
From the integial definitions of E and K it is easy to see, by expanding 
in powers of k, that 

lim jST =! lim J? = I TT, lim {K — E)/¥ = jtt 






^-*-0 


riw 

In like manner, lim E'= cos 6 d<p — 1 
k-^o Jo 

It IS not possible to determine limjK' in the same way because 


*-►0 


(1 — A?'® sm® 18 discontinuous at ^ = 0, k = 0 , but it follows from 
example 21 of Chapter xiv (p 299) that, when j argir | < tt, 

hm {Z'-log(4/fe)}-0 
*-*■0 
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Tins resiUt is also deduoible from the formulae ^%K'=vr^\ by Tnalfing 

?-^0, or it may be proved for teal values oih by the following elementaiy method 

By § 22 32, now, whenA<«<^I, (l-«3) lies between 

1 and 1 -I , and, when lies between 1 and 1 - 1 Therefoie A" lies 

between 




and 

(1 - A) - 

and therefore 

JT'-a - ({w 

where O^^^l 

= [2 log {1 + v'Cl - A)} - log A], 

Now 

to [2 (1 - - i log {I + s/(l - ifc)} - log 4] = 0, 


lim{I-(l-5Ir)-4}logil=0, 

k-^Q 

and therefoie 

hm {K' - log (4/Ir)} =0, 


winch IS the required result 


Example. Deduce Legendre’s relation from § 22 736 example 2, by making yl-^0 


22 74. The elliptic integ^ al of the third hind* 

To evaluate an integral of the tj^e 

J(l + + B^) (A^t!‘+ 5,)} - i dt 


m terms of known functions, we make the substitution made in the corre- 
sponding integrals of the first and second kinds (§§ 22 72, 22 73) The 
integral is thereby reduced to 


f a-hjSsji^u 

J 1 + psn^u 


du = au + 



sn^u 

+ P8I1^U 


du, 


where a, v are constants, if k = 0, - 1, oo or - P the integral can be 
expressed in terms of integrals of the first and second hinda , for other values 
of V we determine the parameter a by the equation v = — jfc® sn® a, and then it 
IS evidently permissible to take as the fundamental mtegral of the third kmd 


\ f* A®snacnadnasn“« , 

n (u, a) = — = — : :: du 

^ Sol — A^sn-* dsn’M 


To express this in terms of Theta-functions, we observe that the inte- 
grand may be written in the form 

gA®sn'asna{8n(a + a) -Hsn («- a)} = \{Z{u- a) -Z{u+ a) + 2Z (a)}. 


* Legendre, Bxercices de Calcul Integral, i (1811), p 17, Fonctions EUiptiques, i (1825), 
pp 14-18, 74, 75, Jacobi, Fundamenta Nova (1829), pp 137-172, we employ Jaoobi’s notation, 
not Legendre’s, 
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by the addition-theoiem for the Zeta-function , making use of the formula 
Z (m) = @' (it)/0 (m), we at once get 

a result which shews that 11 (id, a) is a many- valued function of u with 
logarithmic singularities at the zeros of @ {u ± a) 

Example 1 Obtain the addition-formula* 

. . . . . V ,, © (w-i-v+a) e (-w-a) e (v-a) 

n («, «) +n K a) - n («+«, <*)=i log e(«+,_a)e(«+a)eF+aT 

__ 1 -Psnasn^snt;sn {u-]r'o—a) 

® l+^2gnasnwsnvsn(^i-l-^^+a) 

(Legendre ) 

(Take a? y z w—u v ±a w-(-i?± a in Jacobi’s fundamental formula 

[4] + [l]=[4T+[l]') 

Example 2 Shew that 

n{u^ a)-n(a, v)=uZ(a)-aZ{u) 

(Legendre and Jacobi ) 

[This IS known as the formula for interchange of argument and parameter ] 

Example 3 Shew that 

, , , , , l-^2giiotsn&snr4«n(a+6-w) 

n(it,a)+n(w, b)-n{ii, <*+^)-ilogi^^am^gjjj3n4(sn(o+6+«) 

■f tiPsnasn 6sn {a-^h) 

(Jacobi ) 

[This 18 known as the formula for addition of parameters ] 

Example 4 Shew that 

^(^w, tai’K, k)^Xl{u, aJtK\ k') (Jacobi ) 

Example 6 Shew that 

n (w-h^?, + n (v-v, a- 6) -2n (w, a)-2n(v, 6) 

1_ M sii^ ( 14 “ sn^ ( V — " 6) 

= - sn a sn 6 {(« + v) sn (a+ 6) - (« - ») sn (a - 6)} + i log n.;y8nS(«+a) sn!‘(»4-i) ’ 
and obtain special forms of this result by putting v or h equal to zero (Jacobi ) 


22 741 A dymmtcal application of the elliptic integral of the third hind 

It 18 evident from the expression for II (td, a) in terms of Theta functions that if ii, a, h 
are real, the average rate of increase of n (w, a) as i4 increases is Z {a\ since 0 (i4±a) is 
penodic with respect to the real period %K 

This result determines the mean precession about the invariable line in the motion of 
a rigid body relative to its centre of gravity under forces whose resultant passes through 
its centre of gravity It is evident that, for purposes of computation, a result of this nature 
13 preferable to the corresponding result m terms of Sigma-functions and Weierstrassian 
Zeta-functions, for the reasons that the Theta-functions have a specially simple behaviour 
with respect to their real period — the period which is of importance in Applied Mathe- 
matics — and that the g'-series are much better adapted for computation than the product 
by which the Sigma-function is most simply defined 

* No fewer than 96 forms have been obtained for the expression on the right See Olaisher, 
MeesengeVi x (1881), p 124 ^ 


V 


I 
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22 8 The lermisGate funct%ons 


The integral (1 — ^) ^dt occurs m the problem of rectifymg the arc of 

the lemniscate*, if the integral be denoted by <^, we shall express the 
relation between ^ and x by wntmg*f* x = sin lemn 

In like manner, if 

we write * ^ 


and we have the relation 


X = cos lemn <^i, 


sin lemn <f> = cos lenm -cr — j 

These lemmscate functions, which were the first functionsj defined by the 
inversion of an integral, can easily be expressed in terms of elliptic functions 
with modulus 1/V2, for, from the formula (§ 22 122 example) 

rsdu 

“=jo + 

It IS easy to see (on wntmg y = t aJ2) that 

sin lemn ^ = 2 -isd(^V' 2 , 1 /^ 2 ), 

similarly, cos lemn <^ =■ cn ^2, 1 /\/2) 

Further, |«r is the smallest positive value of ^ for which 


so that 


cn(<^V'2, 1/V2)=0, 
w = V2ir„ 

the suffix attached to the complete elliptic integral denoting that it is 
torlned with the particular modulus l/\/2 

thuThis result renders it possible to express K, in terms of Gamma-functions, 


=2-ir(i)r(i)/r(|)=i^-4{r(i)}», 

a result first obtained by Legendre§ 

^Since * = when A = 1/V2, it foUows that /f, = Z.', and so g. = e- 

bemg ^=a»ooB2^, xt « easy to derive the e<i«etion 
(d?) -Sir;! from the fonmila g) =l + (^) 

+ ^VSB iwte el and ol for sin lemn and oos lemn, TTerfte, m (1876), p 498 

onJair8,^m’“ ’^«‘'1««“>*“-O‘>frg<‘tmgthefunotions occurred to Gauss 

whl w= WTS?*"' ^0 « 1 86407468 
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Example 1 Express m terms of Gamma-functions by using Rummer’s formula 
(see Chapter xiv, example 12, p 298) 

Example 2 By writing ^ =(1 - m the formula 

(1 (1 -«*) " ^dt, 

shewthat ^Mo’-‘j\l-u*)-idu+ u»(l -u*)-idu, 

and deduce that 2^o- £'o=‘2tr^ {r (J)}-2 

Example 3 Deduce Legendre’s relation (§ 22 736) from example 2 combined with 
§ 22 736 example 2 


Example 4 Shew that 


sin lexan^<f> = 


1— coslemn^<^ 
1 -f cos lemn®^ 


22 81 , The values of K and for special values of k 

It has been seen that, when l/^/2, K can be evaluated in terms of Qamma>functions, 
and , this is a special case of a general theorem^ that, whenever 

K a H" 

where a, 6, c, c?, n are integers, ir is a root of an algebraic equation with integral 
coefficients 


This theorem is based on the theory of the transformation of elliptic functions and is 
beyond the scope of this book , but there are three distinct cases m which it, A, A' all 
have fairly simple values, namely 

(I) A'=irV2, 

(II) ^-sin^TT, 

(III) >fc=tan2j^, ^'«2A 

Of these we shall give a brief investigation t 

(I) The quarter-penods mth the modulus sj^ - 1, 

Landen’s transformation gives a relation between elliptic functions with any modulus k 
and those with modulus ^i«(l-^0/(l+^)» the quarter-periods A, A associated with 
the modulus k^ satisfy the relation 

If we choose k so that k^^kf, then and ki=^k so that A, and the relation 

I IK gives A'2««2 a* 

Therefore the quarter-periods A, \! associated with the modulus k^ given by the 
equation ^i«(l --^i)/(l4'^i) are such that A'a=±AV2, lo if ^i«s/2-l, then Ae=Av/2 
(since A, A' obviously are both positive) 

(II) The qmrter-penods associated mth the modulus sin 

The case of ^sasmTfijTr was discussed by Legendre]:, he obtained the remarkable 
result that, with this value of /?, 

A'«AV3 

* Abel, Journal f Ur Math m p 184 [Oeuvres, i (1881), p, 877] 

t For some similar formulae of a less simple nature, see Kroneoker, Berliner Sxtzungshmchte^ 
1867, 1862 

t Bxercices de Calcul Integral, i (1811), pp 69, 210, Fonetions Mlliptiques, i. (1826), 
pp 59, 60 



526 


THE TRANSCENDENTAL FUNCTIONS [CHAP. XXII 


This result follows from the relation between definite integrals 

To obtain this relation, consider taken round the contour formed by the 

part of the real ams (indented at by an arc of radius i 2 ”^) joining the points 0 and 
jB, the line joining He^ to 0 and the arc of radius JB joining tbe points H and * , as 
, the integral round the arc tends to zero, as does the mtegral round the mdentation, 
and so, by Cauchy’s theorem, 

on writing x and respectively for z on the two straight lines 
Wnting 

we have 1 / 2 = i ( 1 V3) Is , 

so, equatmg real and imaginary parts, 

and therefore Ii+I^-IsJZ=^Is+Is- f 

which IS the relation stated* 

Now, by § 22 72 example 6 , 

/a=4(aS+)3*)-i£-, /i+/3=4(a»+^»»)-4^', 
where the modulus is a (o*+/3®) and 

a*=2V3-3, j3*=2V3+3, * 

SO that ( 2 — ^ 3 )=sm*fj 7 r 

We therefore have 

3-4 2Z=3"4 2ff'=/a-.34/, 

=3 - 4 J V 5 (1 -«) - idt=iJr (j)/r (§), 

when the modulus k is sm 

(III) The qttcM^er-penods wUhthe modulmi8i,Xi^^7r 

If, m Landen’s transformation (§ 22 42), we take ifc=l/^ 2 , we have h!/A=i2K'IK=^2 ^ 
now this value of k gives 

and the correspondmg quarter-periods A, A' are J (1 -f 2 “ ^) -ffa (1 + 2 ” ^) JTo 

Example 1 Discuss the quarter-periods when h has the values (2^2-2)^, sin 
and 2 ^(V 2 - 1 ) 

* Another method of obtaining the relation is to express Ii, l 2 » -fs m terms of Oamma 

functions by writing (fi-l)* respectively for ar in the integrals by which Ii, Ij, Z 3 are 

defined ’ 
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Example % Shew that 


n=o »=i ^ ' 

(Glaisher, Messenger, v ) 

Example 3 Express the coordinates of any point on the curve 3 ^ 2— 1 m the form 

, 3^ (1 — cn _ 2 3^sn24dn^ 

1 + cni^ ’ (l+cnw;2 ’ 

where the modulus of the elliptic functions is sm ^tt, and shew that ^= 3 "iy 

By considering f f du, evaluate E in terms of Gamma-functions when 

7 _ Jo 

x=sm-^7r 


Example 4 Shew that, when g^=x^ - 1 , 

and thence, by using example 3 and expressing the last integral in terms of Gamma- 

functions by the substitution obtain the formula of Legendre {Calcul Integral, 

p 60) connecting the hrst and second complete elliptic integrals with modulus sm 

IT fvr nA 

4^3*^ r" 

Example 5 By expiessmg the coordinates of any point on the curve JT^tsl-X® in 
the form 

3^(1 -on^) 2 3^snvdny 

“ *" l+cn-v * (l+cni;)2 ^ 

in which the modulus of the elliptic functions is sm^^Tr, and evaluating 

-f>’" 

in terms of Gamma-functions, obtain Legendre’s result that*, when /&-«sin^ 7 r, 



22*82 A geometnccU illustratiou of tli^e functions sn u, cn u, dn u 

A geometrical representation of Jacobian elliptic functions with is afforded by 

the arc of the lemniscate, as has been seen in § 22 8 , to represent the Jacobian ftinctions 
with any modulus (0 < ^ < 1 ), we may make use of a cwrve described on a ephere, known 
as Seifferfs spherical spualf 

Take a sphere of radius unity with centre at the origin, and let the cylindiical polar 
coordinates of any point on it be (p, z), so that the arc of a curve traced on the sphere 

is given by the formula I 

{d8f=:p^ (rf^)2^.(l ^^8)-l 

* It IS interesting to observe that, when Legendre had proved by differentiation that 
IS constant, he used the results of examples 4 and 5 to determine the constant, 
before using tlie methods of § 22 8 example 8 and of § 22 787 

+ Seiffert, Veher eine neue geometnsche JEuifilhi mg in die Theorte der elHvtisohen FunkHonen 
(Oharlottenburg, 1896) 

t This 18 an obvious transformation of the formula {d8)^z={dp)^+ (d^)* + (dr)* when p and z 
are connected by the relation 
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Seiffert’s spiral is defined by the equation 

cj>=k8^ 

where s is the arc measured from the pole of the sphere (i e the point where the axis of z 
meets the sphere) and >5? is a positive constant, less than unity* 

For this curve we have 
and so, since 8 and p vanish together, 

p— sn («, k) 

The cylindrical polar coordmates of any point on the curve expressed in terms of the 
arc measured from the pole are therefore 

(p, <^, 0 )=(sn 5, cn s ) , 

and dn 8 IS easily seen to be the cosine of the angle at which the curve cuts the meridian 
Hence it may be seen that, if jK" be the arc of the curve from the pole to the equator, then 
sn 8 and cna have period 4Z, while dn 8 has period 
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Miscellaneous Examples 

1 Shew that one of the values of 

K dnu+cuu \^ . /^ dnt4-cD^ \^l ( / l- sn?6 , ( l + snw \h 
1+enw J \ l-cntt / j t\dnw-^snv "^Vdnw+^snwj j 

(Math Trip* 1904 ) 


ls2(l+>^:') 

2 If x->rvy^^n^{u+%v) and (u^iv), shew that 

{(^ - dn 2z4+cn 2w 


3 Shew that 


4 Shew that 


(Math Tnp 1911 ) 


{1 ±cn («+»)} {1 ±cn (m - »)}=- ,- 

sn^ V 


1+cn ( 2 ^ 4 -t?)cn(w-i;)= 


cn* M+cn-^v 


1 - jfc* sn*w sn* V 
If k>l, the curve is imaginary 


(Jacobi ) 
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5 Express ^ function of sn^w+sn^ v 

(Math Trip 1909) 
sn dn w on V - sn V dn v cn u 


6 Shew that 


sn (w - v) dn (« + v) = - 


1 — sn^ u sn^ V 

(Jacobi ) 

7 Shew that 

{1 -(l+)fc')sn^^sn(w+Z)} {1 — (1 -i:') sntfc sn(w+ A)} = {sn (w+A)-sn uY 

(Math Trip 1914) 


8 Shew that 


9 Shew that 


10 Shew that 
and hence express 


/ , lETN /i . ^ sn w4-cn u dn n 

^{u+\K)Hl+V) * T -ll-y)m^u > 

( / . N . / .. Ssn^tcnt^dnv 

sin {am m+v)+am(tt-‘o)}=r — 75 — s 5-, 

' ^ ^ ^ 1— jfc^sn^wsn^v’ 

, , . . . .. cn2i;-sn2t;dn2'j4 

cos {am (w+v) — am - v)) =■ ■= — — 5 5— 

^ ^ ^ ^ l-^sn^^^sn^v 


j / . \ j / N ds^ttds® 

dn(»^+”)dn (“-”)= ’ 

r ^(u+v)-ei i!>(M-»)-e2' ~|^ 


(Jacobi ) 


LiP(w+^;)-63 §>(u- 

as a rational function of (u) and fp (v) (Tnnity, 1903 ) 

11 From the formulae for cn(2A’— tt) and dn(2ir-‘W) combined with the formulae 
for l+cn 2?^ and 1+dn 2 m, shew that 

(1 - cn § A) (1 +dn ^K)ml (Trinity, 1906 ) 

1 2 With notation similar to that of § 22 2, shew that 

Cid 2 -C 2 di _ on (Ml + Ma) - dn (mi + %) 

«1“«3 “ sn(Mi+M2) ' 

and deduce that, if mj + M 2 4- M3 + M4 = 2 A, then 

( 0 i dz - Czdi) (C30?4 - C4fl^) = ^ {Si - Si) («8 " ^i) 

(Trinity, 1906 ) 

1 3 Shew that, if m + v + ?«? = 0, then 

1 -dn^M-dn^M — dn^M;H-2dn m dn vdnz«;-»/t*sn®MSn®vsn^M; 

(Math. Trip. 1907 ) 

14 By Liouville’s theorem or otherwise, shew that 

dnMdn (M4-M;)~dn vdn {vi-w)=^ {sn rcnMsn {v+w) on (M^-^^^) 

- sn M on M sn {u+w) cn (v^v/)} 

(Math Trip 1910.) 

15 Shew that 

2 on M2 cn M3 sn (m 2 - Ms) dn mi + sn (t^2 - Ms) sn («3 - Ui) sn (mj - M 2) dn Ui dn M2 dn M3=0, 
the summation applying to the suffices 1, 2, 3 (Math Trip 1894 ) 

w M.A 34 
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16 Obtain the formulae 

sn 3w= AI3, on Zu—BjD^ dn (7/2), 
where -4 = 3« - 4 (1 

B=c {1 — 4«2-j-6Ps*— 

(7= {1 - 422«2+ - 4^60 + 

2>«1 -6/^«*4-4F (1+;&2)50- 
and «=snt4, c—cnuy 

17 Shew that 


l~dn 3 ?^ _ /l-dni^ X /l+ai dn a2 dn^ ^ +^3 dn^ u-^a^ dn* 
iH-dnSi^” \l4-dnwy ^ - Oi dn ^+ 02 - «3 dn» u-^a^ dn^ u) ^ 


where ai, 029 «3> <*4 are constants to be determined 


18 If 




iH-dn / 


(Trinity, 1912 ) 


shew that 


P {u)+B {U'^- %%K') _ sn 2u cn 
P{u)-~ P{u-\-^%K') cn2Msnw’ 


Determine the poles and zeros of P{u) and the first term in the expansion of the 
function about each pole and zero 

(Math Trip 1908 ) 

19 Shew that 

sn (Mi+2i2+%)^^/A cn(wi+«2+^i3)=:5/2), dn {ui-\-u^+x(^^CID, 

where 

i =«1«2«3 {- 1 + ^ 82 ^Sz^-\-^^ 8 i^S 2 W} 

+s {SiCiCzd^d^ (1 

B 5=Ci C2C3 {1 - k^ 282 ^S^^ + 2k^8i^8i^8^^} 

+ 2 {Ci«2%C?2fl?3 ( - 1 + 2^ 53® + 2^2 3^2 „ ^ 282 ^ 82 ^)}^ 
€=^did 2 dz{'^-^^W+^^Sih 2 %^ 

+ ^25 {0^^233 CjjCs ( ~ 1 + 2k^82^82^ + 2^1^ - ^ 252 ® V)}> 

2) = 1 - 2^:22322332 + 4 (^+^) 8^h2\^~^i^8ih2%^28i^ + Jt^282%S 
and the summations refer to the suflaces 1, 2, 3 (Glaisher, Mmenger^ XX.) 

20 Shew that 

sn(24i4-«a+i^3)=^7^, en(wi+W2+^)=5'/D', dxi{u^^U 2 +xi^)^G'ID\ 
where A'^ 7 AiC 2 C^d 2 dz- 8 i 828 z{\+k^'^k^X 8 -!^-J^i^ 8 ^ 

5^=(JiC2^ (1 — ^ *1^ ^2^*3^)* ^^1 0^0^ 2^2 ^3^1 ^^1> 

(7 =£^^(^(£3 (1 02032323301(^1, 

i)' = 1 - ^ 232^33^ + (^ -p^) - /:» Si 82 83 23i C 2 Czd^dz 

(Cayley, Journal fUr Math, XLI ) 

21 By applying AbeVs method (§ 20312) to the intersections of the twisted curve 

^+y®=l» with the vanable plane ?a7+my+7w«l, shew that, if 


then 


% +% + W4 = 0, 


31 0i c?i I 

32 O2 0?2 1 

33 C 3 1 

34 04 1 


= 0 


Obtain this result also from the equation 

(*2 “ ^l) (<%^ 4 ~ ^ 4 ^) + (34* 33) (Ci di — C2(fi) — 0, 

which may be proved by the method of example 12 


(Cayley, Mmeifiger^ xiv ) 


THE JACOBIAN ELLIPTIC FUNCTIONS 


531 


22 Shew that 

(*4® - *3®) (Cl* - C 2 ®rfl^) = (32* - Si*) (Cj* - 04 *^ 3 *), 

by expiessing each side m terms of Si, sg, S3, S4 , and deduce from example 21 that, if 

^i + ^ + Ws + ^ssO, 

*4 Cl + ^3 C2 di 4- 4- C4 = 0, 

3402^^1 4- 33 Cl ^2 4- 32^4 €^5 43 i C3 CI?4 = 0 

(Fois^th, Mesamgei^ xiv ) 

23 Deduce from Jacobi’s fundamental Theta-function formulae that, if 

Wi4-W2 + ^3 + ^4 = 0, 

" ^^^31 323334 4- ^^010263^4 - fl?i did^d^^O 

(Gudermann, Journal fdr Math xviii ) 

24 Deduce from Jacobi’s fundamental Theta-function formulae that, if 

Mi4-W24-%4-^4=0, 

(«1«2C3<34- <JlC2«3^4) — C^1«?24'C1?3<^4~0, 

(3i32 — 3334 ) 4'C3?iC^C3C4 — CiC2C1?3CI?4S5=0, 

3l 32C?3 0?4 — ^3?23334 4* <?S^4 "• ^2 = 

(H J S Smith, P) 0 C London Math Soc (1), x ) 

26 If 2 Ai 4-«42+%4-^^4=0, shew that the cross-ratio of sn %, sn ?«2, sn W3, sn ^<4 is equal 
to the cross-ratio of sn (t(i4- A'), sn (ii2+ A"), sn (i^a+AT), sn (^44- A'). 

(Math Trip 1906 ) 

26 Shew that ^ 

sn2(w-|-^;) fin{u-\‘V)m{u-v) _ msisjciczdid^ 

cn2(t44.v) on(U'jrv) cxi{u^v) on^{u-v) (1 - 61 ^ 82 ^)^ 

I dn2 (u -H v) dn (w 4- v) dn (7^ - v) dn® (u v) 

(Math Trip 1913 ) 

27 Find all systems of values of u and v for which sn® (w4-i7;) is real when u and v 

are real and 0 < >t* < 1 (Math Tnp 1901 ) 

28 If (a-i-a)“, where 0<a< 1, show that 

sn*i:A'»= 

(1 +«*)(!+ 2a -a^)’ 

and that sn* JiT is obtained by writing — a“* for a in this expression 

(Math Trip 1902 ) 

29 Ifthe values of cns, which are such that on 3s=a, are Cl, cj, c#, shew that 


3^ n c,.+pi 2 c,»0. 

? aal y sal 


30 If 


a-f-sn(7f4-'y ) 6 -I- on (744-7?) c-i-dn(w 4 -i;) 
a 4 - sn ( w - 1 ;) 6+"cn {u-v) cV dn ’ 


(Math Tnp 1899,) 


iind if none of snv, cnw, dnw, 1--I?®sn®w sn^v vamshes, shew that u is given by the 
equation 

^2 (^^a 24 - 6 ®-c 2 ) sn® 

(King’s, 1900 ) 

34—2 
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31 


32. 


Shew that 


1 — sn sm 


n (1 — 2g^sin^+2'2n)2 

^ n=i 1 cos 

(Math Tnp 1912) 


Shew that 


1 -8n(2Zg/7r) ^ f l— 

{dn (BAic/ir) -P sn (2A’*/>r)}i “ »=i U+2?‘**"‘ am 

(Math Trip 1904) 


33 Shew that if ^ he so small that ^ may be neglected, then 

sn ^^ = sin M cos w ( w - sin u cos u), 

for small values of u (Trinity, 1904 ) 

34 Shew that, if | / (a) | < (r), then 

1 /«*r , N , « 4o^sin*7w; 

log on (2X^/,r)=log cos 

[Integrate the Fourier senes foi sn (^Ka^lir) dc (2Ka:lir) ] 

35 Shew that 

(Math Tnp 1906) 


(Math Tnp 1907) 


[Express the integrand m terms of functions of 2m ] 

36 Shew that 

f cnrdM , ^i'(y + iwr) 

jsnM-snM ® ^1 ^1 •9i(y+i»rr)’ 

(Math Trip. 1912) 


where 2jfir^=7rw, 2jS^=7rv 
37 Shew that 


38 Shew that 


(i+p)p* 


^ HB^udu 
0 (iH-cu w)dn2'M 


*:1 


r (L+p l-f J??sna 

A? / sn t6a2t=log = — } 

J a-/3 1-^sn a 


l-f^snasn i3 
sn /3 


(Math Trip 1903) 


(St John’s, 1914 ) 


39 By integrating je^^dnucsudz round a rectangle whose corners are ±iff, 
±4 7r + 00 1 (where %Kz^ttv) and then integrating by parts, shew that, if 0 <P < 1, then 

cos(irw/.fi:Uogsn wc?tt=-JiE'tanh(i-?riT) 

(Math Tnp 19Q2) 

40 Shew that JT and satisfy the equation 


where c-»P, and deduce that they satisfy Legendre’s equation for fynotious of degi-ee 
“ i With argument 1 — 2/:® 
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41 Express the coordinates of any point on the curve ^ t^e form 

3^ simdnM-(l-cn 2^)2 ^ (1 -on { 1 4 -tan tS-tt cn u] 

2 S^sni^dnw-f (l-cn^O®* 2 3^ snwdn ^^+(1 -cnw)2 ’ 

the modulus of the elliptic functions being sm-j^rr, and shew that 
f X Jo 

Shew further that the sum of the parameters of three coUinear points on the cubic is a 
period 


[See Richelot, Journal fw Math ix. (1832), pp 407-408 and Cayley, P)oc Gamh Phil 
^oc IV (1883), pp 106-109 A uiiiformising variable for the general cubic in the canonical 
form J has been obtained by Bobek, JSinleitwig in die T/ieoiie det 

dlvptimhen Funhtmun (Leipzig, 1884), p 251 Dixon {Quarterly Jowual^ \xi\ (1890), 
pp 167-233) has developed the theory of elliptic functions by taking the equivalent ciu’ve 
^+y^-3a^=l as fundamental, instead of the curve 


42 Express {(2^- 'r*-^) (4a:^+9)} in terms of a complete ellqjtic integral of the 

first kind with a real modulus (Math Trip 1911 ) 

43 If 

J C8 

express x in terms of Jacobian elliptic functions of u with a leal modulus 

(Math Tup 1899) 


44 If 




expi’ess X in terms of u by meaii'^, of either Jacobian or Weierstrassian elliptic functions 

(Math Tup 1914) 

45 Shew that 


-97r^ -25*-^ (2^-l)r(i) 


'+« 


+ =■ 


46 When a>x>$>y, reduce the integrals 


(Tumtj, 1881 ) 


J X I p 

by the substitutions 

t - y = (a - y) dn“ U, ^ —y « — y) lul- 0 

respectively, whei e « (a - i3)/(a - y) 

Deduce that, if w + v = AV then 

1 - sri^ 7c - sn‘^ +1- sn*-* if sn^ v=‘0 


By the substitution ?/ = (a — 0 (^ — ^)/(^-y) applied to the above integial taken between 
the limits ^ and a, obtain the Gaussian foun of Landen’s tiansforuiation, 

(ai^ cos-^ 0 + bi^ si i « J ^ (a^ cos*^ d + b^ sin^ ^) ” ^ <3?^, 

where ui, hi are the aiithmetic and geometric means between a and h 

((Jauss, Werke^m p 352, Math Tup 1895) 
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47 Shew that 

sc u= {C {u-K) - f (w-Z-2?ir') (2zZ')}, 

where the Zeta-functions are formed with periods 2e)i, 2a)2=2^, 4iZ' 

(Math Trip 1903) 

48 Shew that satisfies the equation 


where and obtain the primitive of this equation 
49 Shew that 

(a+2) J^i«£'di=(n+1) p^k^K'dk 

60 If 

shew that e(,-l) ^+(2c- 1) ^ + ^=1 

''rfc^4 4l(l-cr/J 

51 Shew that the primitive of 

du ^ k ^ 

5i+T+r:p=o 

18 ,._ A{E-K)+A'E' 

AE+A' {E'-K'Y 

where A' are constants 

52, Deduce from the addition-formula for E {%) that, if 

% + % + W3 •+• W4 s=s 0, 

(sn Ml sn « 2 — sn t43 sn sn (mj + W g) 

IS unaltered by any permutation of suffices 
53 Shew that 

E (3tt) - ZE (u) 5 ~ 8^s^<!»gp 

64 Shew that (Math Tnp 1913 ) 

3^1 ««cd<tt<fw=2A’{(2+i2)X-2(l+i*)jF} 

i;Wnte«=-fi'+i>] ’ (Math Tnp. 1904) 

65 By oonsidenng the curves y=?4.«u+»M;*, shew that, if 

<^ 1 + ^ 2 +“ 2 ^ +‘*^ 4 = 0 , then 

E («,) + E{Ui)+E{us)+E (mj) =* + 2ciCjCsC 4 - 2a,«8«,sj-2j-^ 

(Math Tnp 1908) 

56 By the method of eicample 21, obtain the following seven expressions for 
E(ui)+E(u 2 )+E(u^)+E(ui) when Ui+Uz+ti^+Ui-O 

Z^^i j2SsS, i k^didkdsd, 4 ^ ^ ^ ^ 4 

k^Si82S^Sidid2d3d4 -^^CiC2€sCidid2dsdA * 

k^k^^SiS28s8^-did2d3d4 r^i ** *■ ^d2dsd^-\-k^ciC2r^Ci 

^^^1^2^3^4H-Ci(?2g3g4 4 ^ \ 

CiC2C2Ci + k^% 82 S 2 Si,ll 

•”^{(*1^2«3«4)“^ + (ClC2C3C4)~l + ^(cfiCI?3C?3(^^)-lJ-l J l^SyC^dr) 


(Math Trip 1911) 

(Trinity, 1906 ) 

(Trinity, 1896 ) 

(Math Tnp 1906) 

(Math. Trip 1910) 


(Forsyth, Memng^r^ xv ) 
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57 Shew that 


i 22^L£2^, 

\n / \ V J »=i l-g2" ’ 


when I /(j;) I < jr/(r) , and, by differentiation, deduce that 


+64 (1 +F) ^'^4~ — - 2/i:* 

-32_i ..[(l+i.) 


cosec® X 


cos %ix 

_^2n 


Shew also that, when | I{x) | <i7r/(r), 

^f2Kx\ Z (1+-^^ (2n+l)V IT VI 2n-s*+isin(2w+l)« 

V «■ y “n=0 t 2A8 ~2F“ \2A7 J K{l-q^*^) 

(Jacobi ) 

68 Shew that, if a be the semi-ma}or axis of an ellipse whose eccentncity is sin-^Tr, 
the penmeter of the ellipse is 

(Ramanujan, Quarterly Journal^ xlv ) 

59 Deduce from example 19 of Chapter xxi that 

2.2 an — ^'®+dn3^4dn 3w , + ^ on® w on Szt 

¥ cn8 2w =* — -<1 s — 1 dn® 2w =« — ■ — 3 

l+^^sn®24sn3ti ’ l+A?^sn®'M sn3w 


(Trinity, 1882 ) 


60 From the formula sd (iw, sd (^^, Id) deduce that 


A ) A"„!ol + gV*+‘ V A' )’ 

where q =s exp ( — irlCjK ), qi = exp ( - ttK/K'), 

and u lies inside the parallelogram whose vertices are 

±iK±r 

By integrating from u to IC, from 0 to w and again from ic to K', prove that 




« ./(n^i)7ru\ 

h!o (2^i + l)i (l +2^ + i) ) 

^ u1o(2M^TOW^ V A' J 


[A formula which may be derived from this by writing where f and rj are 

leal, and equating imaginary parts on either side of the equation was obtained by Thomson 
and Tait, Natural Philosophy^ ii (1883), p 249, but they failed to observe that their formula 
was nothing but a consequence of Jacobi’s imaginary transformation The formula was 
suggested to Thomson and Tait by the solution of a problem in the theory of Elasticity ] 



CHAPTER XXIII 

ELLIPSOIDAL HARMONICS AND LAM&S EQUATION 
23 1 The definition of ellipsoidal harmonics 

It has been seen earlier in this work (§18 4) that solutions of Laplace's 
equation, which are analytic near the origin and which are appropriate foi 
the discussion of physical problems connected with a sphere, may be con- 
veniently expressed as linear combinations of functions of the type 

(cos 6\ r™P„’" (cos 0) 

sin 

where n and m are positive integers (zero included) 

When JPn (cos 0) is resolved into a product of fiEictors which are linear in 
cos“ 6 (multiplied by cos 0 when n is odd), we see that, if cos 0 is replaced by 
zjr, then the zonal harmonic r“P„(cos 0) is expressible as a product of factors 
which are Imear m a?, y* and z®, the whole being multiphed by z when n is 
odd The tesseral harmomcs are similarly resoluble into factors which are 
linear in a?, ^ and z" multiphed by one of the eight products 1, x, y, z, yz, zx, 
xy,xyz 

The surfaces on which any given zonal or tesseral harmonic vanishes are 
surfaces on which either 0 ot <f> has some constant value, so that they are 
circular cones or planes, the coordmate planes being mcluded m certain cases 
When we deal with physical problems connected with ellipsoids, the 
structure of spheres, cones and planes associated with polar coordinates is 
replaced by a structure of confocal quadncs The property of spherical 
harmonics which has just been explamed suggests the construction of a set 
of harmonics which shall vanish on certain members of the confocal system 
Such harmomcs are known as elhpsoidai harmomcs , they were studied by 
Lame* m the early part of the nineteenth century by means of confocal 
coordmates The expressions for elhpsoidai harmomcs m terms of Cartesian 
coordinates were obtained many years later by W D Nivenf, and the 
following account of them construction is based on his researches 
The fundamental ellipsoid is taken to be 

2 ^ 

and any confocal quadric is 

^ ^ ^ 

0 ^ ^ 

* Journal de Math iv (1839), pp 100-125, 126-163 
t Phil Tians 182 a (1892), pp 231-278 
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where d is a constant It will be necessary to consider sets of such quadncs, 
and it conduces to brevity to write 

The equation of any member of the set is then 

0p = O 

The analysis is made more definite by taking the ^-axis as the longest axis 
of the fundamental ellipsoid and the 2 r-axis as the shortest, so that a>b>o 


23 2 The fom species of ellipsoidal harmonics 

A consideration of the expressions for sphencal harmonics in jEewstors 
indicates that there are four possible species of ellipsoidal harmonics to be 
investigated These aie included in the scheme 


a?, 

1, y, zx, xyz 


09 »> 


where one or other of the expressions in { } is to multiply the product 
0102 

If wiif^nte for brevity 


0,0, 0^=n(0), 


any harmonic of the form 11 (0) will be called an ellipsoidal harmonic of the 
fit St species A harmonic of any of the three forms* xTL (0), yTl (0), ^II (0) 
will be called on ellipsoidal harmonic of the second epeoies A harmonic of 
any of the three fonns* yzTl (0), ^^^II (0), xyH (0) will be called an elhpsoidal 
harmonic of the third species And a harmonic of the form xyzH (0) will be 
called an ellipsoidal hai monic of the fourth species 

The teirns of highest degree in these species of harmonics are of degrees 
2m, 2m + 1, 2m + 2, 2m + 3 respectively It will appear subsequently (§ 23 26) 
that 2n -h 1 linearly independent harmonics of degree n can be constructed, 
and hence that the terms of degree n in these harmonics form a fundamental 
system (§18 3) of harmonies of degree n 

We now proceed to explain in detail bow to construct harmonics of the 
first species and to give a general account of the construction of harmomcs of 
the other three species The reader should have no difficulty in filhng up 
the lacwnae in this account with the aid of the corresponding analysis given 
in the case of functions of the first species 


The thiee forms will be distinguished by being desoiibed as different tyjtes of the species 
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2321 The construction ofelhpacndal harmonics of the first species 

As a simple case let us first consider the harmomcs of the first species 
which are of the second degree Such a harmonic must be simply of the 
form @1 

Now the effect of appl5ung Laplace’s operator, namely 

a? f 


^ ^ 


z- 


is 


a* + ( 9 , 

2 


2 


+ 


-1 


and so @1 ts « hai monic if is a root of the quadratic equation 

(^ + 6») (^ + o') + (^ + c“) (d + a») + (^ + a“) (^ + 50 = 0 

This quadratic has one root between — c® and — 5 “ and another between 
— 5 ® and — a® Its roots are therefore unequal, and, by giving the value of 
each root in turn, we obtain two* ellipsoidal harmonics of the first species 
of the second degree 

Next consider the general product @i@2 , this product will be denoted 

by n (0) and it will be supposed that it has no repeated fectors — a supposi- 
tion which will be justified later (§ 23 43) 

If we temporarily regard 0 i, @2, ©^ as a set of auxiliary variables, the 

oidinary formula of partial differentiation gives 

an (0) _ ^ an (@) s©^ _ ? an (©) 2x 

dx pti B&p dx 30 J, a^ + 6 p’ 

and, if we differentiate again, 

a®n(0) 1 8n(0) 2 

P=1 


a^c® 


a©« 


--h X 


a®n(0) 


8a:® 


'p 0'®+ (fp 0@y9®gr (tt® H- 0jp) (ct® -}- 6q^ * 

where the last summation extends over all unequal pairs of the integers 
1,2, m The terms foi which j> = 3 may be omitted because none of the 
expressions 0,, 0^, ©m enters into n (0) to a degree higher than the first 

It follows that the result of applying Laplace’s operator to 11 (0) is 


2 an(@) [ 2 2 2 1 

j»=i d@p (a® -¥ 8 p 5 ® -t- c® + i 


+ X 

p= 

Now 


a®n (0) f 


8a^* 


8y® 


Sz<‘ 


00p0@3 Ka» -H dp) (a® + e^) (6® + 0p) ( 5 ® + 0 j) (c® + Bp) (c® + dg), 

^ a:® 




(a® + ^p)(a®+tfg)' 


0p - 0, 


* The complete set of 5 ellipsoidal harmonics of the second degree is composed of these two 
together with the three harmonics yz, zofq xy^ which are of the third species 
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23 21] 


and 00 (@)/0@j, consists of the product 11 (®) with the factor 0^, omitted, 
while 0®II (®)/00,005 consists of the product H (0) with the factors 0j, and 
0y omitted That is to say 

0»n(0) 0n(0) 0“n(0) anf®) 

®P00ya®5“ 00J ’ ^«0®y0®3“ 00J, 

If we make these substitutions, we see that 




n( 0 ) 


may be written in the form 


^an(@)f 2 2 2 8 1 

the piime indicating that the term for which q = p has to be omitted from 
the summation 


If n (@) 18 to be a harmonic it is annihilated by Laplace’s operator , and 
it will certainly be so annihilated if it is possible to choose 02, 0m so 
that each of the equations 

1 1 1 4 

a® + 0p 4- Op c® Op Op Oq 

IS satisfied, where p takes the values 1, 2, m 

Now let 0 be a vanable and let Ai(0) denote the polynomial of degree 
m in 0 

m 

n (6-6^) 

9=1 

If Ai'(0) denotes dh.i(6)jdd, then, by direct differentiation, it is seen that 
Ai' (9) IS equal to the sum of all products oi9 — 6i,6 — 6i, ^ — 0^, to — 1 at 

a time, and A/' {9) is twice the sum of all products of the same expressions, 
TO — 2 at a time 

Hence, if 9 be given the special value 9p, the quotient Ai" {9p)/ Ai {9p) 
becomes equal to twice the sum of the reciprocals of 9p—6i,6p — 9i, 9p — 9m, 
(the expression 9p - 9p being omitted) 

Consequently the set of equations derived from the hypothesis that 
n(0,) is a harmonic shews that the expression 

1.1,1 2A,"(^) 

a‘ + 9^ + + ^ “aTW 

vanishes whenever 9 has any of the special values 9i, ^2, 

Hence the expression 

{a!‘ + d)ib^ + 9)ie» + 9)A^"i9) + l\ 2 (6» 0) (o» + ^)l A^' (^) 

(a,b,c ) 
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18 a polynomial m 6 which vamshes when 6 has any of the values , 0 m, 

and so it has 0 — 0 i, 0 ~ 0 ^, , 0 — 0m &a factors Now this polynomial is of 

degree wi + 1 in 6 and the coefiScient of is m(m + Since m of the 
factors are known, the remaimng factor must be of the form 

m(m + ^)0 + \C, 

where (7 is a constant which will he determined subsequently 
We have therefore shewn that 

(a* + (9)(6= + (9)(c»+(9)Ax"(^) + i| 2 + (9) (c* + 0)1 A/ ((9) 

^ (a, h,C ) 

= {m(TO + J)0 + iO}Ax(0) 

That IS to say, any ellipsoidal harmonic of the first species of (even) 
degree n is expressible m the form 

p=i Op 6^ ”f- Op + Op I 

where Ou 0 23 , are the zeros of a polynomial Ai(5) of degree ^ 11 , and 

this polynomial must be a solution of a differential equation of the type 

4 V{(a= + 0) (6* + 0)(d‘ + 6)] ^ + 0) (b> + 0) (c* + 0)} 

= {n (n + 1) 0 + 0] Ai (0) 

This equation is known as Lamd’s differential equation It will he in- 
vestigated in considerable detail in ^ 23 4-23-81, and in the course of the 
investigation it will be shewn that (I) there are precisely in + 1 different 
real values of C for which the equation has a solution which is a polynomial 
in 0 of degree in, and (11) these polynomials have no repeated factors 

The analysis of this section may then be reversed step by step to establish 
the existence of 1 n -f- 1 ellipsoidal harmonics of the fii-st species of (even) 
degiec n, and the elementary theory of the harmonics of the first species will 
then be complete 

The coriespondmg results for harmonics of the second, third and fourth 
species will now be indicated biiefly, the notation already introduced being 
adheied to so fai as possible 

23 22 Ellipsoidal harmonics oj the second species 

m 

We take a n^(@j,) <is a typical harmonic of the second species of degree 
2m + 1 The result of applying Laplace’s opeiatoi to it is 


311 ( 0 ) 

6 

2 

1 

2 1 

.})=1 

\a? + 0pl 

+ 0t> (? 



+ S 1 11 

p+4 l(a» -I- 0J,) («" + e„ ) (6^ + 0^) (b^ +e,y (c'+0^)((H+0,)}J - 
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and this has to vanish Consequently, if 
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A,(0)= n (e-d,), 

a=i 

we hnd, by the reasomng of § 23 21, that Aj(0) is a solution of the differential 
equation 

(,d‘ + d)(b^ + d)(c^ + e)A,"(e) 

+ + ^) (c* + ^) + (c» + 6) (a» + ^) + (a> + 0) (6« + 0)) A,' {0) 

= {m (to + f) ^ + iCs} As(0), 

where Oa is a constant to he determined 


If now we wnte Aj (0) = A (0)/V(o* + 0), we find that A (0) is a solution 
of the differential equation 

4 V{(a» + 0) (6» + d) (c* + 0)] ^ V{(a> + 0) (6» + 6) (c» + 0)} 

= {(2m + 1) (2m + 2)d + C]A (0), 
where 0 - Cq + 6* + 


It will be observed that the last differential equation is of the same t 3 rpe 
as the equation derived in §23 21, the constant being still equal to the 
degree of the harmonic, which, in the case now under consideration, is 2m + 1 

Hence the discussion of harmonics of th^ second species is reduced to 
the discussion of solutions of Lamp’s differential equation In the case of 
harmonics of the first type the solutions are required to be polynomials in 
6 multiplied by + ff ) , the corresponding factors for harmonics of the 
second and third types are ^/(lf + 6) and V(c® + ff) respectively It will be 
shewn subsequently that precisely m 4* 1 values of 0 can be associated with 
each of the three types, so that, in all, 3m + 3 harmonics of the second species 
of degree 2m 4* 1 are obtained 


23 23 Ellipsoidal harmonics of the third species, 

m 

We take yz n (0^) as a typical harmonic of the third species of degree 

j)Bsl 

2to + 2 The result of applying Laplace’s operator to it is 

. r ? 911 («) ( 2 , 6 , 6 ) 

90p (a^ + 0p bf‘ + 0p'^ c^ + 0j 

^ 9=n (0) [ Si®* 8y» 84:* 11 

^ 30,305 ((a* + 0p) (a» + 0^) (¥ + 0p) (6» + 0,) (c» + 0p) (c» + 0j)| J ’ 

and this has to vanish Consequently, if 

m 

K( 0 )= n { 0 - 0 ,), 

g=l 
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we find, by the reasoning of § 23 21, that As (0) is a solution of the differential 
equation 

+ J {(6® + 0) (c® + 0) + 3 (c® + 6) {or -f fl) 4* 3 (ct® + 6) (6® + 0)] As {0) 

= [m {m + !•) ^ H- i 0^} As {0), 

where is a constant to be determined 

If now we write As {0) = A {6)1 '^{{b^ + 0) (c“ -f 6)}, 

we find that A (0) is a solution of the differential equation 

4 VRa* + 0} (6“ + ^) (c* + 0)] ^ [vRa» + (6* + 0) (c» + (9)} 

= {(2m + 2) (2m + 3) + 0} A (6), 
where C7 = Cs 4 4a® + 6® + c® 

It will be observed that the last equation is of the same type as the 
equation derived m § 23 21, the constant n being still equal to the degree 
of the harmomc, which, in the case now under consideration, is 2m + 2. 

Hence the discussion of harmonics of the third species is reduced to 
the discussion of solutions of Lamp's differential equation In the case of 
harmonics of the first type, the solutions are required to be polynomials in 0 
multiplied by 4 (c® 4- 0)] , the corresponding factors for harmonics of 

the second and third types are V{(<^ + 4- ^)} and + ^) (i® +■ ^)} 

respectively It will be shewn subsequently that precisely m 4- 1 values of 0 
can be associated with each of the three types, so that in all, 3m 4 3 harmonics 
of the third species of degree 2/ii 4 2 are obtamed 

23 24. Ellipsoidal harmonics of the fourth species 

The harmonic of the fourth species of degree 2m 4 3 is expressible in the 

m 

form ayyz 11 (@j,) The result of applying Laplace’s operator to it is 

i)=i 


■ jg an (0) 1 

16 6 

6 1 

1 

L=i 9®i. 1 

[a® "\r 0p 6® 4 0p 

(H 4 0p^ 


, a®n^)| 8^^ Hf . 8^® n 

l(a® 4 0p) (a® 4 0,) (6® 4 0f) (6® 4 0^) ^ (c® 4 0f) (c® 4 0^)]} ’ 

and this has to vamsh Consequently, if 

m 

A,(d)= 11 (6-0^), 

«=i 

■we find by the leasonmg of § 23 21 that Ai{0) is a solution of the equation 
{a<‘ + d)(b^+e){<f + 0)A"i0) + l\ 2 (6»+^)(c“+0)Ia,'(0) 

ta, bf c ) 

= {m(m + ^)^ + iC,} A^{e), 

where C4 is a constant to be determmed 
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If now we wnte 

A 4 {$) s A + 0) ( 6 » + 6) (c“ + ^)}, 

we find that A (^) is a solution of the differential equation 

4 + e) (¥ + $)((? + 6)} ^ + d) ( 6 » + ff) (c* + ^)} 

= {(2ot + 3) (2m + 4) d + 0} A (0), 
where ( 7 =C 4 + 4(a» + 6 » + 6 ^) 

It will be observed that the last equation is of the same type as the 
equation derived m §2321, the constant n being still equal to the degree 
of the harmonic which, in the case now undei consideration, is 2 m + 3 

Hence the discussion of harmonics of the fourth species is reduced to the 
discussion of solutions of Lamp’s differential equation The solutions are 
required to be polynomials m 0 multiplied by VK®* -I- ff) ( 6 * + 0) (c* + ^)}. It 
will be shewn subsequently that precisely m + 1 values of C can be naanpu^ted 
with solutions of this type, so that m + 1 harmonics of the fourth species of 
degree 2m + 3 are obtained 


23 26 Nmen’s expressions /or ellipsoidal harmonics in terms of homo- 
geneous harmonics 


If Gn (®, y, s) denotes any of the harmomcs of degree n which have just 
been tentatively constructed, then ©„(®, y, z) consists of a finite number of 
terms of degrees n, » - 2, n - 4, . va x,y,z If if, (®, y, z) denotes the 
aggregate of terms of degree n, it follows from the homogeneity of Laplace’s 
operator that (®, y, z) is itself a solution of Laplace’s equation, and it may 
obviously be obtamed from ©„ («, y, z) by replacing the fimtois 0 „ which 
occur in the expression of Gn (®, y, e) as a product, by the factors K, 

It has been shewn by Niven (loc oil, pp 243-246) that G‘„(«, y, z) may 
be denved from (®, y, z) by applying to the latter function the differential 
operator 


D* 






2 ( 2 n-l) 2 4 (2n-l)(2w-3) 2 4.6(2n-l)(2n-8)(2n-6) 
where D* stands for 


and terms containing powers of D higher than the nth may be omitted from 
the operator. 

W e shall now give a proof of this result for any harmonic of the first species* 


* The proofs for harmonics of the other three speoies are left to the reader as examples 
A proof applicable to fonotions of all four species has been given by Hobson, Proc tondon 
Mathi 80 a XXXV (1898)^ pp 60-64 In oonstiuotmg the proof given in the text, several modiil- 
cations have been made in Niven*s proof 
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For such harmonics the degree js even and we wnte 

On{(c, y, «:) = h ©j, = n {Kp ~ 1) 

p^l p^l 

“ fi'n ““ ^n— a ^n—i ““•••> 

where 8^, Sa-a, Sn^, are homogeneous functions of degrees n, n — 2, w — 4, , 

respectively, and 

Sn = ffn (®, y, «) = -BTp. 

P =1 

The function is evidently the sum of the products of Kn Ksi, . 
taken — r at a time 

If Kx, regarded as an auxiliary system of vanables, then, by 

the ordinary formula of partial differentiation 

dSfi.^ ^ 9^n— gr 

dsD p^i dKp dx 

_ 'dS.nr^ 2x 

dKp a? •\‘dp^ 

and, if we differentiate again, 

jp=i dKp dKpdKq (a^ + 

The terms in d^Sn-^rl^^p can be omitted because each of the functions 
Kp does not occur in 8^^ to a degree higher than the first 

It follows that 


^P=l OJXp 

9*5^ 


+ 2 


p=t*« 


dK^dKa 


+ 6* + 9p 

8aW 


2a» 
a* + 0 


2c“ 


C' + ^, 


86y 


8c»«* 


(a* + dp) (a» + 0,) ^ (5* + dp) (¥ + Bg) ^ (c» + $p) (c» + 




It Will now be shewn that the expression on the nght is a constant multiple 


of 8, 


We first observe that 




9pKp — 6qKq 


+ ^g) ^jp " 

and that, by the differential equation of § 23 21, 


aXc(£^'^0p 


=3-0« S 


= 3 + 0^ 2' 


a, 6, <? 0^® + 

ip 4 

gs=l ““ 
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hi 

p-i 


I o /3 

dK^ 


f 1 ' 

J 2' — 


-j- 8 ~ ^y-^g 

dICpdIi,q 6p — 

Now dSn^Qr/51Cp IS the sum of the products of the expressions /iTi, iTa? 
•^^71 being omitted) taken ^n - 7 - 1 at a time , and Kqd^Sn-s^jdEpdKq 
consists of those teiins of this sum which contain Kq as a factor 


Hence 


dSn 

dKr. 


* __ 

dK^dK: 


is^ equal to the sum of the products of the expressions K,, K^, and 

hq both being omitted) taken Jn — r — 1 at a time, and therefoie, by sym- 
metry, we have 


3 /Sn- 2 } rr rr 


1)£" 


so that 


m. 


dK, 


'-K, 


'■9 

f^^n— Sr_ 9^n-2»') 

\dKp' ~dKg 

On substituting by this formula for the second differential coefficients, it 
IS found that 


dK'j,dK„ 


^dKpdkg^ 

(Kg-K,) 


p-l OAp L {0p^ 0q){Kp^ Kq)^ 

,t. 8Jf, [*■ 

- <*“ - l-m; - M 1 ^^ - 6 ^.)- 

Now we may wiite Sn^j, in the form 

"t" -/^jp — 2 ”1“ q S "1“ 

where S>^ denotes the sum of the products of the expressions Kij 

{Kp and Kq both being omitted) taken m at a time , and we then see that 


V ir dSn^2r _ / rr \ o 

dKp dlCq ** ■“ ■^Q'/ 

Hence = (4n - 2) S -8 t 

Now it IS clear that the expression on the right is a homogeneous sym- 
luetric function of if,, K^, . of degree Jn — r — 1, and it contains no 
power of any of the expressions if,, Kr,, to a degree higher than the 

first. It 18 therefoio a multiple of Sn-^r^ To doteiinme the multiple we 

'' M. A, 36 
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observe that when (Sn-sr-a is written out at length it contains terms 

while the number of terms in 

( in - 2)%^-^ -8 S 

^ = 1 OJXp p^q 

IS Jn(4n-2) ^_iOr-8 

The multiple is consequently 

^n(4n-2) yP, 

\,pr+\ 

and this is equal to (2r H- 2) (2n — 2r — 1) 

It has consequently been proved that 

-D^fi^n- 2 r = (2r + 2) (2n - 2r - 1) 5n-2r-2 
It follows at once by induction that 

S 

2 4 2r (2n-l)(2n-3) (2w-2r + l)’ 

and the formula 


r 

QJx,y,z)= S H- ; 

_r=0 ^ ^ 


(-yD^ 


4 2j . (2w - 1) (2w -1) (2n-2r+ 1 ) J 

IS now obvious when (?» (x, y, z) is an ellipsoidal harmonic of the first species 

Example 1 Prove Niven’s formula when (7„ (x, y, z) is an ellipsoidal harmonic of the 
second, third or fourth species 

Example 2 Obtain the symbolic formula 

H^{x,y,z) 


2326 Ellipsoidal ha/t monies of degree n 

The results obtained and stated in §§ 23 21-23 24 shew that when n is 
even, there are + 1 harmonics of the first species and |n harmonics of the 
third species, when n is odd there are |(w + l) harmonics of the second 
species and J (n - 1) harmonics of the fourth species, so that, in either case, 
there are 2n + 1 harmonics in all It follows from § 18 3 that, if the terms of 
degree n in these harmonics are Imearly independent, they form a funda- 
mental system of harmonics of degree n , and any homogeneous harmonic of 
degree n is expressible as a linear combination of the homogeneous harmonics 
which are obtained by selecting the terms of degree n from the 2n -f- 1 ellip- 
soidal harmonics 


In Older to prove the results concernmg the number of harmonics of 
degree n and to establish their Imear independence, it is necessary to make 
an m tensive study of Lamp’s equation, but before we pursue this investigation 
we shall study the construction of ellipsoidal harmonics m terms of confocal 
coordinates 
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These expressions for ellipsoidal harmonics are of histonoal importance in view of 
Lamds investigations, but the expiessions which have just been obtained by Niven’s 
metnod are, in some respects, more swtable for physical apphcations 

For aphcations of ellipsoidal haimonios to the investigation of the Figure of the Earth 

r^^dlr ^ harmonics to forms adapted for numerical computation, the 

eader is referred to the memoir by G H Darwin, Ph%l Tians 197 a (1901), pp 461-637 

23 3 Gonfocal coordinates 

If (Z, F, Z) denote cuirent coordinates m three-dimensional space, and if 
fl, 0 , c are positive (a> b > c), the equation 

Z^ ya Z^_ 

^ 

represents an ellipsoid, the equation of any confocal quadric is 

Z^ Z" 

a ® + d "*■ - 1 - ^ '^'0 ~ 

and 6 is called the parameter of this quadnc 

The quadric passes through a particular point (x, y, z) if 0 is chosen 


so that 




b^+d^d‘ + 8 


a’^ + O 

Whether 6 satisfies this equation or not, it is convenient to write 

f{e) 

and, since /(0) is a cubic function of 6, it is clear that, in general, three 
quadiics oi the confocal system pass through any particular point {x, y, z) 

Table” species of these three quadncs, we construct the following 


e 

m 

— 00 

— 00 


- {<p - 1>A (a^ - fS) 



-f- 


+ x 

•foo 


It is evident from this Table that the equation f{d) = 0 has three real 
roots \, p, V, and if they are aiianged so that \>fi>v, then 

and also f{e) = {d-\){e^p){e-v) 

From the values of X, p, v it is clear that the surfaces, on which 6 has 
the respective values X, p, v, aie an ellipsoid, an hyperboloid of one sheet and 
an hyperboloid of two sheets. 


36—2 




548 


THE TRANSCENDENTAL FUNCTIONS [CHAP. XXIII 


Now take the identity in 6, 

^ t _ {6-y:)ie -ix){e-v) 

a= + l9 « c’‘+5~(a“ + (9)(6® + 0)(c’ + 0)’ 
and multiply it, in turn, by a" + d, + 6, + 6 , and after so doing, replace 

^ by — a?, — 6=, — (? respectively It is thus found that 

^2 _ (a® + A) (o® + m) (a^ + v) 


^ ia?-h^){b^-d‘) 

2 ^ (c’’ + A) (c° + /i) (c^ + v) 

{a*-d‘){¥-d‘) 

From these equations it is clear that, if {x, y, z) be any pomt of space and 
if A, ji, V denote the parameters of the quadrics confocal with 


a? ^ 



which pass through the pomt, then (jx?, y®, ^t®) are uniquely determinate in 
terans of (A, y,, v) and nee vei sa 

The parameters (A, fi, v) are called the confocal coordinates of the point 
{x, y, z) relative to the fundamental elhpsoid 

X® F® X® 

62 + ^2 

It IS easy to shew that confocal cooidinates form an orthogonal system , 
for consider the direction cosines of the tangent to the curve of intersection 
of the surfaces (/x) and (i/) , these direction cosines are proportional to 

fdx dy 


/to dy dz \ 


and since 
it IS evident that the directions 


a®+ V 


dX dfz d\ dfi dX d/ju ^ 6, c (a® — 6®) (a^ - c^) ’ 


= 0, 


/to ^ to\ /to dy dz\ 

\dX^ dX^ dx)^ \d/JL’ dji) 

are perpendicular , and, similarly, each of these directions is perpendicular to 

/to dy 9^\ 

\dv ' dv ' dv) 

It has therefore been shewn that the three systems of surfaces, on which 
X, iM, V respectively are constant, form a triply orthogonal system 
Hence the square of the line-element, namely 

{^xy + {hyY^{hz)\ 

IS expressible in the form 

{H,hxy-^{H,diJLy + {H,hvy, 
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with similar expressions in and v for and 

To evaluate in terras of (X, v), observe that 

\d\) ^ 4?/^ ; + 4s“ 


But, if we express 


V 

= i 5, + m) + v) 

a. b, 0 W + (a“ — 6“) (a“ — c“) 

(X — — v) 


(a* + X) (6» + x)(c= + X)’ 

of X, as « sum of partial ftaotious, wo see that it is precisely 

S ( g^ + v) 

a.7, C (a® + X) (ct” - 6“) (a= - c=) ’ 

and consequently = (X — /i) (x — v) 


■4{o=- + X)(6® + X)(c^ + X) 
interctmglrofj.^f^r'^ expression by cyclical 

ii S) pp Tr-ilr 

^irampie 1 With the notation of this section, shew that 

«a+ya+«a=a3+62+c*+X+;ii+v 

Example 2 Shew that 

45;*=i — X X ®® 

(a^+X)2 + (i2+x)s + (^-Xp 

23 31. Umform%8ing variables associated mth confooal coordinates 

It has been seen in § 233 that when the Cartesian coordinates (x, y, z) 

TuZ f ff express.;.^ s. 

»te »«t one-valued funelions of (J, ^ x) To avoid the mconvenienoe 
thereby produced, we express (X, .) m terms of three new variables (u, v, vj) 

respectively by wnting \ 

li9(«)=X + J(a“ + b" + c“), 

Piv) =fj,+ ^{ai + b> + d^), 

P(ui) = p + ^{a* + b’‘ + o’‘), 

byVhTX^ity^* Weierstrassian elliptic functions being defined 

4 (a» + X) (i» + X) (o>+ X) = 4^» (u) -g,p (u) -g,. 
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The discriminant associated with the elliptic functions (cf § 20 33, 
example 3) is 

16 (tt® - (6® - cj (c^ - 

and so it is positive, and, therefore*, of the periods 2a)i, 2a)2 and 2o)3, 2cOi is 
positive while 2q)8 is a pure imaginary , and 2<W2 has its real part negative, 
since + 0)2 4- 0)3 = 0 , the imaginary part of co^ is positive since I (o)2/o)i) > 0 

In these circumstances ei>e 2 >ez, and so we have 

3^1 = tt® + 6® — 2c®, 3^2 = c® + a® — 26®, 3^3 = 6® + c® — 2a®. 

Next we express (a?, y, z) in terms of {u, v, w ) , we have 

^ (a® + \) (a® -f At) (a® + v) 

(a2-.62)(^a_C®) 

_ {g> (m) - e,} {p (i;) - 63} {p (w) - es\ 

(ei-Cs) (62-63) 

(m) 0-3° (v) 0-3^ (w) (mi) g° (tOa) 

<r® (u) ( v ) 0-“ (w) (Ts** (wi) 0-3“ (©2) ’ 

by § 20 53, example 4 Therefore, by 1 20 421, we have 

.Idsimlarly f-± 

(©a) — )-< V < V -f 
cr{u) cr (y) a (w) 

The effect of increasing each of w, v, w hy 2 q )3 is to change the sign of the 
expression given for x while the expressions for y and z remain unaltered , 
and similar statements hold for increases by 2o)2 and 2o)i , and again each of 
the three expressions is changed in sign by changing the signs of -it, u, w 

Hence, if the upper signs be taken in the ambiguities, there is a unique 
correspondence between all sets of values of {x, y, z\ real or complex, and all 
the sets of valuei^ of (it, v, w) whose three representative points lie in any 
given cell. 

The uniformisation is consequently effected by taking 

<r \u) a (v) a (w) 

^ ^ ^ ^ <t{u) <7 (y) a (w) 

'a (ii) (T (v) <r (w) 

Formulae which differ from these only by the mterohange of the suffixes 
1 and 3 were given by Halphen, Fonchons Elhptiques, ii (1888), p 459 

* Cf. § 20 S2, example 1 
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23 32 Laplace’s equation referred to confocal coordinates 

It has been shewn by Lam6 and by W Thomson* that Laplace’s equation 
when referred to any system of orthogonal coordinates (X, v) assumes the 
form 


dX \ Hi ~dX J dp I jffg dp\ 01/ 1 


W’ 

dv 


}-o. 


where (JTj, -ffs) are to be determined from the consideration that 


(Hi8xy + {E,Spy-^{H,Svy 

IS to be the square of the line-element Although W Thomson’s proof of this 
result, based on arguments of a physical character, is extremely simple, all 
the tiiidlytiCcil pi oofs die eithci very long oi else severely comprcbscd 

It has, howevei, been shewn by Lam6f that, in the special case m which 
(X, p, v) represent confocal coordinates, Laplace’s equation assumes a simple 
form obtainable without elaborate analysis , when the uniformising variables 
{u, V, w) of § 23 31 are adopted as coordinates, the form of Laplace’s equation 
becomes still simpler 


By straightforward differentiation it may be proved that, when any three 
independent functions (X, p^ v) of (a?, y, z) are taken as independent variables, 
then 


transforms into 


a^F ^ 0“F 

dx^ 009 


2 

K V 

+ 2 S 

A, M, V 

+ % 

A, M, V 


Kdz) + \dy) VW J ^ 

^ ^ dv~\ d‘V 

\_dxdx dydy dz dzj d/j,di> 

[da?^ dz^\ dX 


In order to reduce this expression, we observe that X satisfies the equation 


a? y® 

¥+x'^V+x'^ 


z^ 

c* + X 


= 1 , 


and so, by differentiation with x,y,z independent variables, 

f I y* , g* 

l(a» + Xf {b\+ xy (c“ + \)»J dx ’ 


2x 


o* + X 
4fl? dX 


a» +X (a« + xy dx 


+ 2 


r 


,(a» + xy ^ (6 » + ~xy + x)» 

a? 


m 


-I; 


,+ 


0®\ 


(a« + X> ^ H- xy ^ (c® + xy\ daf 


■ 0 . 


* Of the footnote on p iOl 
t Journal de Math rr (1839), pp 138-186 
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Hence 


- =4£r* — 


2 2x^ X- 02 X 

With similar equations m jx, i/ and jr, 

From equations of the first type it is seen that the coefficient of ^ is 

oX^ 

1 92 F 

and the coefficient of is zero , and if we add up equations of the 
second type obtained by interchanging ai, y, 'z cyclically, it is found that 

' (daf‘ dy- dz^] ».T ««■ + >•’ 

With similar equations in /i and v 
If, for brevity, we write 

v/{(a“ + X) (6* + X) (c= + X)} = Ax, 
with similar meanings for and A„ we see that 

d^X , d‘X , 8«X Ax» f 2 2 2 ] 

da^ dy^ dz'^ iX-iJ.)(X-v)\a^ + X'^ ¥ + X'^ c^ + X) 

4Ax dAx 
(X — /a)(X — y) dX ’ 

and so Laplace’s equation assumes the form 


XX.y0^—f^)0^ 


that is to say 




A=?!r4.A 

^ 9x* dx dx 




9 /i^ ( ^ dfjL 


dv [ '' dv 


The equivalent equation with (ti, v, w) as independent variables is simply 
(y) - jf) (w)} + {g> (w) - (f) (w)} S+ {g> ('0 - p (i;)} ?^= 0, 


01 , more briefly, 




The last three equations will be regarded as canonical foims of Laplace’s 
equation in the subsequent analysis 

23’33 Ellipsoidal harmonics ref exited to confocal cooi dinates 
When Niven's function defined as 

^ I 2 ^ I ^ , 

+ os + (9„ ’ 
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IS expressed in terms of the confocal coordinates (X, fi, v) of the point (a, y, z), 
it assumes the form 

_ (X — 6p) (fi — dp) (v — 6 „) 

{a^+Op){b’‘ + 0p){d‘ + e^y 
and consequently, when constant factors of the form 


- (a® + dp) {b^ + dp) (s? + Op) 

are omitted, ellipsoidal haimonics assume the form 
X, yz \ 

Wt WJ 

■ ^ ri ii (v^Op') 

P-l P = 1 p=sl 

\ z ony 

If now we replace x, y, z by their values in tenns of X, /*, v, we see that 
any ellipsoidal harmonic is expressible in the form of a constant mdtiple of 
AMN, where A is a function of X only, and M and N are the same functions 
of ji and V respectively as A is of X. Further A is a polynomial of degree m 
m X multiplied, in the case of harmonics of the second, third or fourth 
species, by one, two or three of the expressions VCa* + X), ^/(b^ + X), V(c® + X) 


Smce the polynomial involved in A is S (X-dp), it follows from a con- 
sideration of ^ 23 21-23 24 that A is a solution of Lam4’s differential equation 
4 V{(a‘ + X) (6‘ + X) (c* + X)} + X) (60 -I- X) (c* + X)} 

= {«(n-|-l)X-|-a} A, 

where n is the degree of the harmomo m (sc, y, z) 

This result may also be attained from a consideration of solutions of 
Laplace’s equation which are of the type* 

F= AMN, 

where A, M, N are functions only of X, /*, v respectively 

For if we substitute this expression m Laplace’s equation, as transformed 
in § 23’32, on division by V, we find that 

S>(v)-ip(w)d<‘A . ip(w)-g>(M) „ 

A M N ' 

The last two terms, qua functions of u, are linear functions of fp (u), and 

so A ^ linear function of p(u), smce it is independent of the 


coordinates v and w, we have 

1^ 

A dw’ 

where IC and B are constants 




* A harmomo which w the product of three functions, each of which depends on one coordi- 
nate only, 18 sometimes called a normal colvtion of Laplace’s equation Thus normal solutions 
with polar oooidinates are (§ 18 81) 


»-’‘P„»»(oosi?)^jj^m^ 
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If we make this substitution m the differential equation, we get a linear 
function of y (u) equated (identically) to zero, and so the coefficients in this 
linear function must vanish , that is to say 


■K'{p(v)-‘f(w)}- 


1 d^M 1 
M dr® N 


du^ 


= 0, 


5{g)(i;)-^(w)} + 


p(w) d^M p (v) 



and on solving these with the observation that ^ (“y) — p (w) is not identically 
zero, we obtain the three equations 

>72 A 

5^ = {jrp(w)+5}A, 


^ = {Z-«)(«)+5}M, 
^ = {Zj,(«,) + S}N 


When X IS taken as independent variable, the first equation becomes 


4A;, 


—Ja —I 


= iKX + B + iS:(a‘ + b‘ + (f)}A, 


and this IS the equation already obtained for A, the degree n of the harmonic 
being given by the formula 

Ji(n + l) = Z 

We have now progressed so far with the study of ellipsoidal harmonics as 
IS convenient viithout making use of properties of Lamp’s equation 

We now proceed to the detailed consideration of this equation 


23 4 Vanous form of Larne’s differential equation 

We have already encountered two forms of Lamp’s equation, namely 


4Ai 


dx ■ = I” + 1) ^ A, 


and this may also be written 


d®A 

dx®' 


a® + X 6» + X 




c® + X 


which may be termed the algebraic form , and 

r / , V 

^ = {n(» + l)j»(M) + £}A, 


{a (a “I" 1) X "f* A 

d\ ~ 4 (a® + X)(6® + X)(c® + X)’ 


which, smce it contains the Weierstrassian elliptic function p(«), may be 
termed the Weierstrassian form , the constants £ and 0 are connected by the 
relation ^ 


5 + (a + 1) (a® + 6® + c®) = (7 
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If we take p (u) as a new variable, which will be called we obtain the 
slightly modified algebraic form (cf § 10 6) 

— + I— i— + ^ j. _i_l ^ 

il-Ci 4>(S-e,)($-e^)(S-e,) 

This differential equation has singulaiities at e^, e^, ea at which the 
exponents are 0, ^ in each case , and a singularity at infinity, at which the 
exponents are - -J-n, ^ (a + 1; 

The Weierstrassian form of the equation has been studied by Halphen, Fonctions 
ElhpUqum, ir (Pans, 1888), pp 467-531 

The algebraic forms have been studied by Stieltjes, Acta Math vi (1886), pp 321-326, 
Klein, VoxUrnngm tiler hiieafe Z)i/erenJiefyZeic;iMn9ere (lithographed, Gottingen, 1894), and 
BOoher, Uber dte MeihenenttoicMunffen dei Fotentmltheone (Leipzig, 1894) 

The more general differential equation with four arbitrary singularities at which the 
exponents are arbitrary (save that the sum of all the exponents at all the singularities is 2) 
has b^n discussed by Heun, Math Ann xxxiii (1889), pp 161-179 , the gam in generahty 
by taking the singularities arbitrary is only apparent, because by a hoinographic change 
of the independent variable one of them can be transferred to the point at infinity, and 
then a change of ongin is sufficient to make the sum of the complex coordinates of the 
three finite singularities equal to zero 

Anoth6r important form of l^am^ s ocjuation is obtainod by using the 
notation of Jacobian elliptic functions, if we write 

the Weierstrassian form becomes 




and putting z-y — a — iK, where 2%K' is the imaginary period of snZ], we 
obtain the simple form 


•= {re (re +3) A^sn^ad- J.} A, 


where A is a constant connected with B by the relation 
B 4- ejre (re + 1) = A. (si — e,) 

The Jacobian form has been studied by Hermite, Sur guelques applications des/onciions 
elHpttgues, Gomptes Aerediw, lxxxv (1877), published separately, Paris, 1886 

In studying the properties of Lamp’s equation, it is best not to use one 
foi-m only, but to take the form best fitted for the purpose in hand For 
practical applications the Jacobian form, leading to the Theta functions, is 
the most suitable For obtaining the properties of the solutions of the 
equation, the best form to use is, in general, the second algebraic form, 
though in some problems analysis is simpler with the Weierstrassian form. 
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2341 Solutions in senes of Land’s equation 

Let us now assume a solution of Lam6’s equation, which may be wiitten 

4 (^- eO (?- e,) (I- e,) ^ + (6p - ^ - (n (,i + 1) f + £} A = 0, 

m the form 

A= I 

r=0 

The series on the right, if it is a solution, will converge (§ 10 31) for 
sufficiently large values of \^ — 62 ] , but our object will be not the discussion 
of the convergence but the choice of B in such a way that the series may 
terminate, so that considerations of convergence will be superfluous 

The result of substituting this senes for A on the left-hand side of the 
differential equation and arranging the result in powers of ^ — 62 is minus the 
senes 

00 

^ r 5 o ^ ^ ^ ^ ^ ^ ^ 1 - i 1 ^’■-1 

+ («! - fia) (^2 - 63} (^n - r + 2 ) - r + f) b,-a], 

m which the coefficients 6, with negative suffixes are to be taken to be zero 

Hence, if the senes is to be a solution, the relation connecting successive 
coefficients is 

? (n - j + i) 6, = (Sea - r + 1)* — (w + 1) ea - br-i 

- (ei - (ts) (ea - e,) - r + 2) (^n-r + f) hr^, 

and (n - J) 6i = (f n^ea - Jn (n + 1) ea - 

If we take 6o = 1, as we may do without loss of generality, the coefficients 
bf are seen to be functions of B with the following properties 

(i) bf IS a polynomial in B of degree r 

(ii) The sign of the coefficient of B’ in 6, is that of (-f, provided that 
r^n, the actual coefficient of B’’ is 

tl 

2 4 2r (2n - 1) (2» - 3) (2w-2r + l) 

fill) If ei, ea, ej and B are real and Sj > ej > e„ then, if = 0, the values 
of bf and &,_a are opposite m sign, provided that j < ^ (71 + 3) and r<n 

Now suppose that n is even and that we choose B m such a way that 

^4n+i = 0 

If this choice is made, the recurrence formula shews that 
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by putting r = in + 2 in the formula in question, and if both and 

f 2 are zero the subsequent recurrence formulae are satisfied by taking 

^i« + 3~^in + 4— =0 

Hence the condition that Lamp’s equation should have a solution which 
IS a polynomial in f is that B should be a root of a certain algebraic equation 
of degree + 1, when n is even 

When n is odd, we take + vanish and then also vanishes, 

and so do the subsequent coefficients , so that the condition, when n is odd, is 
that B should be a root of a certain algebraic equation of degree i (n + 1) 

It IS easy to shew that, when e, > 63 > e,, these algebraic equations have 
all their roots real For the properties ( 11 ) and ( 111 ) shew that, qua functions 
of B, the expressions bi, b^, br form a set of Sturm’s functions* when 
7 < i (w + 3), and so the equation 

^»4n+i = 0 or 6j(„+i) = 0 
has all its roots realf and unequal 

Hence, when the constants e,, ^ 2 , e^ are real (which is the case of practical 
importance, as was seen in § 23 31), there are in + 1 real and distinct values 
of B for which Lamp’s equation has a solution of the type 

*2 6,(|-e2)i"-r 

when n is even, and there are i("' + l) real and distmot values of B for 
which Lamp’s equation has a solution of the type 

»-0 

when n is odd 

When the constants are not all real, it is possible for the equation satisfied 

by B to have equal roots , the solutions of Lanai’s equation m such cases have been 
discussed by Cohn in a KcJnigsberg dissertation (1888) 

Example 1 Discuss solutions of Lamp’s equation of the types 

( I ) I 

r«s0 

(II) s 

) taaO 

(III) (^_«.)4(^-«,)4 I 6."'(f-c,)4”-’-\ 


* il/dw pi 4sent^8 par Us Savans Strangers, vi (1835), pp 271-818 
t This procedure is due to Liouville, Journal de Math xi (1846), p 221 
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obtaining the recurrence relations 

(e^-ss) (jw-j'4-^) (i»i-r+l) 6V-8, 

(ii) r (ji - r+i) br" = {Ssj - r+ J)*- (ci -e^) (J» - » + 1) - (m+ 1) «a - b", _i 

- («i - «2) («2 - es) (iw - »'+f ) i^n-r-i- 1) 6", -a , 

(ill) r(ji-r+i)V"={3fi2(^Ji-r+J)2-Jfla(n2+»+l)-i-B}6"V_i 

-(«1 - « 2 ) («2 - « 3 ) ( i »! - »•+ 1 ) ( i « - »’+ i ) i "' r -2 

Example 2 With the notation of example 1 shew that the numbers of real distinct 
values of B for which Lamd’s equation is satisfied by terminating senes of the several 
species are 

(i) i( 2 !.-l) or i(n-2), (ii) or (iii) ^(ji-2) or J (n -3) 

2342 The defimtion of Lame functions 

When we collect the results which have been obtained in § 23 41, it is 
clear that, given the equation 

^ = [ii(n + l)g)(«) + 5]A, 

n being a positive integer, there are 2/^ + 1 values of B for which the equation 
has a solution of one or other of the four species described in §§ 23 21-23 24 

If, when such a solution is expanded in descending powers of the 
coefficient of the leading term is taken to be unity, as was done in § 23 41, 
the function so obtained is called a Ldnie function of degree w, of the Jivst 
kind, of the first (second, third or fourth) species The 2?2 -f 1 functions so 
obtamed are denoted by the symbol 

(^^=1,2, 2n + l) 

and, when we have to deal with only one such function, it may be denoted by 
the symbol 

En{^) 

Tables of the expiessions repiesenting Lam^ functions for n=l, 2, 10 have been 

compiled by Guenitore, Gtomale dz Mat (2) xvi (1909), pp 164-172 

Example 1 Obtain the five Lam^ functions of degree 2, namely 

+ 62) V{X + c2), V(X + c2) V(X + a2), ^(X + a2) V(X+ 6^ 

Example 2 Obtain the seven Lam4 functions of degree 3, namely 
V {(X + a?) (X + 62) (X -H c -)} , 

and SIX functions obtained by mterclianges of a, 6, c in the e\pressions 

v/(X+a2; fX+i (a^+262+2c^)±JV{<*H46“t+46‘*-762c2-.(;^a2«^2^2}] 

2343 2%e non-y epetition of factoids in Lam4 functions 

It will now be shewn that all the rational linear factors of are 

unequal This lesult follows most simply from the differential equation which 
satisfies, for, if be any factor of where is not one of 
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23 42-23 44] 

the numbers Ci, or e^, then is a regular point of the equation (S 103) 
and any solution of the Equation which, when expanded in powers of f f ’ 
does not begin with a term in (f - or (^- must be identically zero " 

Again, if weie one of the numbers or e*, the indicial equation 
^propiiate to would have the roots 0 ^nd and so the expansion of 
(^) in ascending powers of would begin with a term in )» or 

factOT^°°^’ “ circumstances has qua function of f, a repeated 


The determination of the numbers 6„ d„ 6^ mtroduced in §8 23 21- 
23 24 my now be legarded as complete , for it has been seen that solutions 
of I^m6s equation can be constiucted with non-repeated factors, and the 
values of 6^, 6^, which correspond to the roots of = 0 satisfy the 

equyioy which are lequisite to ensure that Niven’s products are solutions of 
Laplace s equation 

It still remains to be shewn that the 2a +1 ellipsoidal harmonics con- 
structed in this way form a fundamental system of solutions of degree « of 
Laplace s equation 


2344 Thelmeat independence of Lame functions 

It will now be shewn that the 2n + 1 Lam4 functions E,r{^) which are 
of dyry n are linearly independent, that is to say that no linear relation can 
exist which connects them identically for general values of ^ 

In the first place, if such a linear relation existed in which functions of 
diffyent yecies were involved, it is obvious that by suitable changes of signs 
of the radicals VCf-es), V(f-ea) we could obtain other relations 

which, on being combined by addition or subtraction with the onginal relation 
would give rise to two (or more) linear relations each of which involved 

functions restneted not merely to be of the same species but also of the same 
type 

Let one of these latter relations, if it exists, be 

i f ) S 0 (Utn ^ 0) 

and let this relation involve r of the functions 

Operate on this identity r — 1 times with the operator 

The results of the successive operations are 

so (5 = 1, 2, 9 * 1), 

where is the paiticular value of B which is associated with 
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Eliminate Oi, aa, .. clt from the r equations now obtained, and it is found 
that 

1 , 1 , 1 , 1-0 
Br^ , , B,,\ B/ 

Now the only factors of the determinant on the left aie differences of the 
numbers and these differences cannot vanish by § 23 41 Hence the 
determinant cannot vanish and so the postulated relation does not ^xist 

The linear independence of the 2n+l Lam6 functions of degree n is 
therefore established. 

23 45 The linear independence of ellipsoidal hai monies 

Let 6rn^ 2/, z) be the ellipsoidal harmonic of degree n associated with 
and let y, z) be the corresponding homogeneous harmonic 

It IS now easy to shew that not only are the 2?H- 1 harmonics of the type 
OvT (^, 3/, z) linearly independent, but also the In + 1 harmonics of the type 
(^, 2/, z) are linearly independent 

In the first place, if a linear relation existed between harmonics of the 
type {x, y, z) then, when we expressed these harmonics in terms of con- 
focal coordinates (\, /i, v\ vfe should obtain a linear relation between Lam4 
functions of the type (^) where f = X + and it has been 

seen that no such relation exists 

Again, if a linear lelation existed between homogeneous harmonics of the 
type HrT (^, y, z), by operating on the relation with Niven's operator 

]> 

2(2n-l)'^2 4(2??-l;(2n-3) 

we should obtain a linear relation connecting functions of the type (x, y, z), 

and since it has just been seen that no such lelation exists, it follows that the 
homogeneous harmonics of degree n are Imearly independent 

23 46 Stieltjes' theorem on the zeros of Lame functions. 

It has been seen that any Lam6 function of degree n is expressible in the 
form 

m 

{e + ao*' {e + {6 + n (0 - e^), 

where /cj, ^ 2 . are equal to 0 or ^ and the numbers ^ 1 , 6^, d^, are real and 

unequal both to each other and to —a\ —h-, —c\ and |n = ))t+ /cj + + 

When Ku Ki, Ki are given the number of Lame functions of this degree and 
type IS wi + 1 


(§23 25 ), 

1 - 
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The remarkable result has been pioved by Stielties* that these m + 1 
functions can be arranged in order in such a way that the i th function of the 
set has r — 1 of its zeros'f" between — o* and — 6® and the remaining to — r + 1 
of Its zeros between - and -c\ and, incidentally, that, for all the to + 1 
functions, ^i, Q^, dm he between — and — c“ 

To prove this result, let (^j, <f)m be any real vanables such that 

(p = l,2, r-1) 

t- — c“, (p = r,r+l, m) 

and consider the product 

_ ,1 1 1 

n= n [|(<^p+a=)r- I \i<i>p + b^)\^‘^i + n 

This pioduct IS zero when all the variables <f)p have their least values and 
also when all have their greatest values , when the vanables <f>p are unequal 
both to each other and to — a*, — 6®, — c“, then n is positive and it is obviously 
a continuous bounded function of the vanables 

Hence there is a set of values of the vanables for which 11 attains its 
upper bound, which is positive and not zero (cf § 3 62) 

For this set of values of the variables the conditions for ft maximum give 
8 log n _ 9 log n _ 

, Hi Hi ~ ~ ' 

that 18 to say 

,1 ,1 1 

^^•^4 *°^4 ™ 1 

where p assumes in turn the values 1, 2, to 

Now this system of equations is precisely the system by which d^, d 
are determined (cf §§ 23 21-23 24) , and so the system of equations determining 
di, di, . dm has a solution for which 

j-a^<dp<-b^, (p=l, 2, r-l) 

(p = r, r + 1, to) 

Hence, if r has any of the values 1, 2, . to + 1, a Lam4 function exists 
with r — 1 of its zeros between — a^ and — 6“ and the remaining m — r + 1 
zeros between — 6* and — 

Since there are to + 1 Lamd functions of the specified t 3 rpe, they are all 
obtained when r is given in turn the values 1, 2, to + 1 , and this is the 
theorem due to Stieltjes 

* Acta Mathernatica, VI (1885), pp 821-826 

t The zeros - - foa, - c2 are to be omitted from this enumeration, only beintr 

taken into account • m e. 


Vf M A. 


36 
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An interesting statical interpretation of the theorem was given by Stieltjes, namely 
that if m-h3 particles which attract one another according to the law of the inverse distance 

111 

are placed on a line, and three of these particles, whose masses are ki+j, '^3+45®'^® 

fixed at points with coordinates — — c®, the remainder being of unit mass and free 

to move on the line, then log n is the gravitational potential of the system , and the 
positions of equihbrium of the system are those in which the cooidinates of the moveable 
particles are ^1, ^2, 1 © the values of 6 for which a certain one of the Lam6 functions 

of degree 2 {m+ k2+ kz) vanishes 


Example Discuss the positions of the zeros of polynomials which satisfy an equation 
of the type 




n {6 -a.) 

«=1 


where <#)r-2(^) is a polynomial of degree r— 2 m ^ in which the coefficient of is 


r 

— w{»i+r-l— 2 a*}, 
a=l 

m being a positive integer, and the remaining coefficients m ^r-2(^) determined from 
the consideration that the equation has a polynomial solution 

(Stieltjes ) 

2347 LamS functions of the second hind 

The functions (f), hitherto discussed, are known as Lam6 functions 
of the first land It is easy to verify that an independent solution of Lamp’s 
equation 

^ = {n(n + l)f + 5„’"} A 


is the function defined by the equation* 

and F„”' (f) is termed a Lain4 function of the second kind 


From this formula it is clear that, near w = 0, 

(f) = (2« + 1) {1 + 0 (m)} r u^{l + 0 (m)} du = m"+M 1 + 0 (u)}, 

Jo 

and we obviously have 

En^{i)^vr^ {l+OWI 

It IS clear from these results that (f) can never be a Lam6 function of 
the first kind, and so there is no value of BrU^ for which Lamffs equation is 
satisfied hy two Lamd functions of the first land of different species or types 

It IS possible to obtain an expression for Fn^{^) which is free from 
quadratures, analogous to Chnstoffers formula for Qn(^), given on p 333, 
example 29 We shall give the analysis m the case when E^J^ (^) is of the 
first species The only irreducible poles of (f)}^ qua function of ii, are 

at a set of points Ui^Uz, Un which are none of them penods or half periods 


* This definition gt the function is due to Heine, Journal f Ur Math xxix ( 1846 ), 

p 194 
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Near any one of these points we have an expansion of the form 

■^n’" (f) = Ai (u — Ur) + ki(u — UrY + (u — UrY + , 

and, by substitution of this series in the differential equation, it is found that 
IS zero. 

Hence the pnncipal paifc of (1^)}“ near Ur is 

1 

Atj- (u — ’ 

and the residue is zero 

Hence we can find constants Ar such that 


2 Ar^(u-Ur) 
r~l 

has no poles at any points congruent to any of the points , it is therefore 

a constant A, by Liouville’s theorem, smce it is a doubly periodic function 
of M 

Hence = Au-X^Ar(^(u — Ur) + f (i^)} 

Now the points u, can be giouped in pairs whose sum is zero, smce 
"»”* (f) IS an even function of u 


If we take = — Ur^^^ we have 


/. 


du 


hn 


0 (f)j* 


A.%(i X “h ^(*14 4“ “W*/*)} 


r=l 


and therefore 


= S Ar - *1 

r=l #> (m) - p (U,) 




■P'n”* (f) - (2?l + 1) {.!« - 25 - {u) % Ar] ErT' (S) + (u) j ( f), 

where is a polynomial in f of degree in - 1. 

Example Obtain formulae analogous to this expression for when ^ *'‘(^1 is of 

the seooud, third or fourth species 


23 6 hoiitiii s 6(j[ucitw7i VI (iS8oc%(it%OTit w%th J dcohicLTb €ll%ptic fuiict%ou$ 

All the results which have so far been obtained in connexion with Lamd 
functions of course have their analogues m the notation of Jacobian elliptic 
functions, and, in the hands of Hermite (cf § 28 71), the use of Jacobian 
elliptic functions in the discussion of generalisations of Lam^^s equation has 
produced extremely interesting results 

Unfortunately it is not possible to use Jacobian elliptic functions in which 
all the variables involved are real, without a loss of symmetry. 


36—2 
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The symmetrical formulae may be obtained by taking new variables a, /3, 
7 defined by the equations 

fa=^%K' + V(^i- 

J = y V(ei- 63), 

1^7 = iK ' w — 63), 
and then the formulae of § 23 31 are equivalent to 

os = — c^) sn a sn yS sn 7, 

. 2/ = — Q^jM) \J{a^ — c®) cn a cn /9 cn 7, 

2: = (t/i') — c®) dn a dn /S dn 7, 

the modulus of the elliptic functions being 



The equation of the quadric of the confocal system on which a is con- 
stant IS 


7^ 

(a- — b^) sn® a (a® — 6®) cn® a (a® — c®) dn- a 


This IS an ellipsoid if a lies between %K' and K 4- iK ' , the quadric on which 
^ IS constant is an hyperboloid of one sheet if ^ lies between K + iK' and 
Ky and the quadric on which 7 is constant is an hyperboloid of two sheets if 
7 lies between 0 and K , and with this determination of (a, )8, 7) the point 
(oj, y, z) lies in the positive octant 

It has already been seen (§ 23 4) that, with this notation, Lamp's equation 
assumes the form 

^2 A 

= (n (w. 4- 1) sn® a -f- -4.} A, 


and the solutions expressible as periodic functions of a will be called* («) 
The first species of Lamd function is then a pol5momial in sn® a, and generally 
the species may be defined by a scheme analogous to that of § 23 2, 

( sn a, cn a dn a, 

1, cn a, dn a sn a, sn a cn a dn a i ^ (sn®a — sn® Op) 
dn a, sn a cn a, J 


23 6 The %ntegial equation satisfied by Lami fmctiOTis of the fir^ and 
second speoies’\’ 

We shall now shew that, if E^(fi) is any Lamd function of the first 
species {n being even) or of the second species (n being odd) with sn a as a 

* There is no risk of confusing these with the corresponding functions (f)* 
t This integral equation and the corresponding formulae of § 23 62 associated with ellipsoidal 
harmonics were given by Whittaker, JProc London Math Soc. (2) xiv (1916), pp* 260-268* 
Proofs of the foi-niulae involving functions of the third and fourth species have not been 
previously published 
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factor, then " (o) is a solution of the integral equation 

r2jSr 

•E'n'" (a) = X I P„ (Js sn a sn d) (0) d0 , 

J -2K 

where X is one of the ‘ charactenstic numbers' (§11 23) 

To establish this result we need the lemma that P,i(Asnasn0) is 
annihilated by the partial differential operator 

To prove the lemma, observe that, when /x is written for brevity in place 
of A? sn a sn 0, we have 

r 02 02 'j 

= {cn ^ a dn“ a sn- 0 — cn- 9 dn^ 6 sn“ a} Pn' (fjb) 

+ 2Jc^ snasnd (sn® a — sn® 6) Pn (fi) 

= A® (sn® a - sn® 0) [(^® - 1) P," (/.) + 2/.P,/ (/.)] 

= ^® (sn® a - sn® 9)n(n + l) P^ (fj), 

when we use Legendre's differential equation (§ 15 13) And the lemma is 
established. 

The result of applying the operator 


to the integral 


il. 

0a® 

r2K 


IS now seen to be 
0a® 


/! 


'Zjr 

tx 


— n (n + 1) sn“ a — An^”' 

rix 

I Fn (k sn a sn 6) E^ (6) dd 

J -tx 

— w (n + 1) A;* sn* a — 


j- Pn (k sn a sn 0) E^ {0) d0 

’^fsx [{^ - « (» + 1) A-* sn* 5 Pn (k sn a sn (0) d0, 

and when we integrate twice by parts this becomes 

J -iX 




^ ^ En”*(0) - Pn (k sn a sn 0) 


( d* 1 

+ j ^P„(A!8nasn0) — n(w. + 1) A!»sn® = 0 


Hence it follows that the integral 

riX 

Pn (k sn a sn 0) (0) d0 

J -ijr 

IS annihilated by the operator 

d' 


dc0 


— n (n + 1) Jb* sn*a — An'”', 
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and it IS evidently a polynomial of degree n in sn“ a Since Lam4*s equation 
has only one integral of this type*, it follows that the integral is a multiple 
of (a) if it is not zero , and the result is established 

It apx)C,iif5 that evei^ chaifictoubtic immhei associated with the equation 

J —iK 

yields «i solution of Lamp’s equation, of Ince, Proc Ro^alSoc Edui \lii (1022), p]) 4d 5d 
ExamjpU 1 Shew that the nucleus of an integral equation satisfied by LamtS functions 
of the first species being even) or of the second species (tj being odd) with cn a as a 
factor, may be taken to be 

on a cn 6^ 

Example 2 Shew that the nucleus of an integial equation satisfied by Lamd functions 
of the first species {n being even) or of the second species {n being odd) with dn a as a 
factor, may be taken to be 

dn a dn 0^ 

23 61 The integral equation satisfied by Lame functions of the third and 
fourth species 

The theorem analogous to that of § 23 6, m the case of Lam6 functions of 
the third and fourth species, is that any Lamd function of the fourth species 
(n being odd) or of the third species {n being even) with cn a dn a as a factor, 
satisfies the integral equation 
r2K 

Sn”* (a) = X cn a dn a cn 0 dn (i sn a sn 0) (0) d0 

The prelimmaiy lemma is that the nucleus 

cn a dn a cn 0 dn (k sn a sn 6), 
like the nucleus of § 23 6, is annihilated by the operator 

& ~ ^ ~ ^ 

To verify the lemma observe that 
92 

{cn a dn aPf (k sn a sn 5)} 

= A® cn® a dn® a sn® dPn'^ (/j) — Sk sn a cn a dn a sn (dn® a -f cn® a) Pf" {fi ) 
- cn a dn a (dn® a + A® cn® a - 4A® sn® a) P/' (//.), 

and so 
0® 3® 1 

= A: cn a dn a cn 0 dn 0 (sn® a - sn® 6) {(^® - 1) P^*^ {ji) + B/aP/" {p) + 6Pn" (m)} 
= i® cn a dn a cn 0 dn 0 (sn® a - sn® 0) ^ {{fp — 1) P^' (/z)} 

= (w + 1) cn a dn a cn dn 0 (sn® a — sn® 6) P,/' (/^), 

* The other .solution when expanded in descendmg powers of sna begins with a term in 
(sn 
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23 61, 23 62] 


and the lemma is established The proof that (ot) satisfies the integral 
equation now follows precisely as in the case of the integral equation of § 23 6 

Eiiample 1 Shew that the nucleus of an lutegxal equation which is satisfied by Lam4 
functions of the foiuth species {n being odd) or of the third species {n being even) with 
sn a dn a as a factor, may be taken to be 


sn a dn a sn ^ dn ^ 


[ik A 

( cn a cn B\ 


Example 2 Shew that the nucleus of an integral equation which is satisfied by Lam^ 
functions of the fouith species (n being odd) or of the third species (n being even) with 
'tin a cn a as a factor, may be taken to be 


sn a cn a sn ^ cn BEn' dn a dn B^ 


Evample 3 Obtain the following three integral equations satisfied by Lam^ functions 
of the fourth species {n being odd) and of the third species {n being even) 

(1) B sn* „ („)=X cn a dn {k sn a sn ^ 

(ii) —B on* a AV" (a)=Xl^* sn adnal 


f p cn a cn Bj 


f 1 

dE^^{6)\ 

' de 

[sn d dn ^ 

"de '] 

dn a dn B^ 


LL_ 

dE,rm 


[sn ^ cn ^ 

dB J 


in the case of functions of even ordei, the functions of the different types each satisfy one 
of these equations only 


2362 Integral formulae for elhpsoidal harmonics 

The integral equations just considered make it possible to obtain elegant 
representations of the ellipsoidal harmonic Gn”^ (a?, g, z) and of the corre- 
sponding homogeneous harmonic («, y, z) in terms of definite integrals. 

From the general equation formula of § 18 3, it is evident that y, z) 

IS expressible in the form 

(•'<7, y,s:)’=f (x coat + y sin t + izYfif) dt, 


where f{t) is a peiiodic function to be determined 

Now the result of applying Niven’s operator D* to (a: cos i -I- y sin i + ts)** is 
a (w — 1 ) (a* cos* t + ¥ sin* < — c*) (a; cos t + y sin t + tz)”^, 

and so, by Niven’s formula (§ 23 26) we find that {x, y, s) is expressible 
in the form 


y, 


=i:.K- 


n(n — l) 
2 (2n — 1) 


©a 


^ 2 4(2«-l)(2»-3) ^ ^ 
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where 21 = cos t-\-y sm t + %z, 

93 = — c^) 003*“ t + (b^ — C-) sin* i}, 

so that 


y, z) = 


f' SB« P i a?co3< + ysin tj^z_ \ 

(2)i) ’ J — 0 ^) cos® t -{■{¥ — c®) sin® t])'^^ 


dt 


Now write sin^=cd^, the modulus of the elliptic functions being, as 
usual, given by the equation 


il® = 


a®-6® 
— c® 


The new limits of integration are — 3K and K, but they may be leplaced 
by - 2K and 2K on account of the periodicity of the integrand 

It is thus found that 


(., y , .) - /“ P. +2f ^ ,,, 


where ^ {d) is a periodic function of 6, independent of x, y, z, which is, as yet, 
to be determined 


If we express the ellipsoidal harmomc as the product of three Lam6 
functions, with the aid of the formulae of § 23 5 we find that 

(a) (^) (7)^=0 P„ (yu) <l> (6) dd, 

•I -tK 

where (7 is a known constant and 


/i s sn a sn yS sn 7 sn ^ cn a cn /9 cn 7 cn 0 

— (!/&'*) dn a dn/Sdn 7 dn 6 

If the ellipsoidal harmonic is of the first species or of the second species 
and first type, we now give ^ and 7 the special values 

& = K, 7 = K + ^K', 

and we see that 

cl Pn(kena sn ff) <f> ($) dd 

J —‘%1C 

IS a solution of Lamp’s equation, and so, by § 23 6, ^ {$) is a solution of Lamp’s 
equation which can he no other than a multiple of 

Hence it follows that 




where X. is a constant 


* If <!>($) myolved the second solution, the mtegial would not converge 
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23 63] 

If {x, y, z) be of the second species and of the second or third type 
we put 

ye = 0, y = K^%K\ 
or /3 = 0, y = K 

respectively, and we obtain anew the same formula 

It thus follows that if G'n’" (jc, y, z) be any ellipsoidal harmonic of the first 
or second species, then 

riK 

y,z) = X Pn{iJ-)lSn^{d)de, 

J -2 A" 

{x, y,z) = X j_^(k'x and + ycnd + izdn 6)^ (d) dd, 

^^ore fi = (k'x an^ + yc^[l^ + ^zd.xl 0)/\/(6“ - c“) 


23 63 Integral fommlae for ellipsoidal harmonics of the third and fourth 
species 

In order to obtain integral expressions for harmonics of the third and 
fourth species, we turn to the equation of § 23 62, namely 

nJK 

(a) Er:- (^) ErT (y)==0 P„ (^) ^ (ff) dS, 

, J -2K 

where 


s ^‘sn a sn >9 sn 7 sn 0 - (A VA'») cn a cn on 7 cn (9 - (1/Ar'“) dn a dn yS dn 7 dn ^ , 

this equation is satisfied by harmonics of any species 

Suppose now that E^”' (a) is of the fourth species or of the first type of 
the third species so that it has cn a dn a as a foctor 

We next differentiate the equation with respect to B and % and then nut 
E=‘E:,y = }C + iK'. ^ 

It is thus found that 


i-sjcL 9^07 J O- A,. ^ 






Now = - (•») dn . dn ^ <to O.), 


so that 


.'i;r 97 "J ^ dn OPf' (k sn asn 0) 


r2ic 

Hence I cn a dn a cn ^ dn 5 P„" {k sa a an 6) (6) d9 

J -SAT 

IS a solution of Lamp’s equation with cn a dn a as a factor , and so, by § 23 61, 
<{) (9) can be none other than a constant multiple of En”* (a) 
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We have thus found that the equation 

r2jKr 

On”* (O!, y, ^) = X P„ (ya) En”* (0) dd 

IS satisfied by any ellipsoidal harmonic which has cn a dn a as a factor , the 
corresponding formula for the homogeneous harmonic is 

■H«”* y,z) = \ — — (A'a;sn0+vcn0 + tsdn 0)” En”*(0) d0 

Example Shew that the equation of this section is satisfied by the ellipsoidal 
harmonics which have so a dn a or sn a cn a as a factor 


23 7 Generalisations of Lame's equation. 

Two obvious generalisations of Lamp’s equation at once suggest them- 
selves In the first, the constant B has not one of the characteristic values 
•®n^j for which a solution is expressible as an algebraic function of (u ) , and 
in the second, the degree n is no longer supposed to be an integer The first 
generalisation has been fully dealt with by Hermite* and Halphenf, but the 
only case of the second which has received any attention is that m which n is 
half of an odd integer, this has been discussed by BrioschiJ, Halpheng and 
Crawford 1 1 

We shall now examine the solution of the equation 


where B is arbitrary and nis a positive integer, by the method of Lindemann- 
Stieltjes already explained m connexion with Mathieu’s equation (SS 19 5 - 
19 52) 

The product of any pair of solutions of this equation is a solution of 

die 

_ _ 4 { n (n + 1) p (u ) + 15} ^ - 2n (w + 1 ) j>' (w) Z = 0, 

by § 19 52 The algebraic form of this equation is 

-4{(»*+«-3)^ + i?}^-2n(n + l)Z = 0 

If a solution of this in descending powers of f - 62 be taken to be 

(c.= l) 

y=s0 


* CompteH Rendvs, lxxxv (1877), pp 689-695, 728-732, 821-826 
i JFonctiom Elliptiques, ii (Pans, 1888), pp 494-502 
t Comptea Bendus, iixxxyi (1878), pp 313-316 
§ Fonettons JElhptiques, n (Pans, 1888), pp 471-478 
II Quarterly Journal, xxvn (1895), pp 93-98 
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lam:^i’s equation 


the recurrence formula for the coeflScients c, is 
4r (n — r + J) (2n — r + 1) Cy 

= (n — r + 1) {12^2 (n - r) (n - r + 2) - 4^2 — 3) - 45} Cy_a 

- 2 (n- r + 1) (w - r + 2) (ei - e^) (e^-es) (2n - 2r + 3) c ,-2 
Write r = W + 1, and it is seen that Cn+i = 0 , then write r = n + 2 and Cn+a = 0 , 
and the recurrence formulae with r>n-\-2 are all satisfied by taking 

“ <5n+4 “ “0 

Sence Lame's general%sed equation always has two solutions whose product 
IS of the form 

r =0 

This polynomial may be wntten in the form 

n {p(M)-g)(a,)}, 

?**1 

where Og, a^ are, as yet, undetermined as to their signs ; and the two 
solutions of Lamp’s equation will be called Ai, Aa 

Two cases arise, (I) when Ai/Ag is constant, (II) when Aj/Aa is not 
constant 


(I) The first case is easily disposed of, for unless the polynomial 

n {?-«>(«.)} 

r=sl 

IS a perfect square in multiplied possibly by expressions of the type f 
52> f — then the algebraic form of Lamp’s equation has an indicial 
equation, one of whose roots is | , at one or more of the points f ^ (a^) , and 
this IS not the case (§ 23 43) 

Hence the polynomial must be a square multiplied possibly by one or 
more of f — ei, f — ^ 2 , ? — ^8» and then Ai is a Lam6 function, so that B has 
one of the characteristic values BrT , and this is the case which has been 
discussed at length in §§ 23 1-23 47 


(II) In the second case we have (§ 19 63) 


where S is a constant which is not zero Then 
[ ^ ^ l^g Ai _ 2(£ 

du du X ^ 

I d log Afl ^ d log Ai _ 1 dX 
du du X du ' 


so that 


d log Ai _ 1 dX S 
du 2X du X * 


d log A 2 ^ ^ 

du ~ 2X du 


X 
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On. integration, we see that we may take 

Ai = V-X” exp ® 

Again, if we differentiate the equation 

Ai du~'iX du X’ 

we find that 


1 d^A, f 1 dA^r _ 1 d^X _ 1 /cjZy 

Ai du‘ (Ai du\ 2X dti^ 2X^\du) X^ du ’ 


and hence, with the aid of LamAs equation, we obtain the interesting 
formula 




l2z du) +r«- 


If now ^rz=fp (ar), we find from this formula (when multiplied by X®), 
that, if u be given the special value Or, then 


(dXV 4S® 

We now fix the signs of Oj, a„ On by taking 

2g 

\d^) f {ar) 

And then, if we put 2®/Z, qua function of f, into partial fractions, it is seen 
that 

2S 3 (dr) 

T ^ - Or) - r (» + a.) + 2C(a,)}, 

and therefore 


x-i = {f (m) - p (Or)} j ^ 

X ®^P [^5 (®r + v) - log <r (a, - m) - 2w(f (Or)} 
whence it follows that (§ 20 53, example 1) 


and 


A 

A, 


fl { 

r=l 


€r (ar + u) 
<r (u) <T (ar) 


exp 


2 f(a^) 

\ r=l 


^ f <r (Or - w) ) f « ) 


The complete solution has therefore been obtained for arbitrary values of the 
constant B 
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23 71 The J %c6lnan form of the gemraUsed Lame equation 
We shall now construct the solution of the equation 

^ = {n (>1 + 1) sn“ a + -4} A, 

foi general values of A, in a form resembling that of § 23 6 

The solution which corresponds to that of § 23 6 is seen to be* 

A = n ePa 

,=il (S)(a) J ’ 

where p, Uj, Uj, are constants to be determined 
On differentiating this equation it is seen that 

-~ = I ( H^ (« + «,) @7a)) 

Ada ,=i(H(a + ar) 

= 2 {Z (a + a, + iK') — Z (a)) + p + 


so that 


1 d^A 
A do^ 


fl dA)“ » 

-Ia^I ^d^^«+«, + ^i^0-dn=«l, 
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and therefore, since A is a solution of Lamp’s equation, the constants p, Oj, 
Oj, . a,, are to be determined from the consideration that the equation 

)l(n + l)^'»8n«a^- A = 2 {dn» (a + ') - dn* a] 

r«l ^ 

+ {Z (a + Oy + iK') — Z (a)} ■+ p + 

IS to be an identity, that is to say 


>i®i=sn®a + n + A + 2 cs»(a + a,.) 

r^l 

~ [r-i “>• 2 («)}+/» + ^nm/Kj 

Now both sides of the proposed identity are doubly peiiodic functions of 
a with periods 2K, 2iK', and their singularities are double poles at points 
congruent to —iK', —a.y, — Ou, —an, the dominant terms near —iK' and 
— Or are respectively 

if_ 1 

{a + iK'f^ {a-Vor'T 

in the case of each of the expressions under consideration. 

The residues of the expression on the left are all zero and so, if we choose 
®i, Hj, «» SO that the residues of the expression on the right are zero, 

* solution WM published in 1872 to Hermite’s lithographed notes of his lectures delivered 

at the Boole polyteohnique. 
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it will follow from Liouville’s theorem that the two expressions differ by a 
constant which can be made to vanish by proper choice of A 

We thus obtam n-\-2 equations connecting p, «!, Oa, with A, but 
these equations are not all independent 

It IS easy to prove that, near — a,., 

S {Z (a + + %K') — Z (a)} + p + \ifimlK 

r=l 

= — ^ — h 2' Z (op — a, + iK') + wZ (oy) + p + ~ 1) + 0 (a + a,), 

CL~t CLf ps=i 

where the prime denotes that the term for which p = r is omitted , and, neai 
-%K\ 

S {Z (a + otr + — Z (a)} + p + \7nT%IK 


?*=-i 


Hence the residues of 




T 


S {Z (a + Or + - Z (a)} + p + ^nmjK 

L»--i J 

will all vanish if p, aj, ofa; » are chosen so that the equations 

2^ Z (op — oty H“ + ^iZ (a^) + p 4* -J- (w — 1) TT^/jf = 0, 

p=i 

^ Z (tty) 4 p = 0 

Vr=l 

are all satisfied 

The last equation merely gives the value of p, namely 

- 2 Z (Oy), 

r=l 

and, when we substitute this value m the first system, we find that 

i [Z (ttp - Oy 4 %K') 4 Z (tty) - Z (Op) 4 iTTt/Z] = 0, 

P“i 

where r = 1, 2, n By § 22 735, example 2, the sum of the left-hand sides 
of these equations is zero, so they are equivalent to 71 — 1 equations at most , 
and, when ttj, Wg, have any values which satisfy them, the difference 




J^k^sn^a + n + A-h 


S cs®(a4ay)^ 

- 1^ ijz («+ <V + ^K') - Z (a) - Z (o,) + 
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lamp’s equation 


IS constant. By taking a = 0, it is seen that the constant is zero if 


n + ^+ i cs*a,= r 2 {Z (a, + - Z (“r) + 

j=l [r^l J 

( n 'j2 n 

1 e if 2 cn ofr ds Of, V — 2 ns^ Of,. == ^. 

U=1 j r=l 

We now reduce the system of n equations , with the notation of § 22 2, if functions of 
cp, ttr be denoted by the suffives 1 and 2, it is easy to see that 

Z {cLp — CLr + lK') -fz (tty) — Z (ttp) -{-^TTlfK 

= Z (a,, - ay + iK') + Z (a,.) - Z (op + tIC) + Ci di /«i 
= sn (ap + iK') sn sn (ap + %K* - a,.) + Ci ofi jsi 

— ^2 . <?l^l 

«isn(ap-rty) 

(j?i02d2 + ^2^ ldi) 4“ Cl di 

^1 — ^2^) 

— ^i<?id i+a2 g2<^ 

Consequently a solution of Lamp’s equation 




{?i (n 4- 1) A^sn’* a+ -4} A 


IS A = exp {- aZ (a,)} j , 

provided that oti, Oj, «„ be chosen to satisfy the n independent equations 
comprised in the system 


sn Op on gy dn dp + sn «y on d n «y ^ ^ 

' sn^Op — sn*a, ~ ™ ’ 


pwl 


r S "la « 

2 cno^ds Or — 2 n8*Or=®A, 

L^“l J r«l 


and if this solution of Lamp’s equation is not doubly periodic, a second 
solution IS 

The existence of a solution of the system of n + 1 equations follows from 
§237 
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Miscellaneous Examples 


X Obtain the formnla 


<?« (». y, if) (^> y> *) 


Shew that 
B, 


(Niven, PM Trans 182 a (1891), p 246) 


r /I 1 d\ ^ ^ (-)^ (2n )t Hn{a>,V,z) 

dz) 2" (^+^2+^2)«+4 

(Hobson, Proc London Math Soc xxiv.) 

3 Shew that the ‘ external ellipsoidal harmonic’ (I) (i?) En^ {() is a constant 

multiple of 


^•(b- V l)('^ 


IP 




: + 


)sf 


1 


s/(a^+y^+z^) 


2 (271 + 3) 2 4(2?i+3) (27i + 5) 

(Niven, and Hobson, Proc London Math Soc xxiv ) 

4 Discuss the confluent form of Lamp’s equation when the invanants and g^ of the 
Weierstrassian elliptic function are made to tend to zero , express the solution m terms of 
Bessel functions 

(Haentzschel, Z&itschnft fdr Math und Phys xxxi.) 

5 If denotes ^-^5;^exp[{X~Z(fi)}a], where X and /i are constants, shew that 
Lamp’s equation has a solution which is expiessible as a linear combination of 

’ 

where X® and sn^fi are algebraic functions of the constant A 

6 Obtain solutions of 


(Hemiite ) 


7 Discuss the solution of the equation 


(Stenberg, dc^a JfhzJA x) 


«( 2 :--l)( 0 -a)-^ + [(a + ^+l) s®— {a+^ — §+l + (y+§) a}z+ay] ^ + ap (z ^ q) y ^0 


in the form of the series 


1 + 0)3 S 


^n{q)izlaY 


w=iw’7(y+l) (y-fw)’ 

where Gi (q)==q, {q) = a^q^+{ia+fi^B’\-l) + {y+8) a} ^-ay, 

(^)— [2i{(a+^ — d+w) + (y+6+7i.— 1) al + a^g'] G^{q) 

— (o+Ti — 1) (^+^1— 1) 1) naGn„i (q) 

(Heun, Math Ann xxxiii ) 
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8 Show that the exponents at the singulaiitics 0, 1, a, « of Heun’s equation aie 

fO, 1-y), (0, 1-S), (0, 1-e), (a,^), 

wheie y+d+«=o+/J+l 

(Heim, Mat/i Ann xxxiii ) 

9 Obtain the following gioup of variables foi Heiin\s equation, coi responding to the 
gioup 

. 1 ^ ^—1 
*** z'* \~z^ z-^V z ’ 

foi the hyporgeomeUic equation 


1 

1 

1 

z 

z 

-1 


1 1 Zy 


1-r’ 

z^V 





a 

a 

z 


z- a 


’ a 


a — z* 

Z’-a 

j 



z-l 

i-a 

a- 

1 a 

~a 

■g-l 


a-1' 

z — a 

> ■ 

4< — 

V Z 

-1’ 

z-a^ 


-1). 

a{z-l) 

a (z 

-1) 

z 

—a 

{l--a)z 

~y 

z-a 

’ jr- 

■1).’ 

(T- 

-a)z^ 

z^a 


(Heun, Maih Ann xxxiii ) 

10 H the series of example 7 be called 

F{a, ft 7 , a, z\ 

obtain 192 solutions of the difieiontial equation in the foim of powers of 1 and 
multiplied b) functions of the type F 

[Houn gi\es 48 of these solutions ] 

11 If ww2o, shew that Lamci’s equation 


may lie tiansformed into 


h} the substitution 

A-r(v)}-«x 

12 If f = p (v), shew that a formal solution of the equation of example 11 is 

Z=. S 

rasO 

piovided that (a-5!«) {a-n+i)m.o 

and that 

4(a-r-2«)(fl-?->n-i)6,+ [12e^(a-r+l)(a-»'-2w+l)+4eji« (2«-l)-4i3]6,., 

- 4 («! — Sj) (Sj — «,) (a - »• + 2) (tt - r - » + §) 6, _ j BE 0 

(Brioschi, Compte» lietidvi, Lxxxvi (1878), pp 213-316 and Halphoii ) 

13 Shew that, if n is half of an odd positive integer, a solution of the equation of 
example 11 expi'essible m hnite form is 


W, M A 
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provided that 

4 r +[1262 ( 2 m— / + 1 ) - 1 ) - 4^2^ ( 2 ?i - 1 j + 4 B] _i 

+ 4 (61-62) (62-0 ( 271 -? +2) (?i-? +^)6, -2 = 0, 


and IS so determined that 




(Biioschi and Halphcn ) 
14 Shew that, if n is half of an odd integer, a solution of the equation ot example 11 


expressible in finite form is 


JJ-O 


(Orasvfoid ) 


provided that 

4p {n +^ +i) bp - [1262 -p+h) ” i) “ 46271 (2?i - 1 ) + 42?] l/p^i 

+ 4 (61 - 62) (60 - 63) (71 -^ + i) ( ji? - 1 ) b'p _ 2 « 0 

and is the equation which detei mines B 

15 With the notation of examples 13 and 14 shew that, if 
V =(-)'’ i^i - (^2 - h) i » 

the equations which determine ci, aie identical with those which detennine 

Ky ^ly deduce that, if one of the solutions of Lamp’s equation (lu which n is 

half of an odd integer) is expressible as an algebraic function of (v), so also is the other 

(Oiawford ) 

16, Piove that the values of B determined m example 13 are real when 61 , 62 and 
are real 

17 Shew that the comiilete solution of 

where A and B are aibitrary constants 

(Halphen, Mem par diveis mvants^ xwiii ( 1 ), (1880), p J05-) 

18 Shew that the complete solution of 

18 A= {sn i (O'- a) on J ((7- a) dn 4 {C - a)}“i {A + 5 sn^ ^ (C- a )} , 

wheie A and JB aie arbitiary constants and C=^K+iIC 


(Jamet Compter RenduSy oxi ) 



APPENDIX 

THE ELEMENTARY TRANSCENDENTAL FU^XTIONS 

A 1 Oil ceitain ) emits assumed in Chapins I-IV 

It was convenient, in the first four chapters of this work, to assume some of the 
properties of the elementary tianscendental functions, namely the evponontial, logarithmic 
and circular functions , it was also convenient to make use of a niimbei of lesults which 
the readei would be picpaied to accept intuitively by leason of his familiarity w^ith the 
geometrical lopiesentation of complex numbeis by means of points in a plane 

To take two instances, (i) it was assumed (§ 2 7) that Inn (exp s) := exp (lim ^), and 
(ii) the geometiical concept of an angle in the Aigand diagiam made it appear plausible 
that the argument of a complex numbei was a many-valued function, possessing the 
piopeity that any two of its values difieied by an integei multiple of 2ir 

The assumption of results of the fiist type ^Ycls cleaily illogical , it was also illogical to 
base arithmetical results on geometrical reasoning Foi, in cider to put the foundations 
of geometiy on a satisfactory basis, it is not only desirable to employ the avioms of 
arithmetic, but it is also necessary to utilise a tuithor set of axioms of a more definitely 
geometrical character, conceirmig propoities of points, straight lines and iilanes^*^ And, 
fuithei, the ai ithiiietical theory of the logaimhni of a complex niunboi appears to be 
a necessary prehininaiy to the development of a logical theoiy of angles 

Apart fiom this, it seems unsat isfactoiy to the aesthetic taste of the mathematician to 
employ one branch of mathematics as an ossciituil constituent in the structure of another , 
particularly when the foiniei has, to some extent, a luateiial basis wlieieas the latter is of 
a purely alistiact nature f 

The reasons foi pursuing the somewhat illogical and unaosthetic procedure, adoptoil in 
the oarliGi part of this woik, wore, firstly, that the properties of the oloinontary transcen- 
dental functions wore lotiuired gradually iii the course of Chaptoi ii, and it soemed 
undesirable that the course of a gonerul dovolopmont of the vauous iiitimte processes 
should be frequently iiiteriuptod m oidei to piove tliooienm (with which the reader was, 
in all piobability, alioady fanuhai) conceiiuiig a single iiorticular function , jind, socoiidly^ 
that (m connexion with the assumption of lesults based on geometrical toiisiderations) 
a puioly ai ithmotioal mode of dovolopmont of (’haptom i -iv, domuig no help oi illus- 
tiations horn geometiical pi ocessos, would have \ei} gieatly lucieased Iho ditiicultics of 
the reader unacquainted with the methods and tlie spiut of tlio analyst 

It IS not our object to give any account of the foundationH of geometry iti this work They 
are investigated by various vviiteis, such as Whitehead, Lrioms of Viojective Ueometiy (Cambridge 
Math Tracts, no 4, 1906) and Mathews, Viojedive Geometiy (London, iqi4) A povusal of 
Chapters i, xx, xxii and \xv of the latter vvoik will cnnvnico the readoi that it is uvea moio 
laborious to develop geometiy m a logical inanuei, fioui the muinuum number of axioms, than 
It IB to evolve the theory of the circular functions by purely analytical muthods A (‘ompletc 
account of the elements both of aiithmetic and of geometry has been givtm by Whitehead and 
Russell, Puncipia MuthemaUca (1910-1916) 

f Cf Merz, Htstoiyof Bxnopean Thought nt the Nineteinth Centuiy^ ii, (London, 1908), pp 681 
(note 2) and 707 (note 1), vvheie a lettoi fioni Wcioistiasa to Sohvvarss is quoted Bee also 
Bylvestei, P/n( Mag (6), ii (1876), p mi [Math iin (1909), p 60] 
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A* 11 Summai y of the Appetidix 

The general coulee of the Appendix is as follows 

111 A2-A22, the exponential function is defined b} a power senes From this 

definition, combined with results contained m Chaptei ii, are deiived the elementary- 
properties (apart from the periodic properties) of this function It is then easy to dedute 
corresponding properties of logarithms of positive numbers (§§ A Z-X 33) 

Next, the sine and cosine are defined by power series from which follows the connexion 
of these functions with the exponential function A brief sketch of the manner in which 
the formulae of elementary trigonometry may be derived is then given (§§ A 4- A 42) 

The results thus obtained render it possible to discuss the periodicity of the exponential 
and circular functions by purely arithmetical methods (g§ A 6, A 61) 

In §g A 52-x^ 522, we consider, substantially, the continuity of the inverse circular 
functions When these functions have been investigated, the theory of logarithms of 
complex numbers (§ A 6) presents no further difficulty 

Finally, m § A 7, it is shewn that an angle, defined in a purely analytical manner, 
possesses properties which are consistent with the ordinary concept of an angle, based on 
our expenence of the material world 

It will be obvious to the reader that we do not profess to give a complete account of 
the elementary tianscendental functions, but we have confined oui’selves to a brief sketch 
of the logical foundations of the theory ♦ The developments have been given by writers 
of various tieatises, such as Hobson, Plane Trigonometi^y , Hardy, A course of Pure 
Mathematics , and Bromwich, Theory of Infinite Seines 

A 12 A logical o) der of development of the elements of A nalysis 

The readei will find it instructive to read Chapters i-iv and the Appendix a second 
time in the following oi der 

Chapter i (omitting + all of § 1 6 except the first two paragraphs) 

Chapter ii to the end of § 2 61 (omitting the examples m §g 2 31-2 61) 

Chapter in to the end of § 3 34 and §§ 3 5-3 73 
The Appendix, §§ A 2-A 6 (omitting §§ A 32, A 33) 

Chapter li, the examples of §§ 2 31-2 61 
Chapter in, §§ 3 341-3 4. 

Chapter iv, inserting §§ A 32, A 33, A 7 after § 4 13 
Chaptei II, §g 2 7-2 82 

He should try thus to convince himself that (in that ordei) it is possible to elaborate 
a purely arithmetical development of the subject, in which the graphic and familiar 
language of geometry J is to be regarded as merely conventional 

^ In writing the Appendix, frequent reference has been made to the article on Algebraic 
Analysis in the EneyUophiie der Math^ WissenscTiaften by Pnngsheim and Faber, to the same 
article translated and revised by Molk for the Encychpddte des Sciences Math , and to Tannery, 
Introduction a la Thione des Fonctions d*une Vanahle (Pans, 1904) 

t The properties of the argument (or phase) of a complex number are not required in the 
text before Chapter a 

$ E g ‘a point * foi ‘an ordered number-pair,* ‘the circle of unit radius with centre at the 
ongin’ for ‘the set of ordered number-pairs (a?, y) which satisfy the condition ‘ the 

points of a straight hne’ for ‘the set of ordered number-pairs {x, y) which satisfy a lelation of 
the type Ax-^By + O =0,* and so on 
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A 2 The eocponential function exp z 

The exponential function, of a complex variable is defined by the senes* 
exp.=l+-H.- + _+ 

This senes converges absolutely for all values of z (real and complex) by D^Alem berths 

ratio test (§ 2 36) since lim | (z/n) | = 0<1 , so the definition is valid for all values of z 
11^00 


Further, the senes converges uniformly throughout any bounded domain of values o^z, 
for, if the domain be such that \z\^R when « is in the domain, then 

I (z^ln ») I ^ R^/n t, 

and the uniformity of the conveigence is a consequence of the test of Weierstiass 3 34), 
by reason of the convergence of the series 1+ 2 (R^^jn ’), in which the terms are indepen- 

jt I jf 

dent of z 


Moreover, since, for any fixed \aluo of «, is a continuous function of it follows 

from § 3 32 that the exponential function is continuous for all values of z , and hence 
(cf § 3 2), if 0 be a variable which tends to the limit f, we have 

lim exp «=exp f 


A 21 The addition-theorem for the exponential function^ and its consequences 

From Cauchy’s theorem on multiplication of absolutely convergent senes (§ 2 63), it 
follows thatt 

(expx.)(expea) = (l+i+*^+. )(l+^+gV .) 

_1 .1*1+ *2 I *1* + 2*,*2 + *2* , 

1! + Ti 

=exp(«i+*a), 

so that exp(*i+* 2 ) can be expressed in terms of exponential functions of *i and of 2, by 
the formula 

exp {zi H-ea) « (exp z^) (exp z^) 

This result is known as the addition-theorem for the exponential function From it, 
we see by induction that 

(exp zi) (exp ^a) (exp ^O-exp {zi-^z^+ ^z,,\ 

and, in particular, 

{exp^;} {exp (-«)}« exp 0 = 1, 

From the last equation, it is apparent that there is no value of z for which exp«=0 , 
for, if there were such a value of z, since exp(-'«) would exist for this value of z, we 
should have O™ 1, 

It also follows that, when x is real, exp x>0 , for, from the series definition, exp ^ > 1 
when^^O, and, when r<0, exp^»l/uxp(- a)>0. 

* It was formerly customary to define exp;!! as hm ( i+iV* , of, Cauchy, Couis d Analyse^ i 

p 167 Cauchy (ihid, pp 168, 809) also derived the properties of the function from the series, 
but his investigation when z la not rational is incomplete. See also SchlOmiloh, Bandbuch der 
alg Analysis (1889), pp 29, 178, 2i6 Hardy has pointed out {Math. Gazette, xii p 284) that 
the limit definition has many disadvantages 

t The reader mil at once verify that the general term in the product series is 
(«i'* +n n Ca^i**-* V -f -rzj^^yn l=^{z^ + z^)^ln 1 
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Furthei, expjt is an increasing function of the real vaiiable % , for, if k>0^ 
exp (57+^)— exp 47= exp ^ {exp^ — 1}>0, 
because exp4?>0 and exp ^>1 

Also, since {expA- 1)/A=1 -f (A/2’) + (/i2/3 , 

and the series on the right is seen (by the methods of § A 2) to be continuous for all 
values of A, we have 

lim {exp A- 1}/^=1, 


and so 


c?exp2f 

~dr' 


A-H) ^ 


= exp5: 


A 22 Various 'properties oj the exponential function 

Returning to the formula (exp (exp 22) (expO = exp(jZi+2:24* -f we see that, 
when 71 IS a positi\e integer, 

(exp 2)*^= exp {nz\ 

and (exp 2:)*"" = 1 / (exp «)” = 1 /exp {nz ) = exp ( - nz) 

In paiticular, taking s=l and writing e in place of exp 1 = 2 71828 , we see that, 
when m is an integer, positive or negati\e, 

fpn — = 1 4. [rfijl ’) + {m^j2 ') + 

Also, if /X be any lational number {=plqy wheie p and ^ aie integers, q being positive) 
(exp /a)« = exp fiq = exp p = 

so that the ^th po\\ei of exp/x is that is to say, exp /it is a value of eP/«=e^, and it is 
obviously (§ A 21) the real positi\e value 

If V be an irrational-reiil number (defined by a section in which «! and az are typical 
members of the A-class and the i2-class respectively), the irrational power e* is most 
simply defined as exp x , we thus have, for all real values of 4;, rational and iriational, 

«*=i+p+^+ , 

an equation first given by Newton* 

It IS, theiefoie, legitimate to write e* for exp 47 when 47 is real, and it is customary to 
write <3® foi exp 4: when z is complex The function e* (which, of couise, must not bo 
regarded as being a power of c), thus defined, is subject to the ordinary laws of indices, vi2 

^ ef=e®+f «-* = !/«* 


[Note Tannery, Lei^ons d^Alg^he et d^ Analyse (1906), i p 45, practically defines e*, 
when 47 IS irrational, as the only number X such that ^ for every ay and 

From the definition we have given it is easily seen that such a unique number exists 
For exp x{—X) satisfies the inequality, and if X* {^X) also did so, then 

exp ^2 ~ 661 = 0““ - ^ I A"' - AT I , 

so that, since the exponential function is continuous, a^-a^ cannot be chosen arbitiarily 
small, and so («!, af) does not define a section ] 


* De Anahjsi pet aeqiiat mm teim inf (wutten before 1669, but not published till 1711), 
it was also given both by Newton and by Leibniz m letters to Oldenburg in 1676 , it was first 
published by Wallis m 1685 in his Tieatise on Algebra, p 343 The equation when x is irrational 
was explicitly stated by Schlftmilch, Handhuch der alg Analysis (1889), p 182 
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A*3. Logarithms of positive numbers* 

It has been seen (§§ A2, A 21) that, when x is leal, exp^ is a positive continuous 
increasing function of and obviously e\p a?-^-hao asA-^+oo, while 

exp ^^l/exp(-^)->-0 as a?-^-oo 

If, then, a be any positive number, it follows fiom § 3 63 that the equation m a, 

exp ^ = ct, 

has one iml loot and only one This root (which is, of course, a function of a) will be 
written t Log^a oi simply Log a , it is called the Logarithm of the positive number a 

Since a one-one coriespondence has been established between x and and since a is 
an increasing function of i?, x must be an increasing function of a , that is to say, the 
Logaiithm is an increasing function 

Example Deduce from § A 21 that Loga+Log6=Log«?> 

A 31, The covtinuUy of the Logarithm 

It will now be shewn that, when a is iiositive, Log a is a continuous function of a 

Let Log«=^, Log(a-l-A)=s^+i^, 

so that l+(A/a)=^d* 

First suppose that /^>0, so that ^>0, and then 

1 -h(A/a)=' 1 + ♦ >1+^, 
and so 0<l<hja^ 

that IS to say 0< Log {a -f A) - hog a^hja 

Honco, h being positive, Log(a-|-A)-IiC)ga can be made arbitianly small by taking A 
suflfiK lontly small 

Next, suppose that /i<0, so that i?<0, and then a/(a+A)«c‘“^ 

Hence (taking 0< as is obviously penmssible) we get 

a/(a-b/0-l-f(-A) + 4F+ . >1-A, 
and so - /{ < - 1 + «/(« + A) =« — A/(tt + A)< — ^kja. 

Therefore, whethei h bo ])o»itivc oi negative, if € be an aibitrary positive number and 
if I A I bo taken less than both Ja and |af, wo have 

I Log (« -h A) - Log a I <€, 

and HO the condition for continuity (§ 3 2) is satisfied 

A*32* Liffci entiation of the Logarithm 

Retaining the notation of A31, we see, from results there proved, that, if A-*-0 
{a being fixed), then also Therefore, when a>0, 

o^Loga , All 

Since Log 1»«0, we have, by § 4 13 example 3, 

Loga« 

* Many mathematicians define the Logarithm by the integral formula given m § A. 82 The 
reader should consult a memoir by Hmwitz {Math Am, lxx (1911), pp 88-47) on the founda- 
tions of the theory of the logarithm 

t This IS in agreement with the notation of most text books, in which Log denotes the 
principal value (^ee g A 6) of the logaiithm of a complex number 
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A 33. The expansion of Log (1 -i-a) in powers of a 
From § A 32 we have 

Log(l+a)— J + 

= a-^a2+Ja3- 

iere R^=(-yj“t'<-{l+t)-^dt 

Now, if - l<a<l, we have 

|^«|^ 'f'Cl-laD-’di 

= |ci|»+i{(n+l)(l-|a|)}“i 
^0 as 71-^00 

Hence, when •-l<a<l, Log(l+a) can be expanded into the conveigent senes* 


If a= 4-1, 


Log(l4-a) = «-itt24-^a3- =± 2 

n=l 


I ^ I = (1 + l)-i-^0 as M-* 

so the expansion is valid when a= 4- 1 , it is not valid when ~ 1 


Example Shew that 


hm (l 4--) =e 
<n-*»(3o v nj 


[We have lim ^ilogfl4--)= hm \ 

= 1 , 

and the result required follows from the result of § A 2 that hm 
A*4 The definition of the sine arid cosine 

The functions t sin z and cos ^ are defined analytically by means of power senes, thus 

3in;3 = 2 1 S I: — 

3>^6I nio (27^+1)’’ 

2,2 ^4 Qc / \ttj2M 

COS2f=l —4 — =14- 2 L_i 

(270' * 

these senes converge absolutely for all values of z (real and complex) by § 2 36, and so the 
definitions are valid for all values of z 


On comparing these senes with the exponential series, it is apparent that the sine and 
cosine are not essentially new functions, but they can be expressed in terms of exponential 
functions by the equations}: 

2^sm «=exp {iz)‘-exp{-iz\ 2 oos 2 =exp (ie)4-exp (-i«:) 

* This method of obtaining the Logarithmic expansion is, m effect, due to Walhs, PhiL 
Tram n (1668), p 764 , 

t These senes were given by Newton, De Analyst (1711), see § A 22 footnote The other 
tngonometrical functions are defined in the manner with which the reader is familiar, as 
quotients and reciprocals of sines and cosines 

t These equations were derived by Euler [they were given in a letter to Johann Bernoulli in 
1740 and published in the Stst Acad Berlin v (1749), p 279] from the geometrical definitions 
of the sme and cosine, upon which the theory of the circular functions was then universally 
based 
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It IS obvious that sm z and cos z are odd and even functions of z respecti\ ely , that is 
to say 

sin (-;?)=- sin 0, cos ( - 2) — cos z 
A 41. The fundamental pi opei ties of sm z and cos z 

It may bo proved, just as in the case of the exponential function (§ A 2), that the senes 
for sin;5 and cos0 conveige uniformly in any bounded domain of values ot 2:, and con- 
sequently that sm z and cos z are continuous functions of z for all values of z 
Fuitlier, it may be pioved in a similar manner that the series 


defines a continuous function of z for all values of 2, and, m particular, this function 
IS continuous at 2=0, and so it follows that 

lim (2risin2) = l 


A*42 The addition-theoi ems for sin z and cos z 

By using Eulei’s equations (§ A 4), it is easy to prove from properties of the exponential 
function that 

sin -1- 22) = sm 2i cos z^ -h cos sin 22 

and cos (2^ -f- 22) *= cos Zi cos z ^ — sin sin 2^ , 

these results are known as the addition-theorems for sin 2 and cos 2 


It may also bo proved, by using Euler’s equations, that 

sm2 2-l-cos2 2«l 


By means of tins result, sin(2|+'22) can be expressed as an algebraic function of sm2i 
and 811122, while 008(21-1-22) can similarly bo expressed as an algebraic function of cos 21 
and cos z ^ , so the addition-formulae may be regarded as addition-theorems in the strict 
sense (cf §§ 20 3, 22 732 note) 

By differentiating Euloi’s equations, it is obvious that 


c:?sin2 

dz 


sCOS2, 


ggC0S2 

dz 


-sm2 


Example Sheiy that 

sin 22*0 2 sin 2 cos 2, oos22=w2cos^2--l , 
these results are known as the duplication-formulae 


A*5 The periodicity of the exponential function 

If 2i and 22 are such that exp2i«exp22, then, multiplying both sides of the equation by 
exp (-22), we get exp (2i-22)*al , and writing y for 21-22, we see that, for all values of 2 
and all integral values of 

exp (2 -h ny ) = exp 2 (exp *■ exp 2. 

The exponential fluiction is then said to have pm iod y, since the effect of increasing 
2 by y, or by an mtegial multiple thereof, does not afifect the value of the function. 

It will now bo shewn that such numbers y (other than aero) actually exist, and that all 
the numbers y, possessing the property just described, are comprised m the expression 

27iiri, ±2, ±3, .) 

where tt is a certain positive number* which happens to be greater than 2 n /2 and less 
than 4 


* The fact that v is an irrational number, whose value is 8 14159 , is irrelevant to the 

present investigation For an account of attempts at determining the value of r, concluding 
with a proof of the theorem that tt satisfies no algebraic equation with rational coefficients, see 
Hobson’s monograph Squaring the Code (1918), 
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A 51. The solution of the equation exp y = 1 

Let y = 0+2)8, where a and j3 are real, then the problem of solving the equation 
expy=l IS identical with that of solving the equation 


expo exp 1)8=1 

Comparing the real and imaginary parts of each side of this equation, we have 
expo coS)8=l, expo sin)8=0 

Squaring and adding these equations, and using the identity cos'-* )8+sin2i3s 1, we get 

exp 2a= 1 

Now if a were positive, exp 2a would be greater than 1, and if a were negative, exp 2o 
would be less than 1 , and so the only possible value for a is zeio 

It follows that cos0=], sm)8=0 

Now the equation sin^=0 is a necessary consequence of the equation cos/8=l, on 
account of the identity cos^/S+sin-^/Ssl It is therefore sufficient to eonsidei solutions 
(if such solutions exist) of the equation cos)8=l 

Instead, howevei, of consideiiug the equation cos)8=l, it is more convenient to 
consider the equation* cosii?=0 

It will now be shewn that the equation cosa.=0 has one loot, and only one, lying 
between 0 and 2, and that this root exceeds 4/2 , to prove these statements, we make use 
of the following considerations 


(I) The function cos ^ is certainly continuous in the range 0 ^ 2 

(II) When 0 ^ A < we havet 

Q, » 


1-— ->0 ~ — rL >0 

and so, when 0 ^ ^/2, cos^ > 0 

(III) The value of cos 2 IS 


(lY) When 0 d ^ 2, 
sin^ 
i 




and so, when 0 ^ 2, sin ^ ^ 

It follows from (II) and (III) combined with the results of (I) and of § 3 63 that the 
equation cos^=0 has at least one root in the range ^2 <a'< 2, and it has'no root in the 

range 


Further, there is not more than one root m the range J2 <ig< 2, for, suppose that 
there were two, and 2;2(^2>^i)» then 0<^2”^^<2-^^2<l, and 
SI n (^2 “ ■*'i) *= sin a 2 cos a?i - sin cos a?2 = 0, 
and this is incompatible with (IV) which shews that sin (%-^i) ^ ^ (^a"*^!) 

The equation cos;r=0 thetefoie has one and only one ^oot lying between 0 and 2 This 
root lies between ^2 and 2, and it is called Jnr , and, as stated in the footnote to § A 5, its 
actual value hap^iens to be 1 5707^ ’ 


* If 00s a? =0, it IS an immediate consequence of the duplication formulae that oos2ir= -1 
and thence that cos 4a; =1, so, if a; is a solution of cos a; =0, 4x is a solution of cosj8 = l 

t The symbol > may be replaced by > except when *=^2 m the first place where it occurs 
and except when :c=0 m the other places * 
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From the addition-formulae, it may te proved at once by induction that 


cos wtt — ( - 1 )“, sin nit «= 0, 

wheie % IS any mtegei 

In particular, cosSwtt— 1, where n is any integer 

Moreover, there is no value of other than those values which are of the foim 27i7r, 
for which cosj3=l , for if there were such a value, it must be real**^, and so we can 
choose the integer m so that 

— TT ^ 2?7l7r — /3-< TT 

AVe then have 

sm I w-TT - 1^/3 1 = ±sin ±sin Jj3= ±2“^(l -cosj3)i«0, 

and this is inconsistent t with sin | witt — i/3 1 ^ J | wtt - | unless /3= 2m7r 

Consequently the numbers 2;^7^, (?i=0, ±1, ±2,. ), aTid no others, have theti cosines 
equal to unity 

It follows that a positive number tt exists such that exp« has period and that 
expa; has no period fundamentally distinct fiom 2jrt 

The formulae of elementary tiigonometry concerning the periodicity of the circular 
functions, with which the readei is already acquainted, can now be pioved by analytical 
methods without any difficulty 


Evample 1 Shew that sin^ is equal to 1, not to -1 
Example 2 Shew that ts>\\x>'io when 0<x<iir 
[For cos v>0 and 


Binx-^x cos X = 


» ^n-l 
2 


n»i (4a -1)1 
and every term in the series is positive ] 




Example 3 Shew that ^ ^ ^ positive when ^ ^ S 


vanishes when a; = (6 - 2 ■■ 1 5924 , and deduce that J 


3126<7r<3186 


A 62, The solution of a pair of trigonometrvcal equations 
Let X, ft be a pair of real numbers such that X^+ft^^l 
Then, if X#* - 1, the equations 

cos^«X, Binxssfx 

have an infinity of solutions of which one and only one lies between § - tt and w 

First, let X and ft be not negative , then (§3 63) the equation cosa;a»X has at least one 
solution t?i such that since cos Osel, oos^ttswO The equation has not two 

solutions in this range, for if and weio distinct solutions we could piove (of § A*51) 
that sin(t?i-'ra)«0, and this would contradict § A 61 (IV), since 

0<|%-^i|^i»r<2 

Further, amxi^ - cos® tj)* -1-^(1— X®)»» ft, so Vi is a solution of both equations 

* The equation oos/3s=l implies that exp and we have seen that this equation has no 
complex roots 

t The inequality is true by (IV) since 0 < | mr - JjS | ^ Jir<2 

{ See De Morgan, A Budget of Paradoxes (London, 1872), pp 816 et seq , fox reasons for 
proving that 7r>8J 

§ If Xsx - 1, ± IT are solutions and theie are no others in the range ( - r, w) 
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The equations have no solutions in the ranges (-tt, 0) and (Jtt, it) since, in these 
ranges, either sin v or cos -r is negative Thus the equations ha^ e one solution, and only 
one, in the range ( — tt, tt) 

If X or /z (or both) is negative, we may m\estigate the equations m a similar mannei , 
the details aie left to the reader 

It IS obvious that, if is a solution of the equations, so also is ^i+ 2 w 7 r, where n is 
any integer, and therefore the equations have an infinity of real solutions 

A 521, Tlie principal solution of the trigonomet't ical equations 

The unique solution of the equations cos^—X, sina?=/i (where X^-f/x^^l) which lies 
between - and tt is called the principal solution*^ and any other solution difiors from it 
by an integer multiple of Sn- 

The principal valued oj the argument of a complex number « (=1=0) can now be defined 
analytically as the principal solution of the equations 

\z\eoa<l>^R(z), |^| sin <^=/(«), 
and then, if ^ = I ^ i (cos d + « sm B), 

we must have d = <^+2n7r, and S is called a value of the argument of s, and is written 
arg;? (cf § 1 5) 


A 522. The continuity of the argument of a complex vo/nahle 

It will now be shewn that it is possible to choose such a value of the argument B (;g), of 
a complex variable a, that it is a contmuous function of z, provided that z does not pass 
through the value zero 


Let ^ be a given value of z and let be any value of its argument , then, to prove that 
B (z) IS continuous at it is suflScient to shew that a number Bi exists such that di«arg;iix 
and that | — do | can be made less than an arbitrary positive number e by giving | I 

any value less than some positive number rj 

I^et 2b=u,o + tyo> zi=a:i+iyi 

Also let [zi'-zqI be chosen to be so small that the following inequalities are satisfied}: 

(I) |ii7i-^o|<il^ol» provided that ^o=t=0, 

(II) I yi - yo I < i I yo I , provided that yo 4= 0, 

(III) |^i-^o|<i€l«ol, |yi-yo|<i€|;?o| 

From (I) and (II) it follows that and yoyi are not negative, and 

yoyi^iyo^ 

so that xqXi ^yoyi ^ J | I ® 

Now let that value of di be taken which differs from by less than tt, then, since 
ao and Xi have not opposite signs and^o and yi have not opposite signs §, it follows from 
the solution of the equations of § A 62 that B^ and do difer by less than ^ 


Now 


tan(di-do) 


^0^1 -^lyo 
^o^i+yoyi’ 


* If X= - 1, we take +«■ as the principal Solution , of p 9 

t The term principal value was introduced in 1846 by B]5rlmg. see the Archiv der Math 
und Phys IX (1847), p. 408 


(li)^ respectively is simply to be suppressed m the case when (i) or when 

§ The geometrical interpretation of these conditions is merely that and are not m 
different quadrants of the plane 
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and so (§ A 61 example 2), 


I ”• ^0 1 ^ 


^0^1+ Ml 


_ ko(yi-yo)-yQ(^i-Ao) | 

koh^{|^o| lyi-yol+l^ol l^’i“^o|} 
But I ^0 1 ^ I ^0 1 ftlso I ^0 1 < I ■3'o I > therefore 


I ^ 1 - ^0 1 < 2 1 I “■ M I - y 0 1 + 1 - ^0 1} < e 

Fiuther, if we take less than J |jfo|, (if ^o=i=0) and J|yo|, (ifi/o4=0) and Jcj^ol, 

the inequalities (I), (II), (HI) above are satisfied , so that, if rj be the smallest of the 
thiee numbers* ^1^0 1 , i« K|, by taking \zi-Zo\<tj, we have , and this 

IS the condition that 6 {z) should be a continuous function of the complex vaiiable z 


A 6 Logarithm of convplex 7iumber8 

The number C is said to be a logantJm of z if z=e^ 

To solve this equation in write f where { and rj are real , and then we have 

2=»6 ^(cos ?7 + i sin rj) 

Taking the modulus of each side, we see that | « | = so that (§ A 3), { = Log \z\* and 
then 

1 2! I (cos 77 4 - ism r)), 

so that Tj must bo a value of arg2f 

The logarithm of a complex number is consequently a many-valued function, and it 
can be expressed m terms of more elementary functions by the equation 

log«wLog|2f|H-targje 

The continuity of loge (when zdfzQ) follows fiom g A31 and g A 622, since |2| is a 
continuous function of z» 

The differential coefficient of any particular bianch of log« (§ 6*7) may be determined 
as in g A 32 ; and the expansion of § A 33 may be established for log (1 -b a) when | a | < 1 

Corollary. If a* be defined to mean a* is a continuous function of z and of a 
when a 4*0 


A *7, The analytical definition of an angle 

Let zu be three complex numbers represented by the points Pu Pz in the 
Argand diagram Then the angle between the lines (§ A 12, footnote) PiP^ and jPjPs i« 
defined to be any value of aig (-13 - zf) - arg (*2 - js^). 

It will now be shewn f that the area (defined as an integral), which is bounded by two 
radii of a given circle and the arc of the circle terminated by the radii, is proportional to 
one of the values of the angle between the ladu, so that an angle (in the analytical sense) 
possesses the property which is given at the beginning of all text-books on Tngonometry 

* If any of these numbers is zero, it is to be omitted 

t The pioof here given applies only to acute angles , the reader should have no difficulty in 
extending the result to angles greater than Jir, and to the case when OX is not one of the 
bounding radii, 

t Euolid^s definition of an angle does not, in itself, afford a measure of an angle , it is shewn 
in treatises on Trigonometry (of, Hobson, Plane Trigonometry (1918), Oh i) that an angle is 
measured by twice the area of the sector which the angle outs off from a unit circle whose oentre 
IS at the vertex of the angle 
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Let (ai, yi) be any point (both of whose coordinates are positive) of the circle 
(a>0) Let 6 be the principal value of alg(^l+^yl), so that 0<^<W 
Then the area bounded by OX and the line joining (0, 0) to (a^i, yi) and the arc of the 

circle joining (^l, yi) to (a, 0) is j f{x)dx^ where* 

/(^)=;^tan^ (O^^^acos^), 

/ {at) = (a® -^aP)^ (ct cos ^ ^ it < a), 

if an aiea be defined as meaning a suitably chosen integral (cf p 61) 

Ca 

It remains to be proved that / f {a) dx is proportional to B 

fa faco6 0 fa ^ 

Now / f{'i)da= I ^tan^ci^r+ I {a^-a^)^d% 

10 Jo J acosfl 

=r^a^ainBcoaB+iJ ^ - ^*®) “ ^ r(aa~^)i|(f4 

{oP-'aP)'‘^dx 


%coa6 


J ac 


on writing x^at and using the example woiked out on p 64 

That IS to say, the area of the sector is pioportional to the angle of the sector To 
this extent, we ha\e shewn that the popular conception of an angle is consistent with 
the analytical definition 

* The readei will easily see the geometrical interpietation of the integial by drawing a 
figure 
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[Tlhe numbers refer to the pages Beferences to theorems contavned %n a few of 
Vie more important examples are given by numbers in itulios] 

ADel-s djMove^ of elliptic functions, 429, 512 , inequality, 16 , integral equation 211 ooo 
fhfi*^nnflnlnt addition theorems, 442, 496, 497, 530, W4, special fom a (jTi of 

the confluent hypergeometnc function, SSd , test for convergence, 17 theorem on oontinmtv 
of power senes, 67 , theorem on multiplication of convergent senes 68 59 ^ 

^’’'‘StiS^nMttf 468, 469, for quotients and recipiocals of 

^’’‘’ll^gaXKr!^'®’ ^’^l““»eit-s ratio test for, 22, De 

Absolute value, see Modulus 

Addition formtUa for Bessel functionsi 357 ^ 380 , for Gefrenbauer’s function 99^ for t A<Ti:sn/iiin 
polynomials, 326 395, for Legendre functions, 828, for ?he 

Jacobian Zeta-function and foi HUu), 518, 534, for the 
third kind of elliptic integral, 5ii3 , for the Weierstrassian Zeta-f unction, 446 * 

Addition formulae, distinguished from addition theorems, 519 

Addition theorem for oijculai functions, 535 , for the exponential function, 531 for Jacobian 
Affix, 9 

Air in a sphere, vibrations of, 899 
Amplitude, 9 

Analytic continuation, 96, (not always possible) 98, and BorePs internal 141 of tha 
geometric function, 288' Asymptotic e^amSoM ^ 

82-110 (Chaptei v) , defined, 88 , derivates of, 89, (inequality satisfied by) 91 , 
distinguished from monogenic functions, 99 , represented by intecrals 92 RiArnfttiT»»a 

TiesTw''”''*''^ ^ SsfSn'^miy fon^Yt 

Anglo, analytical definition of, 589 , and popular conception of an angle, 589, 590 

Angle, modular, 492 

Area represented by an integral, 61, 689 

Argand diagram, 9 

Argument, 9, 588 , principal value of, 9, 688 ; continuity of, 688 

^sedated function of Borel, 141 , of Biemann, 188 , of Legendre (z) and Q « 828-826^ 

Asymptotic expansions, 160-169 (Chapter vin) , differentiation of> 168 * integration of 158 
multiphcation of, 162, of Bessol functions, 868, 869, 8717 878 874 Twfluent h^V 

84r34t? u^Ju^^S “l": 251. 276, of parabolic oyUnder tonl^m. 

Asymptotic InaquaUty for parabolic cylinder functions of large order, 864 

Asymptotic solutions of Mathieu’s equation, 425 

Auto-funotlons, 226 

Automorphlc functions, 455 

Axioms of arithmetic and geometry, 679 

'^^.^tooTun‘?taTM3!|'45**‘® 286, 289, for the confluent hyper- 

Barnes’ O-flmotlon, S64, 978 
Bsxnes’ lemma, 289 
Basic numbers, 462 

Bemouniaa numbers, 126 , polynomials, 126, 127 
Bertirand’s test for convergence of infinite integrals, 71 

Bessel ooeffiolmts [J'n(*)], 101, 366, addition formulae for, 3S7 Bessel’s integral fm* bao- 
differential equation satisfied by, 867, expansion oL 

38—2 
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functions m series of (by Neumann), 874, 375, 5^4, (by Sclilomilch), 377, expansion of 
in senes of, 374, 375, expressible as a confluent form of Legendre functions, 
367, expressible as confluent hypergeometnc functions, 358, inequality satisfied by, 379, 
Neumann’s function 0„(j2) connected with, see Neumann’s function, order of, 356, recur- 
rence formulae for, 359 , special case of confluent hypergeometnc functions, 358 See also 
Bessel functions 

Bessel functions, 356-385 (Chapter xvn), defined, 358-360, addition formulae for, 380, 
asymptotic expansion of, 368, 369, 371, 373, 374 , expansion of, as an ascending series, 358, 

371 , expansion of functions m senes of, 374, 375, 377, 381, first kind of, 369 , Hankel’s 
integral foi , 365 , integral connecting Legendre functions with, 564, 401 , integral properties 
of, 380, 381, 384, 385, mtegrals mvolvmg products of, 380, 383, 385, notations for, 356, 

372, 373 , order of, 356 , products of, 379, 380, 383, 385, 428 , recurrence formulae for, 359, 

373, 374, relations between, 360, 371, 372, relation between Gegenbauer’s function and, 
378, Schlafli’s form of Bessel’s integral for, 362, 372 , second kind of, y,^(^;) (Hankel), 370 , 

(a) (Neumann), 372 , (z) (Weber-Schlafli), 370 , second kind of modified, {z), 373 , 

solution of Laplace’s equation by, 395 , solution of the wave-motion equation by, 397 , 
tabulation of , 378 , whose order is large, 368, 383 , whose order is half an odd integer, 364 , 
with imaginary argument, I^iz), K^{z), 372, 373, 384, zeros of, 361, 367, 378, 381 See 
also Bessel coefficients and Bessel’s equation 

Bessel’s equation, 204, 357, 373 , fundamental system of solutions of (when n is not an integer), 
359, 372 , second solution when ms an mteger, 370, 373 See also Bessel functions 
Binet’s integrals for log V («), 248-251 
Binomial theorem, 95 

BOcher’s theorem on linear differential equations with five singularities, 203 

Bolzano’s theorem on limit points, 12 

Bonnet’s form of the second mean value theorem 66 

Borel’s associated function, 141 , integral, 140 , integral and analytic contmuation, 141 , method 
of ‘ summing ’ senes, 154 , theorem (the modified Heme-Boiel theorem), 63 
Boundary, 44 

Boundary conditions, 387 , and Laplace’s equation, 393 
Bounds of continuous functions, 55 
Branch of a function, 106 
Branch-point, 106 

Burmann’s theorem, 128 , extended by Teixeira, 131 
Cantor’s Lemma, 183 

Cauchy’s condition for the existence of a limit, 13 , discontinuous factor, 123 , formula for the 
remainder m Taylor’s series, 96 , inequality for derivatives of an analytic function, 91 , 
integral, 119, integral representmg T (z), 243, numbers, 372 , tests for convergence of series 
and mt^ads, 21, 71 

Cauchy’s theorem, 85 , extension to curves on a cone, 87 , Moiera’s converse of, 87 , 110 
CeU, 430 

Ces^o’s method of ‘ summing ’ series, 155 , generalised, 156 

Change of order of terms in a senes, 26 , in an infinite determinant, 37 , in an infinite product, 33 
Change of parameter (method of solution of Mathieu’s equation), 424 

Characteristic functions, 226 , numbers, 219 , numbers associated with symmetric nuclei are 
real, 226 

Ghartier’s test for convergence of infinite integrals, 72 
Circle, area of sector of, 589 , limiting, 98 , of convergence, 30 

Circular functions, 435, 684, addition theorems for, 685, continuity of, 686, differentiation 
of, 586, duplication formulae, 585, periodicity of, 587, relation with Gamma-functions, 
239 

Circular membrane, vibrations of, 356, 396 
Class, left (L), 4, nght (R), 4 
Closed, 44 
Cluster point, 13 

Coefficients, equating, 59 , in Fourier series, nature of, 167, 174 , in trigonometrical senes, values 
of, 163, 165 

Coefficients of Bessel, see Bessel coefficients 

Comparison theorem for convergence of integrals, 71 , for convergence of senes, 20 
Complementary moduli, 479, 493 , elliptic integrals with, 479^, 501, 620 

Complete elliptic integrals [E, K, E', A'] (first and second kinds), 498, 499, 518 , Legendre’s re- 
lation between, 520 , properties of {qm functions of the modulus), 484, 498, 499, 601, 621 , 
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series for, j;?99 , tables of, 618 , the Gaussian transformation, 538 , values for small values 
of I A], 521, values (as Gamma functions) for special values of A, 624-527 , with comple- 
mentary moduli, 479, 501, 520 

Complex integrals, 77 , uppei limit to value of, 78 
Complex Integration, fundamental theorem of, 78 

Complex numbers, 3-10 (Chaptei i), defined, 6, amplitude of, 9 , argument of, 9, 588, dependence 
t^iiothei, 41 , imaginaiy part of (I), 9 , logarithm of, 589 , modulus of, 8 , re^ part 
of (J2), 9 , representative point of, 9 
Complex variable, continuous function of a, 44 

Computation of elliptic functions, 485, of solutions of integral equations, 211 

Conditional convergence of senes, 18, of infinite deteiminants, 416 See also Convergence and 
Absolute convergence 
Condition of integrability (Biemann’s), 63 
Conditions, Diiichlet’s, 161, 163, 164, 176 
Conduction of Heat, equation of, 387 
Confluence, 202, 337 
Confluent form, 203, 337 


Confluent bypergeometrlc function ^ (21)], 337-354 (Chapter xv) , equation for, 337 , general 
asymptotic expansion of, 342, 345 , integral defining, 339 , integrals of Barnes^ type for, 
313'-345 , Rummer’s foimulae foi, 338 , recmtence formulae foi, 354 , relations with Bessel 
functions, 360, the functions d37-339, the relations between functions 

of these types, 346 , various functions expressed m terms of (2), 340, 354, 353, 360 See 
also Bessel functions <itid Parabolic cylinder functions 

Confocal coordinates, 405, 547, form a triply orthogonal system, 548, m association with 
ellipsoidal harmonics, 662 , Laplace’s equation refeiied to, 551 , uniformising variables 
associated with, 649 

Congruence of points in the Argand diagi-am, 430 

Constant, Euler’s or Mascherori’s, [7], 235, 246, 443 

Constants ej, e^t ^3, 443, It!, J3', 618, 520, of Fourier, 164, tjj, rjj, 446, (i elation between wt 
and 772) 446 , O, 469, 472 , K, 484, 498, 499 , JC, 484, 501, 603 

Construction of elliptic functions, 438, 478, 492 , of Mathieu functions, 409, (second method) 
420 


Contiguous hypergeometnc functions, 294 
Contlnua, 43 
Continuants, 86 

Continuation, analytic, 96, (not always possible) 98, and Borel’s integral, 141 , of the hyper 
geometric function, 288 See also Asymptotic expansions 
Continuity, 41 , of power senes, 57, (Abel’s theorem) 57 , of the argument of a complex vaiiable, 
588 , of the circular functions, 586 , of the exponential function, 581 ; of the logarithmic 
function, 683, 589 , uniformity of, 54 

Continuous functions, 41-60 (Chapter iii), defined, 41, bounds of, 55 , integrability of, 68, of a 
complex variable, 44 , of two variables, 67 
Contour, 86 , roots of an equation in the interior of a, 119, J43 

Contour integrals, 86 , evaluation of definite integrals by, 112-124 , the Mellln Barnes type of, 
286, 348 , see also under the special function represented bp the integral 
Convergence, 11-40 (Chapter 11), defined, 18, 15, circle of, 30; conditional, 18; of a double 
senes, 27 , of an infinite determinant, 86 , of an infinite produot, 32 , of an infinite integral, 
70, (tests for) 71, 72 , of a senes 16, (Abel’s test for) 17, (Diriohlet’s test for) 17 ; of Fourier 
senes, 174-179 , of the geometuo senes, 19 , of the hypergeometrio series, 24, of the series 
19 , of the series occurring in Mathieu functions, 422 , of trigonometrical series, 161 , 
principle of, 13 , radius of, 80 , theorem on (Hardy’s), 160, See also Absolute couvergeuoe, 
Non uniform convergence aiul ITniformity of convergence 
Coordinates, confocal, 406, 647 , orthogonal, 401, 648 
Cosecant, series for, 186 
Cosine, see Circnlar functions 

Cosine integral [Ci (z)], 352 , series (Fourier series), 165 
Cotangents, expansion of a function in series of, 189 
Cubic function, integration problem connected with, 462, 612 
Cunnlngbam’s function (a:)], 868 

Curve, simple, 48 , on a cone, extension of Oauoby’s theorem to, 87 , on a sphere fSeiffert’s 
spiral), 627 ' 

Cut. 281 

Cylindrical functions, 865 See Bessel funotions 
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D’Alexibert’s ratio test foi convergence of senes, 22 

Darbonx’ formula, 125 

Deoreaalnff sequence, 12 

Dedeldnd’s theory of Irrational numbers, 4 

B^denoy of a plane curve, 455 

Definite integrals, evaluation of, 111-124 (Chapter vi) 

Degree of Legendre functions, 302, 307, 824 

De la Yall^e Poussin’s test for uniformity of convergence of an infinite integial, 72 
De llorgan’s test for convergence of senes, 23 
Dependence of one complex number on another, 41 

Derangement of convergent senes, 25 , of double senes, 28 , of infinite determinants, 37 , of 
mfimte pioducts, 33, 84 

Derlvates of an analytic function, 89 , Cauchy’s inequality for, 91 , mtegrals for, 89 
Dexlvates of elliptic functions, 4i30 
Determinant, Hadamard’s, 212 

Determinants, infinite, 36 , conveigence of. 36, (conditional) 415 , discussed by Hill, 36, 415 , 
evaluated bv Hill in a paiticular case, 416 , rearrangement of, 37 
Difference equation satisfied by the Gamma-function, 237 

Differential equations satisfied by elliptic functions and quotients of Theta-functions, 436, 477, 
492 , (partial) satisfied by Theta-functions, 470 , Weierstrass’ theorem on Gamma functions 
and, 236 See aUo Linear differential equations and Partial differential equations 
Differentiation of an asymptotic expansion, 158 , of a Fourier senes, 168 , of on mfimte 
integral, 74 , of an integral, 67 , of a senes, 79, 91 , of elliptic functions, 4B0, 493 , of the 
circular functions, 585 , of the exponential function, 582 , of the logarithmic function, 588, 
589 

Dlrichlet’s conditions, 161, 163, 164, 176, form of Founer’s theorem, 161, 163, 176, foimula 
connecting repeated integials, 75, 76, 77 , integral, 252 , integr^ for ^(z), 247 , integral for 
Legendre functions, 814 , test foi convergence, 17 
Discontinuities, 42 , and non-uniform convergence, 47 , of Fouiiei senes, 167, 169 , ordinary, 42 , 
regular distiubution of, 212 , removable, 42 
DlBContinuous fhotor, Cauchy’s, 123 

Discriminant associated with Weierstrassian elliptic functions, 444, 550 
Divergence of a series, 15 , of infinite products, 33 
Domain, 44 

Double circuit mtegrals, 256, 293 
Double Integrals, 68, 254 

Double series, 26 , absolute convergence of, 28 , convergence of (Stolz’ condition), 27 , methods 
of summmg, 27 , a particular form of, 51 ; rearrangement of, 28 
Doubly periodic fiinotlons, 429-585 See also Jacobian elliptic fonofeions, Theta-ftinctlonB and 
Weierstraasian elliptic functions 

DupUcatlon formula for the circular functions, 585, for the Gamma-fnnction, 240, for the 
Jacobian elliptic functions, 498 , for the Sigma-function, 459, 460, for the Theta functions, 
48Sj foi the Weieistrasfaian elliptic function, 441 , for the Weieistiassian Zeta-f unction, 469 


Electromagnetic waves, equations for, 404 

Elementary fonotiona, 82 

Elementary tranaoendental functions, 679-590 (Appendix) also Circular fnnctiona, 

Exponential function and Logarithm 

Elllpaoidal harmonica, 686-678 (Chapter xxm), associated with oonfocal coordinates, 562, 
derived from Lamp’s equation, 638-543, 552-554, external, 576, integral equations con- 
nected with, 667 , linear mdependenoe of, 560 , number of, when the degree is given, 546 
physical apphcations of, 647, species of, 537, types of, 587 See also Lamd’s equation 
cund Lam4 ftinctiona , 

Elliptic cylinder functions, see Mathleu fUnctiond 

Elliptic functions, 429-535 (Chapteis xx-xxn) , computation of, 485 , construction of, 433, 478 
denvate of, 430, discovery of, by Abel, Gauss and Jacobi, 429, 612, 624, expressed by 
means of Theta-funotions, 473 , expressed by means of Weieistrassian functions, 448-461 
general addition formula, 467, number of zeros (or poles) in a cell, 431, 432, order of* 
482 , periodicity of, 429, 479, 500, 502, 503 , period parallelogram of, 430 , relation be 
tween zeros and poles of, 433, residues of, 431, 604, transformations of, 50«, with no 
poles (are constant), 431, with one double pole, 432, 434, with the same peuods (relations 
between), 462, with two simple poles, 432, 491 See also JacoWan elliptic functions 
ThetarAuictions and Weierstrassian elliptic fUnctimiB * 



GENERAL INDEX 


599 


Elliptic integrals, 429, 612, first kmd of, 515, function E{u) and, 617, function %{u) and, 
518, inversion of, 429, 452, 454, 480, 484, 512, 624 , second kind of, 517, (addition formulae 
for) 518, 619, 554, (imaginary transformation of) 619 , third kind of, 522, 623^ (dynamical 
application of) 623, (parameter of) 522 , three kinds of, 514 See aUo Complete elliptic 
integrals 

Elliptic membrane, vibiations of, 404 
Equating coefficients, 59, 186 
Equation of degree rn has m roots, 120 

Equations, indicial, 198, numbei of roots inside a contour, 119, 123, of Mathematical Physios, 
203, 386-403 , with periodic coefficients, 412 See aim Difference equation. Integral 
equations. Linear differential equations, a7id under the naniea of special equations 
Equivalence of curvUluear Integrals, 83 
Error function [Erf (r) and Erfc (r)], 341 
Essential singularity, 102 , at infinity, 104 
Eta-function [H{u)], 479, 480 

Eulerlan Integrals, first kmd of [B (?», n)], 253 , expiessed by Gamma functions, 254 , extended 
by Poohhammer, 256 

Eulerlan integrals, second kind of, 241 , see Gamma-function 

Euler’s constant [7], 235, 246, 243, expansion (Maolaurm’s), 127, method of ‘summing’ series, 
165 , product for the Gamma function, 237 , product for the Zeta-function of Riernann, 271 
Evaluation of definite Integrals and of infinite Integrrals, 111-124 (Chaptei vi) 

Evaluation of Hill’s infinite determinant, 415 

Even functions, 116, 165, of Mathieu q)], 407 

Existence of derivatives of analytic function, 89 , -theorems, 888 

Expansions of functions, 125-149 (Chapter vii) ; by Bmmann, 128, 131 , by Darboux, 125 , by 
Euler and Maclaunn 127, by Eouriei, see Fourier Series, by Fourier (the Fourier Bessel 
expansion), 331 , by Lagrange, 132, 149, by Laurent, 100, by Maclaunn, 94 , by Pmcherle, 
149 , by Plana, 146 , by Taylor, 93 , by Wronski, 147 , in infinite products, 136 , in senes of 
Bessel coefficients or Bessel functions, 374, 375, 381, 384, m senes of cotangents, 139, in 
senes of inverse factorials, 142, in senes of Legendre polynomials 01 Legendre functions, 
310, 322, 330, 331, 335, m seues of Neumann functions, 374, 376, 384, in series of parabolic 
cylinder functions, 351 , m senes of lational functions, 134 See also Asymptotic expauaions, 
Series, and under the naines of special fuiu tions 

Exponential function, 681 , addition theorem for, 681 , continuity of, 681 , differentiation of, 
682 , penodioity of, 686 
Exponential integral [Ei (z)], 362 

Exponents at a regular point of a linear differential equation, 198 
Exterior, 44 

External harmonios, (ellipsoidal) 576, (spheroidal) 403 

Factor, Cauchy’s discontinuous, 123 , periodicity-, 468 
Factorials, expansion in a series of inverse, 142 
Factor theorem of Weierstrass, 187 

Fejdr’a theorem on the summability of Fourier senes, 169, 178 
Ferrers’ associated Legendre functions (z) and («)], 828 

First kind, Bessel functions of, 369 , elliptic integrals of, 515, (complete) 618, (integration of) 
516 , Eulenan integral of, 258, (expressed by Qamma-funotlons) 264 , integral equation of, 
221 , Legendre functions of, 307 
First mean-value theorem, 65, 96 

First spedes of ellipsoidal harmonic, 687i (construction of) 688 

Floq(het’8 solution of differential equations with periodic coefficients, 412 

Huotuatlon, 56 , total, 57 

Foundations of arithmetic and geometry, 579 

Fourier-Bessel expansion, 381 , integral, 386 

Fourier constants, 164 

Fourier series, 160-198 (Chapter ix) , coefficients in, 167, 174 ; convergence of, 174-179 , differ- 
entiation of, 168, discontinuities of, 167, 169, distinction between any trigonometrical 
series and, 160, 163 , expansions of a function in, 168, 165, 176, 176 , expansions of Jacobian 
elliptic functions in, 610, 511, expansion of Mathieu functions in, 409, 411, 414, 420, Fejdr’s 
theorem on, 169 , Hurwitz Liapounoff theorem on, 180, ParsevaJ’s theorem on, 182, series 
of sines and series of cosines, 166 , summability of, 169, 178 , uniformity of convergence of, 
168, 179 See also Trigonometrical series 
Fourier’s theorem, Binchlet’s statement of, 161, 168, 176 



600 


GENERAL INDEX 


Fourier’s theorem on integrals, 188, 21X 

Fourtli species of ellipsoidal harmonic, 537, (construction of) 642 

Fredholm’s integral equation, 213-217, 228 

Functionality, concept of, 41 

Functions, bmnches of, 10$ , identity of two, 98, limits of, 42 , pimcipal parts of, 102 , without 
essentiaJ singulaiities, 105 , which cannot be continued, 98 See aho under the name'* of 
special functions or special types of functions, e g Legendre functions. Analytic functions 
Fundamental formulae of Jacobi connecting Theta functions, 467, 488 
Fundamental period, parallelogram, 430 , polygon (of automorphio functions), 455 
Fundamental system of solutions of a linear differential equation, 197, 200, 389, 559 See also 
under the names of special equations 


Gamma-fiinction [r (z)], 235-264 (Chaptei xn) , asymptotic expansion of, 251, 276, ciiculai 
functions and, 239, complete elliptic integrals and, 524-527, 535, contour integral (Hankel’s) 
tor, 244 , difference equation satisfied by, 237 , diffeiential equations and, 236 , duplication 
foimula, 240, Euler’s integral of the fiist kind and, 254, Eulei’s integral of the second 
icmd, 241, (modified by Cauchy and Saalschutz) 243, (modified by Hankel) 244 , Euler’s 
pioduct, 237 , incomplete form of, 341 , integrals for, (Bmet’s) 248-251, (Euler’s) 241 , 
mmiinum value of, 253, multiplication formula, 240, senes, (Rummer’s) ^50, (Stirling’s 
oQfl ’ tabulation of, 253 , trigonometrical integrals and, 256 , Weierstiassian product, 235, 
23b See also Eulerian integrals and Logarithmic derivate of the Gamma-function 
Gauss’ discovery of elliptic functions, 429, 512, 624, integral for r'(r)/r(^), 246, lemniscate 
functions, see Lemniscate functions , transformation of elliptic mtegials, 533 
O^euDauer’s ftanotton 329, addition formula, 355, differential equation foi, 329, 

leou^enee formulae, 330 , relation with Legendre functions, 329 , relation involving Bessel 
functions and, 385 , Eodrigues’ formula (analogue), 329 , Schlafli’s integral (analogue), 829 
Genus of a plane curve, 455 
Geometric series, 19 

Glaisher’s notation for quotients and leciprocals of elliptic functions, 494, 498 
Greatest of the limits, 13 
Green’s functions, 395 


Eadamard’s lemma, 212 

Half-periods of Weierstrassian elliptic functions, 444 

Hardy’S convergence theorem, 156 , test for uniform conveigence, 50 

HaimoMcs solid and surface, 392, spheroidal, 403, tesseral, 392, 536, zonal, 302, 392 536 
Sylvester s theorem concerning integrals of, 400 See also Ellipsoidal harmonics 
Heat, equation of conduction of, 387 
Helne-Borel theorem (modified), 53 

Heme’s expansion of (t-2:)~^ m series of Legendre polynomials, 821 
Hermite’s equation, 204, m, 342, 347 See also Parabolic cylinder functions 
Hermlte’s formula foi the geneialised Zeta-function ^s, a), 269 
Hennite’s solution of Lamp’s equation, 573-^575 
Heun’s equation, 576, 577 

Hill’s equation, 406, 413-417 , Hill’s method of solution, 413 
Hill’s infinite determinant, 36, 40, 415 , evaluation of, 416 
Hobson's associated Legendre functions, 326 
Eolomorphlc, 83 

Homogeneity of Weiei-strassian elliptic functions, 439 

HomogeuTOiM tomonlos (associated with eUipsoid), 543, 576, ellipsoidal hamomos derived 
from (Niven s formula), 543 , linear independence of, 560 
Homogeneous Integral equattona, 217, 219 

Hnrwlts’ defimtiou of the geneialised Zeta-funotion f(», a), 265, formula foi tfn, u) 268 

theoiem conoeming Fouriei constants, 180 ' * ^ob, 

Eypergeometrlc equation, see Hypergeometrlc ftmctlona 

Hypeigeomel^ fanettoM, 281-301 (Chapter xiv) , Barnes’ integrals, 286, 289, contiguous 294 
wntinuation of, ..M , contour mtegrals for, 291 , differential equation for, XOH go ? ' 283 ' 
toctions expressed m terms of, 281, 311, of two variables (Appefl’s), SCO, lelafaonV^tween 
twenty-four expressions involving, 284. 285. 290, EiemannTp-Muatmn and 208 283 
seiies for (convergence of), 24, 281 squares and products of, m, value of P(i J ’c 1)’ 
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special forms of hypergeometnc functions, 298, SOI See aUo Bessel 
runctioas, Confluent hypergeometric functions and Legendre functions 
HTpergeometric series, see H3rpergeonietric functions 

Hypothesis of Riemann on zeios of ^(s), 272, 380 • 

Identically vanishing power senes, 58 
Identity of two functions, 98 

Imaginary argument, Bessel functions with (z) and 872, 373, 384 

Imaginary part (7) of a complex number, 9 

Inia^^^teMsfo^tt<m^(Jacobi*s) of elliptic functions, 606, 606, SS5 , of Theta-f unctions, 124,, 

Improper Integrals, 76 
Incomplete Gamma functions [y (w, a;)], 341 
Increasing sequence, 12 
Indlclal equation, 198 

InequaUty (Abel’s), 16, (Hadamard’s), 212, satisfied by Bessel ooeflfioients, 379, satisfied by 
r(T«), 274^275^”^^^^®’ satisfied by parabolic cylinder functions, 354, satisfied by 

Infinite determinants, see Determinants 

J^?^^®^gence of, 70, 71, 72, differentiation of, 74, evaluation of, 111-124, 
fnw ^ repiesented by, see unde) the names of special functions , representing analytic 
functions, 92 , theorems concerning, 73 , uniform convergence of, 70, 72, 73 See also 
integrals and Integration 

Infinite products, absolute convergence of, 82, convergence of, 32, divergence to zero, 33 
expansions of functions as, 136, 137 (see also under the names of special functions) , expressed 
by means of Theta functions, 473, 488 , uniform convergence of , 49 
Infinite series, see Series 

Infinity, H, 108 , essential singularity at, 104 , point at, 108 , pole at, 104 , zero at, 104 
Integers, positive, 3 , signless, 8 

IntegrablUty of continuous functions, 63, Riemann’s condition of, 63 
Integral, Borel’s, 140 , and analytic continuation, 141 
Integral, Oauchy*s, X19 
Integral, DlrlohleVs, 268 

(Chapter XI) , Abel’s, 211, 229, 330, Fredholm’s, 213-217, 228, 
homogeneous, 217, 219, kernel of, 218; Liouville Neumann method of solution of, 221, 
nucleus of, 213 , numbers (eharacteustic) associated with, 219, numerical solutions of, 211, 
M fk? ’ satisfied by Bam^ functions, 664-567 , satisfied by 

Mathieu functions, 407 , satisfied by parabolic cylinder functions, 331 , Schlfimilch’s, 229 , 
solutions in series, 228, Volterra’s, 221 , with variable upper limit, 218, 221 
Ittte^al foimulae for ellipsoidal harmonics, 567, for the Jacobian elliptic functions, 492, 494, 
for the Weiorstrassian elliptic function, 437 > » » 

Integral functions, 106 , and LamiS’s equation, 571, and Mathiou’s equation, 418 

Bessel functions, 380, 381, 385, of Legendre functions, 335, 805, 824, of 
Mathieu functions, 411 , of Neumann’s function, 385, of parabolic cylinder functions, 360 
Integ^ 61-81 (Chapter IV) , along curves (equivalence of), 87, complex, 77, 78, differentiation 
of, 67, double, 68, 266, double-oiiouit, 266, 293, evaluation of, 111-124, for deiivates of an 
analytic function, 89, functions represented by, see under the names of the special functions , 
l^^^^onics (Sylvester’s theorem), 400, of irrational functions, 
462, 512, of periodic functions, 112, principal values of, 76, 117, regular, 201, repeated, 
68, 7), representing analytic functions, 92, representing areas, 61, 689, round a contour 
86 , upper, 61 Sec also ElUptio integrals, Infinite integrals, and Integration 
Integral theorem, Fourier’s, 188, 211 , of Fourier-Bessel, 385 

Integration, 61, complex, 77, contour, 77, general theorem on, 68; general theorem on 
complex, 78, of asvmptotio expansions, 158; of integrals, 68, 74, 75, of series, 78. pro- 
blem connected with cubics or quartics and elliptic functions, 462, 512 See also Infinite 
integrals and Integrals 
Interior, 44 

Internal spheroidal harmonics, 408 

Invariants of Weiei-strassian elliptic functions, 437 

Inverse factorials, expansions in series of, 142 

Inversion of elliptic integrals, 429, 452, 454, 480, 484, 612, 524 

Irrational functions, integration of, 462, 512 

Irrational-real numbeis, 6 
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LnredndUe Bet of zeros or poles, 480 

Irreffolar points (singularities) of difiPeri^tiial is^uations, 197, 202 
l^rated flmotlonB, 222 

JaeoWaa ^ptio [8n«, onu, dnu], 482, 478, 491-536 (Chapter xxn) , addition theorems 

for, 494, 497, 550, 555 , connexion with Weierstrassian functions, 506 , definitions of am w, 
A0, snw (sm amw), on ia, dnw, 478, 492, 494, differential equations satisfied by, 477, 492 
differentiation of, 493, duplication formulae for, 495, Fourier senes for, 510, 611, 555 
geometncal illustration of, 624, 527, general description of, 504, Glaisher’s notation for 
quoti^ts reciprocals of, 494 , infinite products for, 608, 532 , integral formulae for, 492, 
fff * ® imagmary transformation of, 606, 606 , Lam^ functions expressed in terms of, 

664, 673 , Land^*s transformation of, 607 , modulai angle of, 492 , modulus of, 479, 492, 
(complementary) 479, 493 , parametno repiesentation of points on curves by, 524, 527 627 
^'5®* 600, 602, 503, poles of, 432, 603, 504, quarter periods, K, ik\ of’, 
between, 492 , residues of, 504 , Seiffert’s sphencal spiral and, 
Si * formulae, 580, 554, 555, values of, when u is JJST, UK' or ^ (K hiK'), 500, 

506 1 507 , values of, when the modulus is small, 532 $ee also l^ptlc fnnctloxu, Elliptic 
integrals, LemnlBcate ftmotions, ThetarftinctlonB, and Welerstraasiau elliptic functi on s 
JacoW’B discoyeiw of elliptic functions, 429, 612 , earlier notation for Theta-functions, 479 , 

formulae, 467, 488, imaginary transformations, 124, 474, 606, 
606, 619, 555 , Zeta function, see imder Zeta function of Jacobi 
Jordan’s lemma, 116 

Kernel, 218 

Elein’fl theorem on hneoi differential equations with five singularities, 208 
Kummer’s formulae for confluent hypergeometrio functions, 838 , senes for logT (r), 250 

Lacunazy ftinction, 98 

Lagrange’s expansion, 132, 149 , form for the remamder in Taylor’s senes, 96 
Larnd functiona, defined, 568, expressed as algebraic functions, 656, 577, expressed by Jacobian 
ellipse functions, t>7d-575 , expressed by Weierstrassian elliptic functions, 570-672 , mtegral 
^faons wtisfied by, 664-667, Imem mdependenoe of, 669, reality ind distiMtoeTof 
kSJP °i’ kind of, 662 , values of, 558, zeros of (Stielties' theorem), 

660 athO Lamp’s equation and XOlipsoidal harmonics ' 

(Chapter ixin) , dewed from theory of eUipsoidal harmomos, 
638-643, ^^^54, diffeient foims of, 6M, 573, generalised, 204, 670, 673, 576, 577, 
bOTes solutions of, 556, 577, 578 , solutions expiessed in fimte form, 459, 666, 576, 577, 678 

SwlL fUnotioiii and 

Landen’s transformati o n of Jacobian elliptic functions, 476, 607, 555 

UplM's equat^, 886, its srfution, 868, normsa solutions of, 663, solutions involvinK 

functions of Legradre ai^ Bewel, 891, 396 , solution with given boundary conditions, 898T 
symmetnoal solution of, 899 , tiansformations of, 401, 407, 661, 663 
Laplace’s integrals for Legendre polynomials and functions, 312, 313, 814, 319, 826, 337 
Laurent’s expansion, 100 
Least of limits, 13 
Lebesgue’s lemma, 172 
Left (!•-) class, 4 

LeKudre's equatfon, 204, 304 , for associated functions, 324 , second solution of, dl6 .See al«> 
Legendre functions and Legendre polynomials 

leg^ ^ 1 ^ 802-886 (Chapter zv) , P, (r) Q (z), P,i» (z), Qm (*) defined, 806, 316, 338, 
S5’ formulae for, 828, 896, Bessel functions and, 364, 867, Ml, degree of 807 

diffeiential equation for, 204, 806, 324, distinguished from Legendre i^ynomSl 
“* ascending senes, 311, 326, expansions m desoendmg senes, 802 817 
M6, 3S4, e:i]^ionofafunotion as a^esof,SS4, expressed by Murphy as hypergeometno 
^notions, 311, 31g, expr^on ot §,,(«) m terms of Legendre polynoimals, SJsTmO, 333, 
Pen^’ funotioM asrociated with, 8% 824, first kmd of, 807, Gegenbiiner’s funotronl 
^ Qoi’ With, M« OegenbanwB ftm^on. Heme’s expansion of (*-*)-> as a senes 

’* * funotioM Msociated with, 326 , mtegial connecting Bessel funetions with, 

Sfi4, integr^ piop^ies of, 824, Laplaoe’s integrals for, 312, $18, 319, 326, 334 , Mehler- 
Dinohlet mt^l fw, 314 , order of, 326 , reenrretwe formulae for, 307, 818 , Sohlafli’s 
mtewal for, 304, 806, second kmd of, 816-820, 826, 826, summation of Sh»P (TSid 
Q„ (*), 802, 321 , zeros of, 303, 316, 335 See aizo Legendre peHysomlals and LMenditfi 

legendM polysmnlala [^M], fd, 302. addition formula for, 826, 887, d^e of, 802, difler- 
ential equation for, 204, 804, expansion m ascending senes, 811 , expa^ion ik 
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senes, 802, d34 , expansion of a fanotion as a senes of, 810, 822, 3S0, SSI, SSS, 3SS , 
expressed by Murphy as a hypergeometno function, 811, SIS , Heme’s expansion of 
as a series of, 821, mtegral connecting Bessel functions with, 364, integial properties of, 
ass, m, Laplace's equation and, 891 , Laplace’s mtegrals for, 812, $14, Mehler-Dinohlet 
integral for, 314 , Neumann’s expansion in senes of, 822 , nnmenoal inequality satisfied by, 
SOS , Mourrence foianulae for, 307, 309 , Bodngues’ fonnula for, SSS, 303 , Schlafli’s integnd 
for, 308, 804 , summation of 'Sih^P^ (r), 302 , zeros of, S03i 316 See also Legendre ftmctlone 
Legendre’s relation between complete elliptic integrals, 520 
Lenmiscate fnnotlonB [sin lemn <p and cos lemn 0], 524 
Liaponnolf 8 theorem oonoemmg Fourier constants, 180 
Limit, condition for existence of, 13 

Limit of a function, 42 , of a sequenoe, 11, 12 , -point (the Bolzano-Weierstrass theorem), 12 

Limiting drdle, 98 

Limits, greatest of and least of, 18 

Limit to the yalue of a complex integral, 78 

Lindemajm’s theory of Mathieu’s equation, 417 , the similar theory of Lamp’s equation, 670 
Linear differential equations, 194-210 (Chapter x), 386-408 (Chapter xvra) , exponents of, 198 , 
fundamental system of solutions of, 197, 200 , irregular singulaiities of, 197, 202 , ordinary 
pomt of, 194 , regular integral of, 201 , regular point of, 197 , singular points of, 194, 197, 
(oonfiuence of) 202 , solution of, 194, 197, (uniqueness of) 196 , special types of equations 
—Bessel’s for circular cylindei functions, 204, 342, 867, 368, 873 , Gauss’ for hypergeo- 
metrio functions, m, 307, 283 , Gegenbauer’s, 329 , Hermite’s, 204, 209, 842, 847 , HiU’s, 
406, 418 , Jacobi’s for Theta-functions, 468 , Lamp’s, 204. 540-648, 564-668, 670-676 , 
Laplace’s, 886, 888, 586, 651 , Legendre’s for zonal and surface harmonics, 204, 804, 824 , 
Mathieu’s for elliptic oylmder functions, 204, 406, Neumann’s, S8S, Biemann’s for 
P-funotions, 206, 288, 291, 294, Stokes’, 204, Weber’s for parabolic cylinder functions, 
204, 309, 842, 847, Whittaker’s for confluent hypergeometno functions, 887, equation for 
conduction of Heat, 887 , equation of Telegraphy, 887 , equation of wave motions, 886, 897, 
403, equations with five singularities (the Kleip-Bdcher theorem), 208 , equations with three 
singularities, 206, equations with two singularities, 208, equations with r singulanties, 
309 , equation of the third order with regular integrals, 310 
XdouTUle’s method of solving integral equations, 221 
Liouvllle’s theorem, 106, 481 

Logarithm, 588 , contmuity of, 688, 589 , differentiation of, 586, 589 , expansion of, 684, 589 , 
of complex numbers, 689 

Logarithmic derlyate of the Gamma-function [^(x)], 240, 241 , Bmet’b integrals foi, 248-261 ; 

cuxiular functions and, 240 , Binchlet’s integral foi, 247 , Gauss’ integral for, 246 
Logarithmic derivate of the Biemann Zeta-funotion, 379 
Logarlthmio-lntegxal Amotioxi [Li z], 841 
Lower integral, 61 

Lunar perigee and node, motions of, 406 

Uadaurin’B (and Euler’s) expansion, 127 , test for convergence of infinite Integials, 71 , series, 
94, (failure of) 104, 110 
Many-valued functions, 106 
Masoheronl’a constant [7], 286, 246, 348 

Mathematloal Physios, equations of, 208, 886-408 (Ohapter xvm) See also tinder Linear dif- 
ferential equations and the mmee of apectal eqttatione 
Hathleu functlona [ce„(z, q), q), in,^{z, q)], 404-428 (Ohapter xix), oonstiuction of, 409, 

420 , convergence of series in, 422 , even and odd, 407 , expansions as Fourier senes, 409, 
411, 420, integral equations satisfied by, 407, 409, Integral formulae, 411 , order of, 410, 
second kind of, 437 

Mathieu’s equation, 204, 404-428 [Ohapter xix), general form, solutions by Floquet, 412, by 
Lindemann and StleltieB, 417, by the method of chanM of parameter, 424 , second solution 
of, 418, 420, 437 , solutions in asymptotic senes, 426 , solutions which are periodic, m 
Mathleu fonotlons , the integral function associated with, 418 See aX$o Hill’s equation 
Mean-value theorems, 65, 66, 96 
Mehler’s Integral for Legendre functions, 814 
MeUin’s (and Barnes’) type gf contour mtegral, 286, 848 
Membranes, vibrations of, 856, 896, 404, 405 
Mesh, 430 

Methods of * summing ’ series, 154-166 
Bonding’s formula, 119 
B Otilmum value of V (*t) , 258 
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Modified Helne-Borel tfieorem, 53 

Modular angle, 492 , function, 481, (equation connected with) 482 , surface, 41 

^ number, 8 , of Jacobian elhptic functions, 479, 492, (complementary) 

4/y, 4yd , periods of elliptic functions regarded as functions of the, 484, 498, 499; 501, 521 
Monog^enlc, 83 , distinguished from analytic, 99 
Monotouic, 57 

Morera’s theorem (converse of Cauchy’s theorem), 87, 110 
Motions of lunar perigee and node, 406 
M-test foi uniformity of convergence, 49 

Multiplication formula for r (s), 240 , for the Sigma-f unction, 460 

152. of oonve^ent 

Multipliers of Iheta-f unctions, 463 

Murphy’s formulae for Legendre functions and polynomials, 311, 312 

Menin^’s definiti^ of Bessel functions of the second kind, 372 , expansions m series of 

® Neumalin-s) mte^ “rthe Sndre 
notion of the second kind, 320 , method of solving integral equations, 221 

differential equation satisfied by, 585, expansion of, 374, 

Non-uniform convergence, 44 , and discontmuity, 47 

Normal functions, 224 

Normal solutions of Laplace’s equation, 553 

Hotationsjor Bessel funofaons, 356, 372, 373, for Legendre functions, 325, 326, for quotients 
and reciprocals of elliptic functions, 494, 498, for Theta-functions, 464, 479 487 ^ 

Nucleus of an integral equation, 213 , symmetric, 223, 228 

™^^?mht^of? B^oulh-s 125 Cauchy’s, 379, characteristic, 219, 

mtioMaf, 5,’ rXs ’ 5. pairs of. 6, rational, 3. 4 ’, 

Odd Auctions, 115, 166, of Mathieu, [«e„(x, j)], 407 
Open, 44 

°”‘7unetion« 128. of Bessel functions, 356, of elliptic 

functions, 432, of Legendre functions, 324, of Mathieu functions, 410 of Doles of a 

fS:s: 94^’ ^ '>* rpSt:33’, lilt:, of a 

Ordinary discontinuity, 42 

Ordinary point of a linear differential equation, 194 
Orthogonal coordinates, 394 , functions, 224 
Oscillation, 11 

PaiahoUc cyll^w Amotions [D„(x)], 347 , contour integral for, 349 , difierential equation for 
^’2?’ “ «■ PO'^er senes, 347 , expansion of a fiiotion as a sSTssi 

Parallelogram of periods, 430 

»< “ ‘“a 

Parts, real and imaginary, 9 
Pearson’s function [«„. „ (r)], 353 

P-eqwtlon, Wemann’s, 206, 337, connexion with the hypergeometne equation 908 9 fta 
tions of, 283, 291, (relations between) 294, transforiltion^f® 207^ ’ ’ ^ 

Periodic coefflcients, equations with (Floquet’s theory of), 412 ^ 

112, 256 See also Ponrler series and Bouhly periodic 
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Periodicity factors, 463 

Periodicity of circular and exponential functions, 585-587 , of elliptic functions, 429, 434, 479, 
500, 502, 503 , of Theta functions, 463 
Periodic solutionB of Mathieu’s equation, 407 
Period parallelogram, 430 , fundamental, 430 

Periods of elliptic functions, 429 , qiia functions of the modulus, 484, 498, 499, 501, 521 
Phase, 9 

Pincherle’s functions (modified Legendre functions), 335 
Plana’s expansion, 245 

Pochhammer’s extension of Eulerian integrals, 256 

Point, at infinity, 103 , limit-, 12 , representative, 9 , singular, 194, 202 

Poles of a function, 102 , at infilnity, 104, irreducible set of, 430, number in a cell, 431 , relations 
between zeros of elliptic functions and, 433 , residues at, 432, 504 , simple, 102 
Polygon, (fundamental) of automorphic functions, 455 

Pol 3 momlals, expressed as series of Legendre polynomials, 310, of Abel, 353 ^ of Bernoulli, 126, 
127 , of Legendre, see Legendre polynomials , of Sonine, 352 
Popular conception of an angle, 589 , of continuity, 41 
Positive Integers, 3 

Power series, 29 , circle of convergence of , 80 , continuity of, 67, (Abel’s theorem) 57 , expan- 
sions of functions in, see under the navies of sj^ectal functions , identically vanishing, 68 ; 
Maclaunn’s expansion in, 94 , radius of oonveigenoe of, 30, 82 , series derived from, 31 , 
Taylor’s expansion in, 93 , uniformity of convergence of, 67 
Principal part of a function, 102, solution of a certain equation, 482, value of an integral, 76, 
117 , value of the argument of a complex number, 9, 688 
Principle of convergence, 13 

Pringsheim’s theorem on summation of double senes, 28 

Products of Bessel functions, 379^ 380, 383, 885, 428, of hypergeometric functions, 298 See 
also Infinite products 

Quarter periods K, iJC, 479, 498, 499, 601 See also Elliptic integrals 
Quaxtlo, canonical form of, 513 , integration problem connected with, 462, 612 
Quasi-periodicity, 446, 447, 463 

Quotients of elliptic functions (Glaisher’s notation), 494, 611 , of Theta*funotions, 477 

Radius of convergence of power series, 80, 32 

Rational functions, 106 , expansions in series of, 184 

Rational numbers, 8, 4 , -real numbers, 6 

Real functions of real variables, 66 

Reality of characteristic numbers, 226 

Real numbers, rational and irrational, 6 

Real part (JR) of a complex number, 9 

Rearrangement of convergent series, 26 , of double series, 28 ; of infinite determinants, 87 , of 
infinite products, 88 
Redjirooal functions, Volterra’s, 218 

Reciprocals of elliptic functions (Glaisher’s notation), 494, 611 

Recurreuce formtdae, for Bessel functions, 869, 878, 874, for confluent h^ergeometnc functions, 
352 , for Gegenbauer’s function, 880 , for Legendre functions, 807, 809, 818 , for Neumann’s 
function, 876, for parabolic cylinder functions, 860. See also OontiiniouB hypergeometi^ic 
functions 
Region, 44 

Regular, 83, distribution of discontinuities, 212, integrals of linear differential equations, 201, 
(of the third order) 210 , points (singularities) of linear differential equations, 197 
Relations between Bessel functions, 860, 372 , between confluent hypergeometno functions 

’ between contiguous hypergeometric functions, 294, be- 
tween elliptic functions, 462 , between parabolic cylinder functions J0l{6:z) and (*w)» 
848 , between poles and zeros of elliptic functions, 488 , between Biemann Zeta functions 
(s) and ^*(1 s), 269 See also Recurrence formulae 
Remainder after n terms of a series, 16 , m Taylor’s series, 96 
Removable disoontinuity, 42 
Repeated Integrals, 68, 76 
Representative point, 9 

Residues, 111-124 (Chapter vt), defined, 111 ; of elliptic functions, 426, 497 
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Rleinajm s a^ociated function, 183, 184, 185 , condition of integrability, 63 , equations satisfied 
by analytic factions, 84, hypothesis concerning f(s), 272, 280, lemmas, 172, 184, 185, 
P-equation, 206, 283, 291, 294, (transformation of) 207, (and the hypergeometric equation) 
m also H3rp6igeometrio functions, theory of tngonometrical series, 182-188, Zeta- 
function, see Zeta function (of Blemann) 

Riesz’ method of ‘ summing * senes, 166 
Bigrht (i2<) class, 4 

Rodrigues’ formula for Legendre polynomials, 803 , modified, for Gegenbauer’s function, 329 

Rooto of an equation, number of, 180, (inside a contour) 119, 188, of Weierstrassian elliptic 
functions (ei, e^^ C 3 ), 443 ^ 

Saalschutz* integral for the Gamma function, 243 
Schlafll’s Bessel function of the second kmd, [F,^ («)], 370 

«pM«on m khm of Beoool ooeffloientB, 877 . fnncton, aSS , integrol oqoation, 229 
Schmidt’s theorem, 223 o ^ t 

Schwars’ lemma, 186 

Second kind, Bessel function of, (£[ankel’s) 870, (Neumann’s) 372 
Tmodiaed) 373 ellytio integral if [J5 («),^Z (u)], il7, (coTpll) 618 

Second mean-valuq theorem, 66 

Seoo^ solut^ of Bessel’s equation, 370, 372, (modified) 373 , of Legendre’s equation 816 of 
mW®r4XS’347 ’ ’ (confiue2t form) 343 ! of 

Second species of ellipsoidal harmomos, 537, (construction of) 540 
Section, 4 

Seiffert’a spherical spiral, 527 

Sequences, 11 , decreasing, 12 , increasing, 12 

Series (infinite senes), 16 absolutely oonrergent, 18, change of order of terms in, 25 con 
toionally convergent, 18 , convergence of, 16 , differentiation of, 31, 79 , 92 , diveraen’oe of 

of, 29, 58, 59, of analytic functions, 91, of oosmes, 166, of cotangents, 139, of inverse 
facton^s, 142 , of powers, see Power series, of rational functions, 134, of sines 166 of 
v^ble terms, 44 {leealso IT^onnlty of oonverg:ence) , order of terms in, 23 remainder of 
15 , representing particular functions, see under the name of the /unition sXtWM of 
differential and mtegiflal equations in, 194-202, 228 , Taylor’l 93 See also 

8.^ ,i„., 

Set, irreducible (of zeros or poles), 4^0 

*5^. -rrW. f 3 (^)]. 447 , 448, addition formula' for, 461, 
m, a,nalogy with circular functions, 447, duphoation formulae 459 w 

types of 448, expression of elliptic functions by, &0 , 

smglymfinite product for, 448, three term equation mvoivmo ’ * ’ 

connected with, 445, 473,487, tnphcation for^ula°459 ’ ^ 

Signless Integers, 3 

Simple curve, 43 , pole, 102 , zero, 94 

Simply-connected region, 455 

Sine, product for, 187 See also Circular functions 

Stne-mtegral [Si (r)], 858 , -senes (Eouner senes), 166 

SUigly-pexlodlo functions, 429 See also Ofrcular 

fangulailtles, 83, 84, 102, 194, 197, 202 , at mfinity, 104 confluence of am aav * 

Singular points (singularities) of linear differential equations, 194, 202 
Solid harmonics, 392 

Solution of Biemann’s F-eqnation by hypergeometric functions, 283 288 

^ of spectal 

Solntiona oi integral equations, see Chapter xi 
Sonlne’s iiolynomial (z)], 352 
Species (various) of elhpsoidal harmomos, 537 
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Spherical harmonics, bzb Harmonics 
Spherical spiral, Seifert’s, 527 
Spheroidal harmonics, 403 


Squares of Bessel functions, B79, S80 , of hypeigeometnc functions, 298 , of Jacobian elliptic 
functions (relations between), 492 , of Theta-functions (relations between), 466 
Statement of Fourier’s theorem, Diriohlet’s, 161, 163, 164, 176 
Steadily tending to zero, 17 

Stleiyes^^theorem on zeros of Lani6 functions, 660, (generaaised) 662 , theory of Mathieu’s 

Stlrllnff’B series for the Gamma-fupotion, 261 
stokes’ equation, 204 


Stolz’ condition for conveigence of double senes, 27 
Strings, vibrations of, 160 
Successive substitutions, method of, 221 
Sum-formula of Euler and Maclaunn, 127 

SummabUity, methods of, 164-166 , of Founer series, 169 , unifoim, 156 
Surface harmonic, 892 
Surface, modular, 41 
Surfaces, nearly sphezioal, 882 

Sylvester’s theorem concerning integrals of harmonics, 400 
Symmetric nucleus, 223, 228 


Tabulation of Bessel functions, 378 , of complete elliptic integrals, 618 , of Gamma functions 263 

Taylor’s series, 98 , remainder in, 96 , failure of, 100, 104, 110 

Teiretra’s extension of Bilrmann’s theorem, 131 

Telegraphy, equation of, 387 

Tessera! harmonics, 892 , factorisation of, 536 

Tests for convergence, m Infinite integrals, Infinite products and Series 

Thermometrlo parameter, 405 


Theta functions [^1 W. ^3 W. ^4 or b- (z), 8 (w)], 462-490 (Chapter xxi) , abridged note 

a ’ addition formulae, 467, connexion witla Sigma-funotions, 448, 

i .duplication formulae, 438, expression of elliptic functions by, 478, four types 
of, 468, fundamental formulae (Jacobi’s), 467, 488, infinite products for, 469, 478, 488. 
Jacobi s first notation, 8 (u) and H (a), 479 , multipliers, 468 , notations, 464, 479, 487 
parameters 5 , r, 468, partial diiferential equation satisfied by, 470, periodicity factors, 
463, penods, 468, quotients of, 477, quotients yielding Jacobian elliptic functions, 478; 
wlation m , squares of (relations between), 466 ; transformation of, (Jacobi’s 

imaginary) i^4, 474, (Landen’s) 476, triplication formulae for, 490 , with zero argument 
(a-a , a-s, a- 4 , a-/), 464 , zeros of, 466 

Third kind of elliptic integral, n (u, a), 622 ; a dynamical application of, 528 

Third order, linear differential equations of, 210, 298, 418, 428 

Third species of ellipsoidal harmonica, 687, (construction of) 641 

Three kinds of elliptic integrals, 514 

Three-term equation involving Sigma functions, 451, 461 

Total fluctuation, 67 


Ttranscendentiil funoticni, see under the names of special functtons 

Transformatlomi of elliptic functions and Theta functions, 608; Jacobi’s imaginary, 474, 605 
606, 619 , Landen’s, 476, 607 , of Riemann’s P equation, 207 ’ 

Trigonometrical equations, 687, 688 

Trlgonometeloal integrals, 112, 268, and Gamma functions, 266 

Trigmmmetrl^ series, 160-198 (Chapter ix), convergence of, 161 ; values of coefficients In, 168 ; 

Biemann’s theory of, 182-188 , which are not Fourier series, 160, 168 See also Fourier series 
Triplloatlon fbmulae for Jacobian elliptic functions and E (n), 580,534 for Sigma-funotions. 
459; for Theta functions, 490, for Zeta-funotions, 459 


Twwriy-foiir aolutioni of the hypergeometrio equation, 284 , relations between, 286, 288, 290 
Two-di m e n sional continuum, 48 

Two variables, continuous functions of, 67 , hypergeometrio functions (Appell’s) of, 800 
Types of ellipsoidal harmonics, 687 


Htthmrsal, 455 
trnlformlsation, 464 
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TTiLifojrxiiifiingr varlableB, 456 , associated with oonfooal coordinates, 549 
Uniformity, concept of, 52 

Uniformity of continuity, 54 , of summability, 156 

Uniformity of convergence, 41-60 (Chapter m), defined, 44 , of Fourier senes, 172, 179, 180 , of 
infinite integrals, 70, 72, 73 , of infinite products, 49 , of power senes, 57 , of series, 44, 
(condition for) 45, (Hardy’s test for) 50, (Weierstrass’ M test for) 49 
Uniformly convergent infinite integrals, properties of, 73, senes of analytic functions, 91, 
(differentiation of) 92 

Uniqueness of an asymptotic expansion, 153 , of solutions of linear differential equations, 196 
Upper bound, 55 , integral, 61 

Upper limit, integral equation with vanable, 213, 221, to the value of a complex integral, 78, 91 

Value, absolute, see Modulus , of the argument of a complex number, 9, 688 , of the coefidoients 
in Fourier senes and tngonometncal series, 163, 165, 167, 174 , of particular hypergeometric 
functions, 281, 293, 298, 301 , of Jacobian elliptic functions of ^K, ^iK, ^(K+%K'), 500, 
506, 507 , of K, K' for special values of k, 521, 624, 625 , of f (») for special values of s, 
267, 269 

Vanishing of power senes, 58 

Variable, uniformismg, 466, terms (senes of), see Uniformity of convergence, upper limit, 
integral equation with, 213, 221 

Vibrations of air in a sphere, 399 , of circular membranes, 396 , of elliptic membranes, 404, 405 , 
of stnngs, 160 

Volterra’s integral equation, 221 , reciprocal functions, 218 

Wave motions, equation of, 386, general solution, 397, 402, solution involving Bessel functions, 
397 

Weber’s Bessel function of the second kind [r,»(ie!)], 370 
Weber’s equation, 204, 209, 342, 347 See also Parabolic cylinder functions 
Weierstrass’ factor theorem, 137 , M-test for uniform convergence, 49 , product for the Gamma- 
function, 235 , theorem on limit points, 12 

Weierstrassian elliptic function 429-461 (Chapter xx), defined and constructed, 432, 

433, addition theorem for, 440, (Abel’s method) 442, analogy with circular functions, 
438 , definition of » differential equation for, 436 , discriminant of, 444 , 

duplication formula, 441, expression of elliptic functions by, 448, expression of jf> (^) - p (y) 
by Sigma-functions, 451 , half-periods, 444 , homogeneity properties, 439 , integral formula 
for, 437 , mtegration of irrational functions by, 462 , invariants of, 437 , inversion problem 
for, 484, Jacobian elliptic functions and, 506, periodicity, 434, roots Cg, 443 See 
also Sigma-ftmctlons and Zeta-function (of Weierstrass) 

Whittaker’s function Wjg ^{z), see Confluent hypergeometric functions 
Wronskl’s expansion, 147 

Zero argument, Theta-functions with, 464 , relation between, 470 
Zero of a function, 94 , at mfinity, 104 , simple, 94 

Zeros of a function and poles (relation between), 433, connected with zeros of its derlvate, X21, 
128 , irreducible set of, 430 , number of, in a cell, 431 , order of, 94 
Zeros of functions, (Bessel’s) 861, 367, 878, 381, (Iiam6’s) 667, 668, 660, 578, (Legendre’s) 303, 
816, 335, (parabolic cylinder) 354, (Eiemann’s IZeta-) 268, 269^ 272, 280, (Theta ) 465 
Zetarfunction, Z(u), (of Jacobi), 518, addition formula for, 618, connexion with E(u), 618, 
Fourier senes for, 520, Jacobi’s imaginary transformation of, 619 See also Jacobian 
elliptic functions 

Zetarfunction, ^-(8), Us, a), (of Rlemaim) 266-280 (Chapter xni), (generalised by Hurwitz) 265 , 
Euler’s product for, 271 , Hexmite’s integral for, 269 , Hurwitz’ integral for, 268 , in- 
equalities satisfied by, 274, 275, loganthmic denvate of, 279, Eiemann’s hypothesis 
concerning, 272, 280, Biemann’s integrals for, 266, 273, Biemann’s relation connecting ^(s) 
and ^{1 - s), 269 , values of, for special values of s, 267, 269 , zeros of, 268, 269, 272, 280 
Zetarfunction, ^{z), (of Weierstrass), 445, addition formula, 446, analog with circular 
functions, 446, constants 171, i/g connected with, 446, duplication formulae for, 459, ex- 
pression of elliptic functions by, 449 , quasi periodicity, 445 , triplication formulae, 459 
See also Weierstrassian elliptic functions 
Zonal harmonics, 302, 892 , factorisation of, 536 
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